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The hardness of primary solid solutions with spSCi&T 
reference to alloys of silver 

By John H. Frye (jr) and Wieliam tfuME-KoTHBEY, P,R.S. 
(/ieceuW. 4 11)41) 

Accurate Meyer aiialysett have hwm made on aiinealod bars of vacuum -molted spectro- 
scopically pure silver* assay silver, and on binary alhiyw of silver containing up to 5 atomic % 
of cadmium, indium, tin, antimony, zinc, aluminium, Vnagnesiiun, and gold. The results show 
that in contradiction to the statements of some investigators, the ultimate Meyer hardness 
increases as the grain size of the spwimons diminishes. By tuoaiiH of suitable armealing 
treatments results were obtaino<l for tiifferent grain sizes of alloys containing approximately 
2‘4 and 5 0 atomic % of i)io abov e elements, anti these were used to deduce values referring 
to one standard grain size. Those values enable an accurate ctunparison of the relative 
hardening effects of the different solutes to bo tuado. The results are discussed from the 
standpoint of lattice distortion, and it is shown that for a given at(unic percentage of solute, 
the increase in is proportional to ilie square of the lattice rlistortion for solutes in the same 
row of the Periodic Table. No simple relation exists for solutes from different rows of the 
PoricKhc Table, and for a given solute the relation between and the composition is not 
necessarily a simple one, 'The conclusions arc teste<l by experinients on ternary alloys, and 
data for copper alloys arc discusaed. 


1. iNTHODirciTON 

It well known that the majority of pure metals are comparatively soft, 

but that iJlInany cases the hardness can be increased by alloying with one or more 
elements which enter into primary substitutional solid solution. Although the 
hardness of these solid solutions is seldom very great, its study is of considerable 
interest, for they constitute the simplest type of alloy, and in many cases the alloys 
of complex structure contain a primary solid solution as the general matrix. In 
developing a theory of the hardness of alloys, the study of primary^solid solutions 
is thus of great importance, and a large amount of published data already exists. 
Unfortunately, most of this is unsuitable for critical comparison, for many different 
hardness tests are in use, and, although for cei*tain alloys empirical relations have 
been found to connect the results of different methods of testing, it is seldom that 
the results of one investigator can be compared accurately with those of another. 
To some extent this difficulty lies in the nature of the properties summarized by 
the term 'hardness’. If, for example, hardness is defined as resistance to per- 
manent deformation, or to permanent indentation, the nature of the mechanical 
process has to be considered, and it does not follow that the same physical property 
is measured when indent^itions are made with differently sha{>ed indenting tools. 
In the popular Brinell test, it is well known that the hardness number of a specimen 
usually varies with the load and the ball diameter, and comparison of isolated 
Brinell numbers may be quite misleading. Apart from the nature of the test 
employed^ the hardness of an alloy may be influenced by factors such as grain size, 
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and unless these are controlled, comparisons may again be misleading. To some 
extent any hardness test is arbitrary, but we shall here accept the view of 0 *NeiU 
(1934) that the method of Meyer (1908) is the most satisfactory way of expressing 
results obtained with spherical indenters, and that the ultimate Meyer hardness, 
jP„, is the least unsatisfactory way of indicating hardness by means of single 
constant. This method depends on the fact that for many substances the relation 
between the load L, and the diameter of impression rf, for a ball of given diameter 
is expressed by the Meyer equation 

L =:= a(PK 

Here n and a are constants for a given material, and d is the diameter of the in- 
dentation after recovery. The so-called Meyer hardness, P, at a particular load 
is given by the expression 

P - 4 l.l 7 td\ 

where \nd^ represents the projected area of the impression. Combination of these 
two expressions leads to the relation 

P = ”^/ 7 r. 

The usual method of making a Meyer analysis is to plot log L against log d, 
when a straight line is obtained over the range 0'l<d//)<l, where I) is the 
diameter of the ball. The slope of this line gives the constant n, and if the straight 
line is produced to the point where d =* />, the corresponding load may be used to 
calculate the so-called ultimate Meyer hardness, /J,, given by 

The constant a is the value of L when d = 1 ; the corresponding Meyer hardness, 
is given by 

P„ - 4 a/n. 

The Meyer hardness has no fundamental significance, but with reasonably 
large balls it is a convenient measure of hardness at small degrees of deformation 
provided that a ball of comtant diameter is altoays used] values of obtained with 
balls of different diameter cannot be compared. The ultimate Meyer hardness, 
JJ,, is of much greater significance, and is only influenced slightly by the ball 
diameter. Some investigators have also concluded that P^ is independent of the 
grain size of the material, but this has not been confirmed by the present work with 
a 4 mm. ball, and we have therefore been compelled to take additional precautions 
in order to compare the results for sj>eoimens with a constant grain size. 

The only detailed and really satisfactory work on the relative hardness of 
different solid solutions appears to be that of Norbury (1923), who carried out 
Meyer analyses for the solid solutions of a number of elements in copper, and 
showed that with a few exceptions there was a clear correspondence between the 
increase in hardness, and the increase in atomic volume produced by 1 atomic % 
of the different solutes. In the present work we have first investigated the relation 
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between grain size and the ultimate Meyer hardness of copper, silver, and of a 
number of silver alloys, and have shown that the P^^ values are slightly influenced 
by grain size. We have then carried out complete Meyer analyses on solid solutions 
of silver containing approximately 2*4 and 6-0 atomic % of cadmium, indium, tin, 
antimony, zinc, magnesium, aluminium, and gold,* and also for ternary solid 
solutions with zinc and cadmium. In view of the scarcity of accurate hardness 
data, we have investigated the above alloys in great detail, rather than attempted 
to cover a wider range in a less accurate way. We have obtained results referring 
to one standard grain* size, and in this way we hope that a really reliable series of 
P„ values has been obtained, and we have then discussed the results in the light of 
the lattice distortion to be expected in this tyj3e of alloy. The experimental methods 
and results are described in §§ 2 and 3 respectively, and the discussion is contained 
in § 4. 


2. Expkeimental methods 

The alloys used were supplied by Messrs Johnson Matthey and Co., Ltd., and 
were made from high-purity metals. They were cast into graphite moulds in. 
in diameter, and after surfacing in a lathe, were rolled to IJ in. diameter, after 
which they were annealed for 4 days at 650'" C in iron tubes packed with charcoal, 
except for the alloys with magnesium, whi(;h were annealed in evacuated tubes. 
The rods were then rolled to J in, diameter, and were received by us in this form. 

The silver used for the preparation of the alloys was described as being of 
99*99+% purity, the principal impurity being oxygen. In view of the results 
described later, it was considered desirable also to measure the hardness of spectro- 
scopically pure silver, melted and cast in vacuo, and this material was cast in the 
form of a bar If in. in diameter wliich was machined to in., cold-rolled to 
If in., annealed for 8 hr, in a vacuum at 650“ C, and finally cold-rolled to f in. 
diameter rod. The remaining metals were of high purity, and the analyses of the 
rods indicated that no contamination occurred during preparation. No signs of 
mechanical unsoundness (cracks, blowholes, etc.) were noted, and the good 
reproducibility of the results indicated that the specimens were entirely satisfactory. 
Our thanks are due to Mr A. R. Powell for the great care he took over this work 
in the laboratories of Messrs Johnson Matthey and Co., Ltd. 

PrejHiration of specimens 

Specimens of about 2 cm. long were cut from the bars by parting in a lathe, or 
by sawing, and were rubbed down on steel files, and polished on no. 1 Hubert 
emery paper. The specimens were tested with a 8i)irit level, and were reground 
if the angle between the faces exceeded 2“. They were then annealed in sealed 
OTaeuated glass tubes, and only specimens from the same rod were annealed in 
the same tube. This precaution is very nefbessary, because even with what would 


♦ Only one alloy with gold was examined. 
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usually be classed as non-volatile metals, remarkable changes in composition may 
occur if different alloys ore annealed in the same tube. The time and temperature 
of the final annealing treatment were adjusted so as to produce the desired grain 
size, and were always sufficient to ensure complete recrystallization. 

Chemical analysis of specimens 

After the hardness tests ha;d been carried out, the composition of the specimens 
was determined by taking drillings fBom the immediate vicinity of the hardness 
impression. For each alloy system the 5 atomic % alloy* Vas also tested by the 
analysis of a sample taken from the periphery in order to detect radial segregation. 
This type of segregation was fortunately very small, and was usually of the order 
0*0:^-0'03 % by weight, and as there seems to bo no obvious method of correcting 
the hardness results for an effect of this kind, this source of error was neglected 
and the comj)ositiori was taken to be given by the analysis of the material sur- 
rounding the impression. Longitudinal segregation was guarded against by the 
analysis of two samples taken from widely separated positions in the bar. If the 
two analyses were in agreement, it was assumed that longitudinal segregation was 
absent, but, if any appreciable difference was found, additional analyses were 
carried out, and this was also done as a further check in some cases even where the 
two analyses agreed. Longitudinal segregation was found to be most serious in 
th<? 5% silver- tin alloy fur which the tin content was found to vary from 5*25 to 
5*60% by weight at different places. 

Most of the analytical work was carried out by Messrs Johnson Matthey and Co., 
Ltd., and the remainder by the Southern Testing Laboratories of Birmingham, 
Ala., U.S.A. 

Hardness testing methods 

Examination of previous data suggested that satisfactory results would be 
obtained on | in, diameter barsj by the use of a ball of diameter 4 mm. under 
loads up to 500 kg. The hardness tests in England were carried out on two machines, 
the first being a standard Brinell machine kindly placed at our disposal by Professor 
R. V. Southwell, F.R.S., at the Oxford University Engineerihg Laboratory. This 
was provided with a specially light yoke, and by the addition of suitable weights, 
loads of approximately 100, 200, 300, 400, and 500 kg. could be obtained. The 
actual loads were obtained by calibration against standard steels kindly provided 
by the National Physical Laboratory. Loads of approximately 20 and 40 kg, 
were obtained by means of a simple lever machine made by the Metropolitan 
Vickers Electrical Company, Ltd., and the exact loads were again determined by 
calibration against National Physical Laboratory standard steels. Our thanks are 
duo to Dr H. J. Gough, F.R.S., for his help in connexion with the calibrations. 
For all the work except that on spectroscopically pure silver, the Meyer analyses 

♦ Tho segregation would naturally be very much less for tliS 2*4 atomic % alloys. 

t The use of larger bars and a 10 min. ball was considered, but was impracticable on account 
of tVie expense involved. 
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were made from observations at six different loads, the exact values being 19*5, 
39-2, 97^3, 195, 297, and 391 kg. 

Owing to the outbreak of war, and the return of one of us (J. H. F.) to America, 
the work on the spectroscopically pure silver was carried out at Birmingham, Ala., 
U.S.A/ A 6000 lb. capacity tensile and compressive tester was kindly made 
available by the American Cast Iron Pipe Com})any, and was satisfactorily 
adapted for the hardness tests. Elaborate precautions * were taken to ensure that 
the results were comparable with those obtained at Oxford, and the loads used 
were oahbrated against a standard weight certified by the U.S. Bureau of Stan* 
dards. The Meyer analyses were made from observations at ten different loads 
between 100 and 1000 lb. 

In all the work the Meyer analyses were made by the method of concentric 
impressions, as in the work of Meyer and of Norbury. Experiments with alloys 
containing 5 atomic % of zinc and aluminium showed no difference in the diameters 
of the impressions obtained after ap})lication of loads for times varying from 1 to 
5 min., and the duration of the load in the present experiments was never less than 
1 min. After each aj)plication of the load, the impression was measured to an 
estimated 0*001 mm. for at least two mutually perpendicular diameters, and in 
many cases other diameters at 45° w'cre also measured. The measurements were 
made with a travelling microscope kindly lent by Professor F. Soddy, F.R.S., and 
the accuracy was tested by comparing measurements of the same impression made 
at Oxford and at the National Physical Laboratory. For the work in America the 
travelling microscope used was oalibrat<?d against a line standard from the National 
Bureau of Standards. 

Grain-size measurement and standardization 

After the measurement of the impressions, one specimen of each alloy from each 
heat treatment was sectioned, and the section was polished and etched, and used 
for the determination of grain size, which was carried out by means of a Vickers 
Projection Microscope. From 150 to 200 individual grains were always counted, 
and in oases where there was any considerable variation in the grain size as many 
as 600 grains were counted on a single specimen. Twin crystals were not coimted 
os separate crystals. This decision is admittedly arbitrary, but as no evidence was 
found of any marked variation in the number of twins per crystal, it does not affect 
the main purpose of the grain-size measurement, which was to obtain values for a 
standard grain size. 

The grain size was expressed in grains per square millimetre, and a standard 
grain size of 69 grains/mm.® was chosen for the comparison of results. This grain 
size is considerably smaller than that required in order to obtain uniform impres- 
sions, and is such that both larger and smaller grain sizes can be obtained by suit- 

* These details will be found in the thesis ‘ The hardness of certain primary metallic solid 
solutions \ presented by J. H. Frye for the degree of Doctor of Philosophy in the University 
of Oxford. 
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able annealing treatment. For each binary alloy, the hardness of at least two grain 
sizes was examined, one of which was made as near os possible to the standard 
value of 50 grains/imn.®.* According to Angus & Summers ( 1925 ), the hardness of 
copper, and of a-bronze, is a linear function of the grain-boundary area per unit 
volume, which was defined as 3 y[q, where q is the number of grains per square 
millimetre, and thus involves the assumption of cubical grains. We have used this 
relation to correct our hardness figures to the standard grain size of 59 grains/mm.^. 
In some cases the problem was complicated by the fact that the specimens of the 
same rod with different grain sizes had slightly different compositions, and here a 
method of successive approximations was used to allow for the simultaneous 
variation of grain size and composition in order to refer to the standard value. 


3. ExPBRIMEJITAI, REStTIiTS 

A. The effect of grain size on the ultimate Meyer fuirdness 

Previous investigators had suggested that the ultimate Meyer hardness was 
independent of the grain size, but the present work did not support this conclusion, 
and the question was therefore examined in detail for copper, silver, and also for 
the silver alloys. The results for the pure metals are given in table 1, from which it 
will be seen that a slight but clear effect exists, and that the values of P„ increase 
as the grain size diminishes. 

Table 1 


metal 

grains/mni.® 

ultimate Moyer 
hardness 

4 mm. ball applied 
for not less 
than 60 sec. 

Meyer 

constant 

n 

copper 

()*26 

61-4 

2-643 


560 

64-7 

2-611 


1070 

66-7 

2-533 

silver, 99-99+% 

0-12 

43-4 

2-644 


2420 

48*0 

2-455 

silver, spectroscopically 

1-5 

42-4 

2-709 

pure vacuum method 

155 

431 

2'648 


407 

44-4 

2-628 


In the case of the alloys, the position was complicated by the fact that specimens 
from the same bar but with different grain sizes sometimes had slightly different 
com]>ositiori 8 . Table 2 summarizes the data for the cases in which the analyses of 
the two specimens agreed very closely, and it will be seen that in every case the 
value of Py increases as the grain size becomes smaller. The error in P^, is regarded 

* In general one of the twt) grain sizes was very tiear to the standard value, the only excep- 
tion being the silver-gold alloy, for which the grain sizes of the two specimens were 13 and 
550 grains/inm,* respectively. The corresponding values of P,, were 46*3 and 60*1, from which 
it will be appreciatwl that tlie correction was nearly always very small. 
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as less than 0*5, and from the figures given in table 2 it be appreciated that 
with smaller variations in grain size there were many cases in which the effect of 
grain size was within the experimental error, and we are not therefore submitting 
these results for detailed discussion. The data may be summarized by saying that 
in the- whole of the forty -four alloys which were submitted to both hardness tests 


Table 2 





ultimate Meyer 
hardness 

4 mm. ball applied 

Moyor 


composition of 


for not less 

constant 

alloy 

alloy. Weight 

grains/nim.® 

than 60 sec. 

n 

system 

’% Ag 




Au-Ag 

01-21 

13 

46-3 

2-732 


01-24 

550 

60-1 

2-.674 

Sn-Ag 

04-75 

0 

66-7 

2-679 


94-77 

48 

59*7 

2-604 

Zn-Ag 

00-82 

3-9 

46-9 

2-641 


00-92 

84 

48-4 

2-631 

Zn-Ag 

08-45 

40 

46-6 

2-664 


08-51 

123 

47-1 

2-651 

In-Ag 

97-32 

44 

46-0 

2-683 


aasumod constant 

2180 

53-8 

2-606 

Al-Ag 

09-32 

05 

47-4 

2-666 

09-25 

240 

49-9 

2-619 

Al-Ag 

98-95 

43 

51-2 

2-697 

08-97 

216 

52-4 

2-601 

Mg-Ag 

08-75 

4-9 

48-0 

2-678 


08-77 

02 

48-5 

2-660 

Mg-Ag 

0-58 Mg 

44 

44-2 

2-616 


0-61 0 ^ Mg 

1720 

48-0 

2-691 


and chemical analysis, only four pairs were found in which a decrease in grain size 
was accompanied by a decrease in and in all of tfiese the difrerence was within 
the experimental error. The evidence a}>pear8 tlierefoni to be conclusive that 
varies with the grain size, and that for accurate com])arison the hardness numbers 
must refer to a standard grain size. 

As will be seen from table 1, the Meyer constant n dtH^reases with de<jreasing grain 
size for both the high-purity silver and for the spcctroscto|)ically pure metal. This 
is in agreement with previous results for other metals, and as will be seen from 
table 2 the same characteristic is shown by the alloys. The diflerenees are usually 
small, and of the same order as the experimental error, but the general tendency is 
unmistakable.* In the case of copper the largest grain size lias the largest value 
of n in agreement with the above principle, but the remaining points are in the 
reverse order, although the differences are all very small. 

* In tablf? 2 the only exception is shown by the silver-tin alloys an(i the difference in n is 
only 0 016. 
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B. The relative hardening effects of different soluks 

In order to present the data as concisely as possible we are submitting only one 
table containing the final results, all referring to a standard grain size of 69 grains/ 
mm.®. For many alloys two or more specimens were exammed from each heat 
treatment. In cases where tlie analysis indicated that the bars were of uniform 
composition, the average values were taken and were used to obtain the value 
referring to the standard grain size. In cases where the compositions of the different 
specimens varied slightly, we have only included one value in table 3, and this 
represents an average of both the composition and hardness determinations. It 
must be emphasized that although table 3 shows only a limited number of results, 
these are average values based on the examination of more than 100 specimens, 
each involving a complete Meyer analysis. The values of are accurate to within 
±0'6 kg. /mm.®. The accuracy of the values is less easy to estimate, since, 
although the experimental error is greater for the smaller impressions, this source 
of error is to some extent compensated by the fact that is determined from the 
best straight line through the whole series of points in the Meyer analysis, and we 
consider that the values can certainly be relied upon to within ± 1*0 kg. /mm. 


Table 3. Restilts fob silver alloys 


atomic % 




p. 

Pu 


solute 

AaxW (A) 

(.lapxlO^ 

kg. /nun.* 

kg./mtn,* 

n 

2-S4 

Cd 


4*9 

2-40 

19*9 

44*3 

2*68 

4*71 

Cd 

•f 

9*2 

8*46 

23*0 

47-3 

2*52 

7-69 

Cd 


16*5 

— 

2M 

47*6 

2*69 

2*54 

In 

+ 

7-2 

6*18 

19*1 

46*4 

2*64 

5*01 

In 

+ 

16*0 

22*6 

21*7 

62*7 

2*64 

2*36 

Hn 

-f 

9-4 

8*84 

21*0 

48*1 

2*60 

4*98 

Sn 

+ 

20*4 

41*6 

22*7 

60-7 

2*71 

2*11 

Sb 

•f 

12*3 

16*1 

22*7 

52*6 

2*60 

2*62 

Mg 

-f 

2*0 

0*40 

18*9 

44*3 

2*61 

6*24 

Mg 


4*6 

203 

22*3 

48*3 

2*56 

2*69 

A1 

— 

3*26 

1*056 

18*4 

47*0 

2*67 

4*16 

A1 


6*2 

2*70 

21*0 

61*6 

2*65 

616 

A1 


6*6 

4*23 

20*6 

62*6 

2*68 

2*63 

Zn 


4*3 

1*86 

18*6 

46*7 

2*66 

4*98 

Zn 

- 

8*6 

7*23 

20*0 

, 48*0 

2*63 

6*00 

Au 


1*6 

0*225 

17*4 

47*1 

2*72 

Ag, 99-99 + 


— 

— 

19*0 

44*1 

2*61 

Ag, speotrosoopicjaUy 

pure vacuum melted 

18*4 

42*8 

2*61 


4. Discussion 

In attempting to correlate the hardening effects of different elements in solid 
solutions, we have to bear in mind that in an indentation test the deformation is 
highly localized, so that the metal in the neighbourhood of the impression has 
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undergone extremely intense deformation. Recent work ha« shown that in the 
early stages of the deformation of a metal, the process involves gliding and breaking 
up into crystallites, whilst with extreme deformation, an actual distortion of the 
lattice is indicated by the X-ray results. We inay therefore expect lattice distortion 
to be intimately connected with the hardening process, since, in the early stages 
of the deformation, the distortion will affect the ease of the gliding process, whilst, 
in the later stages of the deformation, the lattice distortion produced by the 
deformation process will be affected by that already existing owing to the presence 
of the solute atoms. For copper alloys, this general kind of relation was shown 
clearly by the work of Norbury, some of whose results are shown in figure 1 , in 
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which the hardening effects of the different solvent elements are i)lotted against the 
diflFerenoe in size of solvent and solute atoms, tliis difference being estimated from 
measurements of the densities of the solid solutions. The result for the silicon alloy 
was clearly anomalous, and this was regarded as due to the formation of com- 
pounds. More recent work has shown that the solubility of silicon in copper is small 
at room temperature, and it is possible that the anomalous results are due partly 
to the breakdown of the supersaturated solid solution during tlie tost ; for the same 
leason the point for silver is not entirely free from doubt. These resxilts do, however, 
show dearly the general effect of atomic volumes on the relative hardening pro- 
duoed by different solutes. 

To carry the matter further it is necessary to consider the nature of the lattice 
distortion in a solid solution. It is well known that the lattice spacing of a solid 
solution 08 indicated by X-rays represents a mean value only, and that regions of 
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more intense distortion exist in the neighbourhood of each solute atom. It is also 
highly probable that even in dilute solid solutions there is always a certain degree 
of local order, in the sense that solute atoms tend to keep far away from one 
another. A dilute primary solid solution may thus be regarded as containing a number 
of centres of distortion, and it would seem probable, therefore, that in comparing the 
relative hardening effects of different solutes, we should at first compare only 
alloys with approximately the same percentage of solute atoms. There is no reason 
why the hardening effect should be a simple function of the composition, since the 
mechanism of hardening may well be different for different percentages of the 
solute; this applies particularly to alloys with short-range order, since, in these, 
certain critical compositions may correspond with a sudden increase in the number 
of places where two solute atoms are first, second, third, etc., closest neighbours. 
If the data in table 3 are examined, it will be seen that, when compared with the 
values for spectroscopically jJiire silver,* the ultimate Meyer hardness is increased 
by the addition of 2-6 and 4*7 atomic % of cadmium, whereas the ultimate Meyer 
hardness of the alloy containing 7*6 atomic % of cadmium is little greater than that 
of the 4*7 atomic % alloy, whilst the value is actually less. The mechanism of 
hardening appears therefore to change between 5 and 7*6 atomic % cadmium, and 
for the remainder of this paper we shall confine out attention to the alloys con- 
taining roughly 2*4 and 6 atomic % of solute. 

In figure 2 the values for the alloys with cadmium, indium, tin, antimony, 
and magnesium are plotted against the lattice distortion (Aa) in the alloys con- 
cerned. The lattice distortions at the exact com- 
positions were estimated from the data of Hume- 
Rothery, Lewin & Reynolds (1936), and of Owen 
& Roberts (1939), and are included in table 3, 
which also shows the values of The values 
for the magnesium alloys are from new data 
which are to be published shortly. 

The hardening effect of magnesium is clearly 
greater than that of the remaining elements, and 
this may be connected with the higher electro- 
chemical factor in the magnesium-silver system, 
winch produces a stronger binding between the 
solvent and solute atoms. For the remaining 
ehunents the lie roughly on a straight line which does not, however, pass 

through the value for the vacuum-melted silver. The agreement with a linear 
relation is not, however, very good, and in figure 3 a and 6 the same values of 
are plotted against the squares of the lattice distortions, and more interesting 
relations are shown. The points for the 2*4 atomic % alloys with cadmium, indium, 
tin, and antimony lie aociirately on one straight line which passes through the point 

• Cadmium acts as a deoxidizer, so that the comparison should be made with the speotro- 
scopioally pure vacuum-melted metal. 
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for the vacuum -melted silver. The points for the 5 atomic % alloys with cadmium, 
indium, and tin lie on a second straight line also passing through the point for 
vacuum-melted silver, but of lower gradient. We may therefore conclude that for 
this series of alloys, at a given small atomic percentage of solute, the increase in 
is proportional to the square of the lattice distortion. 



The points in lig\ire 2 all refer to alloys in which the formation of the solid 
solution is accompanied by an expansion. Aluminium is in the same horizontal 
row of the Periodic Table as magnesium but produces a slight lattice contraction of 
silver. It is interesting to note that, in spite of the opposite sign of the lattice 
distortion, the increase in hardness at a given atomic percentage of magnesium and 
aluminium is again directly proportional to the square of the lattice distortion ; 
this is shown in figure 3 a and b. Magnesium and aluminium are both very electro- 
positive, and the electrochemical factors, although different for the two systems 
silver-magnesium and silver-aluminium, are more nearly simiiar than in the 
systems silver-magnesium and silver-cadmium. 

These results suggest clearly that for a given small atomic percentage of solutes 
which are adjacent members of the same row of the Periodic Table, the increase 
in hardness of silver is proportional to the square of the lattice distortion. No 
simple relation appears to exist between the relative effects of solutes in different 
rows of the Periodic Table, and the values for the silver-zinc alloys are not simj)ly 
related to those for the magnesium, aluminium, or the cadmium, indium, ... series. 
The greatest increase in hardness per unit lattice distortion is shown in the system 
silver-gold, and it is perhaps significant that the ion of gold is larger than that of 
silver, whereas the ions of all the remaining solutes are smaller. These results 
suggest therefore that the mean lattice distortions by themselves are not simply 
related to the relative hardening effects of tlie different solutes. With a series of 
elements such os cadmium, indium, ... the underlying ions of the solute are of the 
same structure, the quantum numbers of the valency electrons are identical, and 
the details of the lattice distortion are presumably suflSoiently alike for the mean 
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distortion to be simply related to the hardening effect. With another series of 
elements as solutes, the mechanism of the distortion may be different, so that the 
relation between hardness and lattice distortion is no longer the same. 

In order to test this point, a few experiments were made on ternary alloys of 
silver with cadmium and zinc. Since the lattice of silver is expanded by cadmium 
and contracted by zinc, ternary alloys may be made in which the mean lattice 
distortion is very small. If the hardness of the solid solution depended only on the 
mean lattice distortion, and not on the details of the distortion process, these 
alloys should be only very slightly harder than pure silver, whereas as can be seen 
from table 4 the hardening effect is considerable. Examination of the data in 
table 4 shows in fact that the values of the two ternary alloys are an additive 
function, i.e. the hardness of the dilute ternary solid solution containing 
X atomic % cadmium and y atomic % zinc is given by adding to the hardness of 
pure silver the increases in hardness found in binary alloys containing x and y 
atomic % of cadmium and zinc respectively. This appears of interest, since it 
implies that although, for the mean lattice distortion, the expansion produced by 
cadmium may be cancelled by the contraction produced by zinc, the localized 

Tables 4 


composition of 
ternary alloy 
M5at % Cd\ 
1*68 at % Ziij 
3-01 at % Cd\ 
2-11 at % Zn/ 




calculated by 

Moyer constant 


assuming increase 

n 

Pu 

in is additive 

2-624 

46-7 

46*9 

2-643 

48-7 

48-2 


centres of distortion retain their individuality so that the hardness is affected 
additively. We shall not of course expect such a simple relation when the con- 
centration of a ternary solid solution becomes great enough for the interaction 
between the two solutes to be appreciable. 

From figure 3 and table 3 it will be seen that the increase in hardness for a given 
lattice distortion is smaller for the solutes cadmium, indium, tin, and antimony 
which follow silver in the Periodic Table than for solutes from other periods. This 
suggests that a given moan lattice distortion is less severe from the point of view 
of hardening when the solvent and solute have the same ionic structure and the 
same quantum number of their valency electrons, than when solvent and solute 
are farther apart in the Periodic Table. This conclusion is confirmed by the work 
of Norhury, whose results showed that at a given mean lattice distortion the 
hardening effect is much less for zinc, which follows copper in the Periodic Table, 
than for the other solutes examined, which were from diffex'ent periods. 

In comparing the hardness of the silver and copper alloys, the systems copper- 
zinc and silver-cadmium appear strictly analogous, and it is of interest to note 
that if the values are plotted against the lattice distortions, the initial gradient 
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of the curve is greater for the silver-cadmium alloys. Silver is uioi^ compressible 
than copper, and the above facts suggest, therefore, that when the solid solutions 
are analogous, a given increase in the mean lattice spacing produces a greater 
hardening elFect when the solvent metal is more compressible. This is in agreement 
with recent views of G. V. Raynor (1941) on age -hardening, and suggests that, 
other things being equal, a high compressibility results in a disturbance being 
spread over a wider region, and so involves a greater interference with the deforma- 
tion process. 

The above discussion refers exclusively to the values, but the present work 
also throws some light on the rate of hardening of solid solutions with increasing 



Figure 4 

deformation. Reference to the tables will show that the values are always 
greater than the P^^ values, so that the Meyer hardness increases with increasing 
load. Figure 4 shows the variation of Meyer hardness with increasing diameter 
of the impression from 1 to 4 mm., the curves referring to pure silver, and to the 
two alloys with indium. It will be seen that the rate of increase in hardness with 
iacreasing diameter of the impression is greater for the two allo3’^s than for the pure 
metal, and this is a general principle. In the whole series of alloys, no case was 
found in which the gradient of the curve was less for the alloy than for pvtte silver, 
and although in the cadmium alloys the two curves were almost parallel, it seems 
reasonable to conclude that the formation of a solid solution increases the rate of 
hardening accompanying increased deformation. 
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The elastic scattering of fast positrons by heavy nuclei 

By H. S. W. Massbv, F.R.S. 

{Received (1 Janimry 1942) 


The angular distribution of fast positrons scattered elastically by mercury nuclei is in- 
vestigated in detail using Dirac’s equations in conjunction with numerical tables provided 
by Bartlett & Watson for the corresponding fast electrons. The ratio of the scattered inten- 
sity to that given by the Rutherford formula is obtained as a function of angle for positrons 
with energies between 26,000 and 1*7 x 10® eV. In all cases the ratio is less than unity, 
decreases with increasing angle of scattering and, in contrast to electrons, does not de|>end 
very markedly on the nuclear charge. The maximum asymmetry produced by double scat- 
tering of positrons at 90° from mercury nuclei is less than 1 %, 

It is suggested that experimental' investigation of tht^ Scattering of fast positrons would h(S 
useful in assisting to resolve the present unsatisfactory situation in which there are a number 
of outstanding divergences between experimental and theoretical results i-elating to the 
scattering of fast electrons. 


The theory of the scattering of fast electrons by the Coulomb fields of atomic 
nuclei was first developed by Mott ( 1929 , 1932 ). Using Dirac’s equation, he derived 
an explicit formula for the scattered intensity, valid for light nuclei of charge Ze * 
such that 2nZe^/hc<^l. No corresponding formula can be obtained for scattering 
by heavy nuclei, but Mott carried out some numerical calculations for gold. In 
particular he determined the extent to wliich an electron beam is polarized by double 
scattering at 90^ by gold atoms. These numerical calculations have recently been 
greatly extended by Bartlett & Watson ( 1940 ) for scattering by mercury nuclei. 
They derived in detail the angular distributions of the scattered electrons for electron 
energies ranging from 20,000 to 1-7 x 10 ® eV. Very marked deviations of these 
distributions from the forms to be expected in scattering by light nuclei, clearly 
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capable of experimental observation, were revealed. Cloud-chamber experiments 
have been carried out in mercury vapour by Barber & Champion (1938) using the 
/5-particles from radium E {0*8-] •! MeV energy). The angular distributions which 
they observed do agree in form with those calculated by Bartlett & Watson, but the 
theoretical intensity of scattering is over 6 times that observed. This unsatisfactory 
result is by no moans confined to this case. The considerable polarization (up to 
16 %) on double scattering, predicted by Mott for gold and confirmed by Bartlett 
& Watson’s calculations for mercury, has never been observed, and conflicting results 
have been obtained in single scattering experiments in other gases and from foils. 
Thus, while Oppenheimer & Bowler (1938) obtained agreement with theory for the 
scattering of 6-17 MeV electrons by lead, Stepanow a {1937) found up to 30 times the 
theoretical scattered intensity for 1*6“3*0 MeV electrons scattered in nitrogen. 
Again, Klarmann & Bothe {1936) found only one-fifth of the theoretical scattering 
for 0-6™2’5 MeV electrons in xenon, in contrast to Sen Gupta (1939) who found agree- 
ment with theory for 2 MeV electrons in the same gas. Similar marked discrepancies 
exist in inelastic collision phenomena involving electrons in this energy range, 
i.e. in the probability of emission of radiation and of pair formation. A summary of 
these has been given by Champion (1939).* 

In view of this position it becomes of special interest to investigate, both theoretic- 
ally and experimentally, tlie scattering of positrons. For very light nuclei this should 
differ only slightly from that of the corresponding electrons, but for heavy nuclei 
the (ihange in sign of the Couioml> force can be exfiectcni, through the medium of 
spin-orbital interaction, to affect y)rofoundly the form of the theoretical angular 
distributions. This is confirmed by a detailed calculation for mercury nuclei, the 
results of which we describe in this paper. It is clear from these results that experi- 
ments on positron scattering, which should not prove difficult now that suitable 
positron sources are available, are likely to clarify the position considerably. For 
example, if it proves that the shapes of the observed and calculated angular distribu- 
tions for positrons scattered by mercury agree in the same way as do those for 
electron scattering, there will he strong evidence in favour of the validity of the 
theory for both particles in spite of any failure of the theory to reproduce the 
observed intensity — the presumption will be that the observed rather than the 
calculated intensities are at fault. 

In deriving the theoretical results w^e have assumed that the positron behaves, in 
the scattering phenomena, as a Dirac particle of positive (dmrgo, so the validity of 
this assumption can also be checked by comjiarison with observed results. 

Fokmulae aVb method of computation 

Consider an mipolarized beam of positrons, of mass in and uniform velocity v, 
incident on a soatterer of nuclear charge Ze. The differentia] cross-section for 

• In ft recent paj^er, Brailovsky & Lfnpunsky ( 1941 ) have reported experiments on the 
scattering of electrons with energies l'6-3 MeV in argon and they find good agreement 
with Mottos theory. 
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scattering in directions making angles between d and ( 9 +dl? with the direction of 
incidence will be given by 

‘2,T!l{B)m\0Ad = 2zri: -*(l / j“+ 1 g |*}8in0d(?, (1) 


where /, g differ from the corresponding quantities derived by Mott ( 1932) for electron 
scattering only in the replacement of + Z by — Z. Thus we have 


/=Vi’+t?, ( 2 ) 

g = [ — i?'(l +'cosl?) f + (1 — COS 0 ) f?]/ain 0 , ( 3 ) 

where + l)'/>(cos^), ( 4 ) 

0 - l)'P,(cos0), (6) 


„ __ Pjp + iq) 

^^-p-iqnp-iqy 


p, = (Z*~a*)*, q = cx.lfi, 


fi ~ vjc, q' = q{l—/Py, (X = ZnZe^jhc, k = 2n-mv(l 


When a< 1 we have the approximate formula derived by Mott (1929) 


I/!=‘+|!7 


4 


cosec^ \d[ 1 — sin^ — rt(xfi oos^ \0 sin ^ <9 + terms of order a^] . 


(«) 


For small angles of scattering Bartlett & Watson derive the formula 

I / |*+ i {/ 1 *^ = jcot^idsec* Jd[l-;ra/y8in|d cos^J, ( 7 ) 

where - r(\ + iq) /’( 1 - iq)l{r(\ - iq) /’( 1 + i^)}. (8) 

This agrees with (6) when q^ \ and 0 is small. 

When a and 6 are not small, numerical methods must be applied to the formulae 
( 4 ) and (6). Owing, however, to the very slow convergence these series cannot be 
summed directly. As shown by Mott (1932) and by Bartlett & Watson (1940) it is 
possible to write 

(? = Oo + <?i + «*+0'». 
where ■=■ |«(sin r(l +iq)jr{l —iq), 

F, = Jir[ZA + (^ + J)A+i](-l)'i?(co 8 ( 9 ). 

C?o “ t'Z-P’o cot* i( 9 , 

<?! = ( 7 ra*/ 8 )(l + oo8d){2BiniZ?)-*<«-iJP’(i, -19+1,2; coB*Jd) 

X r(-iq+ l)r(-iq- l){r{l-2iq)}-y 

<?*«(- iF^/Sq) - 4a*(l - 2t9)], 

(?,=.itZ’[ 2 f,-iS?,+i](-l)'i?(oos( 9 ), 

A 

E , » m, + (nix* 12) IS, - - 4a®( 1 - 2*9)] S,. 
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The aeries are readily summed as the terms converge rapidly. Similarly 0^ 
can be easily calculated for aU 0 if use is made of the connexion formula for hyper- 
geometric functions. As Oq and are in closed form, the numerical evaluation 
of I{0) can then be carried out without difficulty. 

The work is greatly simplified if use is made of the extensive tables given by 
Bartlett & Watson (1940) for electron scattering. If we distinguish by superscripts 
-f , — the corresponding quantities for positrons and electrons respectively, we have 

Ab Fq , Oq , , G^ are tabulated by Bartlett & Watson, it is only necessary to 

compute Fi and 0^ specially for the positron case. Even for these, further use may 
be made of Bartlett & Watson's tables of Sf and Ef, for we have 

== M ^ 5 ” , Sjt . 

so ^ Ef + 

The percentage asymmetry to be expected on double scattering of the beam at 
90° is given by 200(^, where 

/, g being calculated for 0 = 90°. 


Rksults and niSClTSSIO^N 

In figure 1 the angular distributions of positrons scattered by mercury nuclei are 
illustrated for a variety of f)ositron energies. These distributions are represented as 
the ratio where M — cosec* ^Ojk^ is the angular distribution function given 

by the ordinary Rutherford formula with allowance only for the variation of mass 
with velocity. 

In contrast to electrons (Bartlett & Watson 1940) the intensity of scattered 
positrons is always less than that given by the Rutherford distribution function R. 
Nevertheless the deviations from that formula are sufficiently marked to be observed 
easily experimentally. 

Figure 2 illustrates a comparison of various distribution functions l{6)jR for 
electrons and for positrons of 1*7 MeV energy, calculated by accurate theory and 
by use of certain approximations. It is clear that there is a very marked difference 
in the distributions for the two particles. Further, the positron distribution does 
not differ very markedly from that given by Mott’s formula (6) with a - 0, despit-e 
the fact that the term Tra/fi^oos* J0sin ^6 is larger than the middle term except for 
large 0. This is probably due to the series, of which na^ooB^lO sin is the first 
term, being an alternating one for positrons but not for electrons. The formula (7) 
tends to underestimate the positron scattering. 


Vol, 181. A, 
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FiGlTUE 1. Angular distributions of jxisitrons of various energies scattered by mercury nuclei. 
The scattered intensity is given as the ratio to that, cosec* ^0/k^f given by the Rutherford 
formula. Curves MX respectively correspond to positrons of enorgicjs 0-046, 0-086, 0*145, 
0-232, 0-314, 0-463, 0-666, 1-28 and 3-35 



Fiourk 2. Comparison of anguloi* distributions (expressed as ratios of the Rutherford dis- 
tribution) for electrons and for jwsitrons, of energy 3-36 me*, scattered by mercury nuclei. 
Curves I calculated without approximation. Curve II calculated from formula (6), without 
inclusion of terms in a. Curves III calculated from Bartlett & Watson’s 'small -angle ’ formula 
(7), Curves IV calculated from Mott’s ‘light element’ formula (6). Superscripts 4* 
respectively distinguish electrons and positrons. 
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Although it is not possible in practice to investigate the polarization produced 
by double scattering of positrons, it is of interest to note the contrast between the 
theoretical asymmetries for positrons and for electrons. This is illustrated in figure 3 
in which our results for positrons as well as those computed by Bartlett & Watson 
(1940) for electrons are given. It will be seen that very little polarization is effected 
in a positron beam of any energy, compared with the possible maximum of 1 3 % 
for 120,000 eV electrons. This is because the repulsive field of the nucleus largely 
prevents close approach of the positrons so they do not come xinder the action of a 
force large enough to affect their spin orientation. On the other hand, electrons 
scattered by heavy nuclei do come under the action of a large fo^c^e, there being a 
strong nuclear attraction tending to concentrate their density in the neighbourhood 
of the nucleus. 



Fioube 3. Peroentago nsymnietry in double soattoriiig at 90” by mercury imolei, 
calculated for electrons {Bartlett & Watson 1940) and for positrons. 


The calculations of this paper were greatly facilitated by the availability of a 
copy of Bartlett & Watson's tables for electron scattering, kindly sent to the author 
by br Bartlett. 
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A derivation of the tidal equations 

By Harold jEFimnYS, F.R.S. 

{Received 16 February 1942) 

As the validity of Laplace’s tidal equations is under discussion (Proudman 1942), 
I think it may be v^orth wliile to deal with a difficulty in their derivation pointed out 
once by Mr E. Gold (1926) in a discussion at the Royal Meteorological Society. 
It concerns the iise of z, the normal distance from a standard level surface, as one of 
the position co-ordinates. The other level surfaces are approximately surfaces where 
gz is constant; but g varies by a factor of about 1/200 from pole to equator. Hence 
in an ocean 4 knj. deep, if we take the standard level as mean sea-level, z on the level 
surfaces near the bottom will vary by about 20 m., which is much mon^ than the 
height of the equilibrium tide. Wo need some explanation of why differences of 
pressure for constant z can be ignored, especially since the usual form of the equations 
suggests that the condition for equilibrium is that the j^ressure is constant over 
surfaces of constant 2. Similar considerations apply to atmospheric motions. 

It is clear from hydrostatics that equilibrium can exist if the pressure and density 
are constant over the level surfaces, and this would be true even if wo took into 
account the small departures of the level surfaces from symmetry about the axis. 
The difficulty arises entirely from the fact that when the ellipticity is taken into 
account the three directions of increasing 0 (co-latitude), 0 (longitude) and z (height 
from a given surface) are not strictly orthogonal; when we are above or below the 
standard surface the direction of the normal to the standard surface from the point 
is not at right angles to the direction of the meridian in the level surface, and if we 
use 2; as a co-ordinate this difference should be allowed for. 

On the other hand, we really have a possible set of exactly orthogonal co-ordinates, 
and it seems a pity not to use them. Let U be the symmetrical part of the earth’s 
gravitational potential (i.e. its average with regard to longitude) and w the distance 
of a point from the axis of rotation. Then the geopotential, with the sign changed, 
is 

( 1 ) 

and is constant over a symmetrized level surface. Let 6 be the angle between the 
normal to the level surface at the point considered and the polar axis (the geographic 
co-latitude) and ^ the east longitude. Then the directions of 0, 0 increasing are 
exactly orthogonal and are a right-handed set of axes. The elements of length for 
small changes in V, 6 , ^ aredWjg, EdO, where g is local gravity and R the radius 

of curvature of the meridian. Let the work per unit ma^ss dm to forces other than 
those expressed in 17, done on a particle in a small displacement, be Jd??' 4* 

The kinetic energy |>er unit mass is 

2 T - + + + 

[ 20 ] 


( 2 ) 



A derivation of the tidal equations 

and Lagrange’s equations give 
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d 
dt 

d / I 
dt 


{m^d) ^ 0, 


V’e 


dij 


-f J . 


(3) 


Neglect nquares of the velocities and eliminate 6, (ji, 4* in favour of the velocity 
components 

{u, V, w) = {Ji6, Vjg). 


a ?w dU dm^ W 


d (u 
dt 


rfrrt'^ 


(4) 


(5) 


and 


d 

~di 


(w\ . vru dU , , , , 

( ^ / w ’’ ~ a a y> ^ 

( vj ^ m ) = + = 2TiTw(i<cos^y + M^8in('y). 


In a fluid of density p v e have 

(Qd) T)--U^l ^ 

(u , ^ , 


(fi) 


( 7 ) 


where is the potential of any gravitational forces not included in U. Also if r is 
the distance from the centre 


t77 = r(l + 0(c)} sin R == r + 0(cr), 


(B) 


and if we neglect products of the velocities with the ellipticity we can make the 
substitutions 


dw /I ^ 

= r cos 6^; == sm d. 

dd dT g 




Then 


aw ^ . dp m 

dt pr d0 r dO 


dv 

dt 


+ 2<t) cos On + 2o) sin 6w = 


dp 


dUi 


fir Bin 0 dip r sin 6^3^' 


~ — 2wsin0^; 
dt 


A'*^) 


dp \ , gdU^ 


pd*p] aiP 


( 10 ) 
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The left sides of these equations are in the usual form. The explicit appearance of 
r in the first two on the right makes them applicable to a deep layer as well as one 
whose depth is small compared with the radius; they could be applied, for instance, 
to motions in the gaseous parts of Jupiter and Saturn. If 

p = -^pd{^>-u^), ( 11 ) 

and /o is a function of p only, then the equations are satisfied with (u, v, w) = 0 for 
all time; this will be possible if Ui is independent of t. Hence any non-periodic part 
of the gravitational potential, such as the asymmetrical part of the earth’s field, 
produces no currents; it only makes p constant over the level surfaces with this part 
of the potential included, and need not be considered in tidal problems, as indeed 
we should expect from hydrostatic theory. 

The advantages of the present derivation are that (1) it makes it clear why the 
terms in cancel exactly, (2) it shows that all neglected terms are of the order of 
the ellipticity times those retained, (3) the velocity components w, v, w are strictly 
perpendicular. 

The equation of continuity needs no special comment. In a deep layer it has the 
usual form for three-dimensional orthogonal co-ordinates; in a shallow one the 
form given by Lamb is correct when the ‘long-wave’ approximation applies. This 
approximation is fully discussed by Proudman. 
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The influence of temperature on boundary lubrication 
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The frictional beliavionr Vxiiiwoen tnild Hteol surfaces lubricated with oxoosb of pure hydro- 
carbons, ketones, alcohols, kmides, acids and esters has been investigated at low speeds and 
under high loads. In all cases a transition from smooth sliding to irregular stick and slip 
motion takes place at a temperature characteristic of the lubricumt employed. 

Experiments in which lubricant dims one or more molecules thick were built up by the 
Langmuir-Blodgett technique have shown that the transition from smooth sliding to stick- 
slips occurs when the adsorbed surface dim of lubricant breaks down and becomes disoriented. 
Acids and esters are shown to be strongly adsorbed, while hydrocarbons, ketones, alcohols and 
amides are not appreciably adsorbed. It is shown that adsorption of acids and estora occurs 
by the interaction of the dipoles in their polar group with the metal atoms in the surface. The 
results also suggest that molecules of long-ohain compounds are oriented on a metal surface 
in the same way as they have been shown to be arranged on an aqueous surface. 

Measurement of the coeidcient of friction V^etweon surfaces lubricatofi with films one and 
many molecules thick has shown that under conditions of * boundary lubrication * prevailing 
at high loads and low speeds, excess of lubricant is squeezed out, and lubrication is effected 
by a unimolecular film adsorbed on each surface. 

The variation of the coefficient of friction with load in the case of oleic acid shows that orien- 
tation with this lubricant extends beyond the primary adsorbed layer. This result accounts 
for the low vaUies of the coefficient of friction obtained by previous workers, and explains 
the good lubricating properties of oleic acid. 

These experiments show that a study of the frictional behaviour provides a method of 
investigating the properties cd surface films on metals. 


It is generally supposed that substances which reduce the friction between 
surfaces sliding a,t low 8])eed8 and under high loads do so by fonning an adsorbed 
layer on each surface, thus preventing contact occurring between the surfaces. 

Rayleigh (1918) found that invisible films of greasy matter lubricate, Devaux 
(1924) showed that these films need not be more than one molecule thick, and 
Langmuir (1920) transferred a unimolecular film of oleic acid from the surface of 
water to a glass plate, thereby reducing the coefficient of friction from about 
unity to 0 ‘ 13 . 

A systematic and comprehensive study of the effect of boundary films on the 
coefficient of static friction was made between 1919 and 1934 by Sir William Hardy 
and his collaborators (1936), who demonstrated the influence of the length of the 
adsorbed molecule on its lubricating properties. The static friction between steel 
surfaces lubricated with series of esters has recently been investigated by Fogg 
(1940) using a modified Deeley machine. 

The existence of oriented films at the surface of a metal has been demonstrated 
by the X-ray measurements of Miiller {1923), Trillat (1925) and Bragg (1925); and 
by the electron diffraction experiments of Andrew (1936), Finch & Zahoorbux 
(^ 937 )> Tanaka (1938, 1939), and Beeck, Givens & Smith (1940). 

An analysis of the fricstion between slowly moving steel surfaces by Bowden and 
his collaborators {1939) has shown that in the presence of some lubricants such as 

[ 23 ] 
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white oil, liquid alcohols, and the lower fatty acids the motion proceeds in a series 
of jerks: when the higher fatty acids are used as lubricants the motion is smooth. 

Tabor (1940) found that in the case of steel surfaces lubricated with some com- 
mercial oils and fatty acids which gave smooth sliding at room tom|>erature, the 
motion changed to the jerky ‘stick-slip^ type as the surface was heated. This 
transition from smooth sliding to stick-slip is reversible with# temperature and 
oharactoistie of the lubricant employed. Tabor suggested that the transition is due 
to a disorientation or desorption of the adsorbed film, and the temperature at which 
it occurs is a measure of the strength with which the film is adsorbed on the surface. 

This paper describes an investigation of this effect for a number of pul'd chemical 
compounds used as lubricants for mild steel and stainless steel surfaces, both as 
an Sxcess and m built-up films of known molecular thickness. 

The experiments with excess of lubricant on hydrocarbons, alcohols, and two 
of the fatty acids were made in collaboration with Tabor, who set up the apparatus 
used in this investigation.* 

Experimental 

The ax)paratu8 ern|>loyed in this investigation was similar to that described by 
Bowden & Lel)en (1939). 

It consisted of a flat jdate with its face horizontal, carried on a horizontal slide 
driven slowly and uniformly by a hydraulic piston. An approximately hemi- 
spherical contact was pressed vcrticsally against the face of the plate, with a known 
pressure, by an adjustable sjiring. 

The friction acting on the contact was measured by the deflexion of the su8j)en- 
sion which carried it. In order to record rapid fluctuations in friction a system 
with a rapid resi)ori8e — and therefore a stiff restraint and low moment of inertia — 
was required. This was achieved by using two vertical i)iano wires as a bifilar 
suspension for a bar of Electron which carried the contact. The bar was horizontal, 
perx)endioular to the direction of motion, and above the face of the plate. The 
effective length of the piano wires was 6 cm. and the wires were 3 cm. apart. One 
end of the Electron bar was clamped to the centre of one of the wires, the other wire 
being clamped near the centre of the bar and 2-6 cm. from the contact which was 
carried at the other end of the bar and projected over the plate. The friction acting 
on the contact rotated the bar against the restoring force of the piano-wire sus- 
f>ension, the rotation being recorded by a galvanometer mirror attached to the arm. 

For the range of loads 2-10 kg., 1-22 mm. diameter piano wire was used, and 
for loads of ^-3 kg. 0*38 mm. diameter piano wire was employed. With the thick 

• Since this paper was written a further publication by Dr Tabor (1941) has appeared in 
which some results for fatty acids, identical with those described in this paper, are given. It 
should therefore be }K)intod out that the results given in this paper are the work of the present 
author, except where the contrary is doflnitely stated. Dr Tabor left this laboratory in 
March 1940 to join Dr Bowden in Melbourne, and some of the results of this work have been 
ooininunicatod to Dr Bowden.. Tlie present postal difllcnilties have prevented a close coUabora- 
tion, and led to confusion in the publication of the results. 
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wires the natural frequency of vibration of the system recording the friction was of 
the order of 1000, which was about ten times greater than with the thin wires, 

A heating element built into the apparatus beneath the plate enabled the latter 
to be heated electrically, the rate of heating being controlled by rheostats in the 
circuit. The temperature of the surfa(!e of the plate in the neighbourhood of the 
contact was measured by a thermocouple consisting of a copper point and a 
constantan point resting on the surface and connected in series with a mirror 
galvanometer. 

The lower surface was prepared by grinding on a flat wet lead lap with 320 
carborundum, cleaned with rouge and water, washed in 20 % caustic soda solution 
and rewashed with water. 

The plate was then placed in the vapour of boiling acetone to remove the water, 
A bright reflecting surface crossed by numerous flne scratches was obtained. The 
hemispherical contact was polished on 0000 emery paper. The plate and the 
contact were made from the same piece of mild steel of the following composition : 
carbon 0-13 %, silicon 0*21 %, manganese 0*59 %, sulphur 0*018 %, phosphorus 
0*016 %, chromium 0*05 %, nicjkel 3*42 %. The steel w^as taken from the bottom 
of an ingot to ensure uniformity. 

In the experiments in which an excess of lubricant w as employed approximately 
0*1 g. of the lubricant w^as placed on the surface, which, in tlie case of solids, was 
warmed to melt the lubricant. The ]K)8ition of the contact was then adjusted so 
as to come within the drop of lubricant. An excess of tlie lubricant wa.s then main- 
tained round the couta(*t by surface tension. 

In carrying out a determination of the transition temperature the plate was set 
in motion and slowly heated at a uniform rate. The fricjtion was recorded on a 
moving photographic; film by a beam of light, reflected from the mirror attached to 
the Electron bar carrying the contact, and focused on the slit of a camera. A simul- 
taneous record of the temperature of the surface of the plate w as obtained by 
another beam of light reflected from the mirror galvanometer and also focused 
on the camera. 

The effect of the noAi) and characteristics of the 

RECORDER ON THE FRICTIONAL BEHAVIOUR 

The mean values of a large number of determinations, with excess of oleic acid 
as lubricant, of the coefficient of friction in the region of smooth sliding, and the 
temperature at which the transition from smooth sliding to stick-slip occurs, for 
loads of |-10 kg., are plotted in figure 1. 

As the load used in experiments was increased, both the coefficient of friction 
and the transition temperature increased until constant values were reached at 
•loads of 3 kg. and over. The question arose whether the differences in coeffioient of 
friction and transition temperature between runs at high and low loads were due 
to some mechanical effect (such as the contact gouging a track in the plate at high 
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loads) or to a variation in the thickness of the lubricating film with load. To test 
this point, experiments were made in which the amount of lubricant present was 
limited to a unimolecular film on each of the test-pieces, and it was then found 
that the coefficient of friction and the transition temperature had the same values 
for loads of | and 4 kg. These experiments were carried out with ethyl stearate and 
elaidic acid as lubricants, the unimolecular films being deposited from water on 
the test-piec?e8 by the Langmuir-Blodgett technique. Stainless steel test-pieces 
were used for this purpose. 



This result shows that the dependence of the coefficient of friction on load, 
observed with excess of oleic acid, was due to a variation of the thickness of the 
lubricating film, with load. The limiting high value at high loads is roughly the 
same as that obtained in the experiments on unimolecular films of methyl stearate, 
ethyl stearate, elaidic acid, stearic acid and myristone (described in a later section 
of this paper), all of which have molecules of approximately the same length as 
oleic acid. 

The hemispherical contact becomes deformed under the applied load (Bowden 
k Tabor 1939), the area of contact increasing with the load. The pressure dis- 
tribution over the area of contact will not be uniform: in the centre where it is 
highest it may be sufficient even at comparatively low loads to penetrate to the 
primary film. At high loads penetration to the primary film w'ill occur over a greater# 
proportion of the area of contact. At low loads the frictional behaviour is mainly 
due to the contact sliding over the outer orient-ed layers, while above 3 kg. the 
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frictional behaviour is predominantly affected by the primary adsorbed layer. 
Further support- for this view is afforded by experiments with ethyl stearate as 
lubricant. When an excess of this substance was present no stiok-slips occurred at 
room temperature and the coefficient of friction remained constant at 0*18 over 
thb range of loads of 2-10 kg. using the high-frequency friction recorded (1*22 mm. 
diameter wires), but at lower loads with the low-frequency recorder (0*38 mm. 
diameter wires) stick-slips occurred at room temperature and increased in size 
with rise of temperature. When a unimolecular film was present a steady value of 
0* ] 8 was obtained for the coefficient of friction at a load of ^ kg. ; when a film three 
molecules thick was used stick -slips occurred. Evidently at the low loads used with 
the low-frequency recorder the frictional behaviour is influenced by layers beyond 
the primary adsorbed film. The occurrence of stick-slips in this case is not due to 
the disorientation of the primary film, whicih is shown elsewhere in this paper to 
be responsible for the occurrence of stick-slips at higher loads. 

These results show that orientation in the case of oleic acid extends into the 
liquid beyond the primary layer adsorbed on the steel surface. In this connexion 
it may bo noted that Trillat (1929, 1930) has shown that orientation of long -chain 
acids may extend some little distance from a surface into the interior of a liquid, 
and Andrews’s electron-diffraction experiments (1936) indicate orientation ex- 
tending beyond the primary layer. 

These results clqp-rly demonstrate the importance of using high loads if it is 
desired to investigate lubrication under true boundary conditions. A load of 4 kg. 
on the hemispherical contact and a sliding speed of 0*006 cm. /sec. were used in 
all the following experiments. 

I. Experiments with an excess of lubricants on mild steel surfaces 
Hydrocarbons 

Hexadecane, diphenylmethane, paraffin wax, diphenyl and bi8-j?-diphenyl- 
methane all gave smooth sliding in the solid state and a sharply defined transition 
to stick-slips at the bulk melting-point. The photographic record of the friction 
obtained in the case of diphenylmethane is reproduced in figure 2. When melting 
was observed oti the surface in the neighbourhood of the contact, the thermo- 
couple circuit was momentarily broken. This point is recorded by a deflexion in 
the temperature trace . 

Alcohols 

Lauryl and ceryl alcohol gave smooth sliding in the solid state and a transition 
to stick-slips at the melting-point. 

Ketones 

Methyl hepta-decyl ketone, myifstone and benzophenone gave smooth sliding 
in the solid state and a transition to stick-slips at the melting-point. 
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Amides 

Acetamide, pelargonamide and myristamide gave smooth sliding in the solid 
state and a transition to stick -slips at the melting-point. 



FnnJBE 2. Diplienylmethane. 


Acids 

No change in the frictional behaviour occurred as the fatty acids were heated 
through their melting-points. Figure 3 shows the friction trage of elaidic acid as 
it passed through its melting-point. At a temperature considerably above the 
melting-point the motion changed from smooth sliding to stick-slips as shown in 



Kiocke 3. ElaicUo acid. 


figure 4, which is typical of the results obtained with the fatty acids. When the 
transition occurs at a temj>erature considerably above the melting-point, it is not 
so sharply defined as when it occurs at or near the melting-point, but extends 
over a range of about 5® C. The value of the traiwiition temperature also varies in 
different parts of the surface due to the difficulty of obtaining a surface of uniform 
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finish and uniform activity. Successive values obtained in i 

~id w..,: 96, 90, 96, 96, 100, 90, 86, 80 sT M ^ ^ 

90'’ C (to the nearest 5° C). ’ ’ ’ ® ^ ^ ® 

A number of the fatty aoicls of the series f Tf pnnxr r t. ^ • 

to stearic (n = 17) were examined ThtT v" . 

• j • \li ' „ examined. Ihe transition temiieratare could not he dew 

mned in the case of the lower meralwirs of the series owing to their volatility and* 

the rapidity with which they attacked the surface forming a layer “fw 

salt on which smooth sliding persisted to high temperatums 
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KitiirKE 4. Elaidic acid. 


In the case of stearic acid the transition temyieraturo decreased with • 

e rminations, eventually reaching a constant value of lio" c When this sTal! 
wo. «»ch«l th. „f .u,aHc »cM „„ the ...rfaee . a. ob»rved to hi 

ronn. It was then shown by a chemical test to contain iron Some exneriiLo/ 
were mmie with pnto dry ferric stoarato, which gave a rranSn T I Tc 

melting-point of ferric ateamto i, „r C 

Doint ' ^'”1"' *‘"*™'* *'■' '""""Men occurs approsimatoly at the melting 

P nt. These results show that the initial high value of the transition ticmiaA . ^ 

to th?f E ^ »»b 8 « 9 «ont lower values bLng dul 

the f^al'nitic acid behaved in a simUar manner Lt 

e other acids, intermediate between palmitic and cajiric, gave a series of vab.e« 
constant to within 5»0. Although it is weU known tiat the aci^e pr^rt"^^ 

i»arked as the length of the chain decreases the 
traction temiieratux^, on the other hand, Uke the melting-point rises .L^Wh!r 

Witf attack of the acid on the steel 8urfa(4 increases rapidlj 

r^sZ «« that, although the higher members of the seri.^ m^v 

the 8 w 7 properties as the lower members, they may attack 

teel more rapidly at their higher transition temperature. 

wMch r ahown in figure 5 ftom 

th« difference lietweeii the transition temperature and 

the meltmg-pomt is approximately 70“ C for the ackls in which the 
hydrocarbon chain varies from 8 to 17 carbon atoms. 
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Fiourk 6. Fatty acids. 



FintTHK 6. Metliyl oatm’s of fatty ocids. 



Fiouhe 7. Stearic esters of normal alcohols. Fioube 8. Stearic esters of normal alcohols. 
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8 iereo 4 aomeric fatty acids ' 

Some experiments were made in which oleic acid and its stereo-isomer elaidic 
acid were used as lubricants, and the following results were obtained; 

traiiMition melting-point differonc© 
temp. ‘C 

oleic acid {cis) 85 14 71 

elaidic acid {trana) 120 45 76 

Although these two acids differ in their configuration in space, the interval 
between the transition temperature and the melting-point is, within the limits of 
experimental error, the same in each case, and the same as that occurring with the 
saturated fatty acids. 

Some experiments were also made with di carboxylic fatty acids and .aromatic 
acids, but these attacked the steel surface rapidly after melting. 

Esters 

Preparation ajid purification. The methyl esters, with the exception of methyl 
cerotate, were prepared by esterification witli sulphuric acid and a large excess of 
methyl alcohol. Any free acid remaining was removed and the ester repeatedly 
reerystallized or fractionally distilled in vacuo. Methyl cerotate was pi*epared 
from dry silver cerotate and methyl iodide (cf. Whitby 1926). 

The stearic esters of the normal alcohols wore pre>pared from silver stearate and 
the iodide of the alcohol (cf. Whitby 1926). The difficulty in purifying long-chain 
compounds is well known (cf. Smith 1938), but the sample of stearic acid used in 
these preparations melted at 69'' C and probably had a purity of at least 95 % 
(cf. Guy & Smith 1939). In the preparation of octadecyl stearate, octadecyl 
alcohol was first prepared by the reduction of ethyl stearate with sodium and 
alcohol as described by Smith (1931). 

In the preparation of tristearin, stearyi chloride was first prepared by refluxing 
stearic acid with thionyl chloride on a water-batli and then fractionating the 
product in vacuo. Dehydrated glycerol dissolved in pyridine was added to a slight 
excess of stearyi chloride dissolved in petroleum ether. The mixture was allowed 
to stand for an hour and then refluxed for several hours on the water-bath. Enough 
petroleum ether was added to dissolve the tristearin and the mixture repeatedly 
extracted with dilute hydrochloric acid to remove the pyridine, and 10 % potas- 
sium carbonate solution containing some alcohol to remove any free stearic acid. 
The tristearin which was obtained on evaporating the petroleum ether was 
reorystallized from this solvent. It melted sharply at 7rc. Trimyristin, glycol 
distearate and glycol dimyristate were prepared in a similar manner. 

The methyl esters of straight-chain fatty acids. The results for this series of esters 
are given in figure 6, from which it will be seen that the difference between the 
transition temperature and the melting-point is approximately 50^ C for each 
member of the series. 
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The stearic^ esters of the normal alcohols. In this series of esters the effect of in- 
creasing the size of the ‘alcohor group from the methyl radical to the oeryl chain 
of 26 carbon atoms has been investigated. The results are given in figure 7. Both 
the melting-j>oint and the transition temperature pass through a minimum in the 
region of to as the length of the ‘alcohor chain increases. Figure 8 shows, 
however, that the difference betw(H?n the transition temperature and the melting- 
point steadily decreases with increase in the length of the alcohol chain and tends 
to become linear above about 16 carbon atoms. 

Myristic and stearic esters of glycM and glycerol. The glycerol esters were in- 
vestigated in view of the fact that most fatty oils used commercially as lubricants 
consist of the glycerol esters of long-chain fatty acids. The glycol esters may be 
regarded as intermediate in structure between the methyl and glycerol esters. 
The results obtained are given in Table 1, which includes those of the methyl esters 
for comparison, 

Tabi.e 1 



transition 

melting-point 

difference 

ester 

temp. 



methyl myristato 

65 

18 

47 

glycol diinyristate 

85 

61 

24 

glycerol trimyristate 

80 

56 

24 

nietbyl stearate 

95 

38 

67 

glycol distearat/O 

115 

76 

39 

glycerol tTisteai'ate 

105 

71 
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The methyl esters of dibasic fatty acids. Dimethyl sxiccinate and dimethyl sebaca te 
were examined in this series. 

The results are as follows: 



transition 

melting-point 

coeffoient of friction 

ester 

temp. °0 


solid 

liquid 

dimethyl succinate 

55 

19-5 


0-37 

dimethyl sebacat/c 

36 

28 

0*20 

0-33 


The friction with dimethyl sebacate as a lubricant rises rapidly as the surface is 
heated above the melting-point of this lubricant. A photographic record showing 
this effect is reproduced in figure 9, No change in friction was observed at the 
melting-points of the monobasic acids and their esters (cf. figure 3). The increase 
in frictioxi at the melting-point of dimethyl sebacate suggests that a change in the 
orientation of the molecules in the surface layer occurs at the melting-point. Below 
the melting-point the molecules are probably attached to the surface by one of the 
ester groups with the hydrocarbon chains pointing away from the surface and 
tightly packed together as in the crystal lattice. In this orientation the coefficient 
of friction would be of the same order as that found for long-chain monobasic acids 
and esters, which is the case. When the b\ilk melting-point is reached the molecules 
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have sufficient energy to break away from the configuration in which they exist in 
the crystal lattice, and it is possible that both ester groups are now attracted to 
the surface, causing the molecules to lie more or less flat on the surface (of. Adam 
& Jessop 1926). The higher value of the coefficient of friction in the liquid state 
supports this view. If the molecules lie flat on the surface above the bulk melting- 
point, it might be supposed that the adsorbed film of the succinate woiild be main- 
tained to a higher temperature than that of the sebacate in which the film would 
be weakened by the thermal energy of the longer hydrocarbon chain joining the 
est^r groups. Tlie transition temperature of the succinate would therefore be higher 
than that of the sebaciate which is the result obsi^rved. 

0-6 
h 

0*4 
" 0*2 
0 

Ki(jnRE 9. DimcMiyl HobacaUv 
DiHctimum . 

Using a load of 4 kg. on the hemis})heri(^al contact and a sliding speed of 0*()06 
cm. /sec., all the pure substances used as lubricants gave a transition from smooth 
sliding to stick-slips as the surface was heated. This transition occurred at the bulk 
melting-point of the hydrocarbons, ketones, akjoliols and amides when the mild 
steel surfaces were lubricated with these substances, but at a (ionaidorably higher 
temperature than the bulk melting-point when acids and esters were used as 
lubricants. 

In order to explain this phenomenon which, from the large number of substances 
investigated, appears to bo quite general, the following hypothesis is advanced: 
Under the conditions of * boundary lubrication’ obtaining in the test, smooth 
sliding occurs when the surface layer of lubricant on the steel contact slides over 
a similar layer on the steel plate. Below the bulk melting-point the molecules are 
maintained oriented in the surface layer by the forces which maintain them in 
position in the crystal lattice even if, like the hydrocarbons, they contain no polar 
group which is attached to the surface. Smooth sliding therefore occurs below the 
bulk melting-point of all the substances examined. When the surfaces are heated 
up a temperature will be reached when the molecules in the surface layer become 
disordered and the layer ‘melts’. When this occurs the metal surfaces are no longer 
protected by the oriented surface film and metal to metal contact can occur. The 
contact becomes stuck to the surface and travels with it until the limiting value 
of the static friction is reached. A slip then occurs under the action of the restoring 
force of the bifilar suspension. The contact then sticks to the surface again and 
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the prooesa ia repeated. Since hydrocarbons are non-polar and therefore not 
adsorbed, the surface layer of these compounds breaks down at the melting-point. 
Acids and esters, on the other hand, being strongly polar substances are adsorbed 
on the steel surface. The surface layer of acids and esters does not break down at 
the bulk melting-point, but is maintained to a much higher temperature. The 
transition temperature represents the temperature at which the adsorbed film 
breaks down or melts, and may therefore be regarded as a measuire of the strength 
of this film. The difference between the transition temperature and the bulk 
melting-point which is approximately constant for the long-chain fatty acids and 
for their methyl esters, may be regarded as a measure of the strength with which 
the polar group is adsorbed, since the molecules have sufficient energy at the 
transition temperature to overcome both the lateral adhesion which holds them in 
position in the crystal lattice, and the force of adsorption of the polar group for 
the surface. Further experimental evidence in support of this hypothesis is afforded 
by the results obtained with built-up films described in the next part of this paper. 

Evidence of the existence of an adsorbed film of lubricant at a metal surface 
and its persistence to elevated temperatures is afforded by the electron diffraction 
experiments of other workers. Andrew (1936) demonstrated the existence of 
adsorbed films at room temj>erature in the case of commercial oils of the type 
which give smooth sliding. Tanaka (1938, 1939) showed that orientation of palmitic 
and stearic acid on copper surfaces was maintained to 120-130'^ C. Beeck et al, 
(1940) found that the hydrocarbon tetratriacontane and the ketone stearone showed 
a high degree of orientation perpendicular to the surface below their melting- 
points, but the adsorbed molecules evaporated from the surface near the melting- 
point. An adsorbed layer of stearic acid, on the other hand, persisted at 110^ C. 

Since alcohols, ketones and amides, like hydrocarbons, give a transition to stick- 
slips at their melting-point, they cannot be strongly adsorbed on a steel surface. 
Esters and acids which are strongly adsorbed differ from alcohols, ketones and 
amides in containing the group — CO.O — . The fact that the methyl esters are 
almost as strongly adsorl)ed on a steel surface as the acids suggests that the adsorp- 
tion is due to the interaction of the dipoles of the — CO.O — group with the atoms 
in the metal surface, since there is no question of ionization — which might explain 
the adsorption of the acids — playing any part in the adsorption of the esters. 
Furthermore, it was shown in the case of the acids that the transition is not due to 
their attacking the siufaee. 

As the length of the hydrocarbon chain attached to stearic acid in the stearic 
esters of normal alcohols is increased, the difference between the transition tem- 
perature and the melting-point, and hence the strength with which the polar group 
is adsprbed, decreases as shown in figure 8. There are two factors which may 
account for this behaviour: 

(1) The strength of adsorption may be weakened os the length of the ‘aloohor 
chain increases: the larger the ‘alcohol* group the further the — CO.O — group 
may be kept from the surface. 
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(2) As the length of the 'alcobor chain increases^ the lateral adhesion between 
it and the * acidic ’ chain may distort the molecule, and in the case of the long 
‘alcohol’ chains, bend it into the form of a hairpin. This distortion which will 
increase with the length of the ‘alcohol’ chain will alter the configuration of the 
polar group and consequently change its resultant dipole moment, 

A similar series of esters of palmitic acid has been studied as imimolecular films 
on aqueous surfaces by Adam (1929), and by Alexander & Schulman (1937), who 
have shown that if the ‘ajoohol’ chain contains four or fewer carbon atoms it is 
forced under the surface and vertically opiK)8es the ‘acidic’ chain in the condensed 
films. If the alcohol chain contains more than four carbon atoms, the lateral 
adhesion between it and the acidic chain is sufficient to bend the molecule up into 
the form of a hairpin. Alexander & Schulman find that in the case of cetyl palmitate 
the distortion of the polar group is sufficient to reduce the vertical component of 
the dipole moment to zero. 

It is not improbable that the series of stearic esters are orientated in a similar 
manner on a steel surface, in which case a qualitative explanation is afforded of 
the results. 

Further evidence in support of the view that the adsorption of acids and esters 
is due to the interaction of the dipoles of the — CO . O — gi'oup with the atoms hi 
the metal surface is afforded by an experiment with octadocyl acetate as lubricant* 
This substance may bo regarded as being derived from the methyl esters of the 
long^ehain acids with the position of the hydrocarbon chain and the methyl 
radical interchanged. The position of the — €0 . 0 — group in space in the ad8orl>ed 
layer would therefore be diff erent from what it is in the case of the methyl esters, 
resulting in a different value for the vertical components of the resultant dipole 
moment and hence in the strength of adsorption. The diffen^nce between the 
transition temperature and the melting-point of oota^lecyl acetate is C com- 
pared with 5r C, the mean value for the methyl esters. 

If the glycol and glycerol esters of long-chain acids are adsorbed on a stecJ surface 
in the same way as Adam (1922) has shown them to be oriented on a w'^ater surface 
— ^with the polar group on the surface and the hydrocarbon chains tightly packed 
and pointing away from it — they may be regarded as derived from two or tliree 
molecules respectively of the corresponding methyl esters linked through the carbon 
atoms of the methyl groups. The glycol esters have two polar groups in the mole- 
cule, the dipoles of which can interact with the metal atoms in the surface and 
cause the molecule to be adsorbed on the surface. These polar groups are the same 
as those in the methyl esters. Since there are two of these groups in the glycol 
esters it might be expected that the molecule of the glycol ester would be twice as 
strongly adsorbed as that of the methyl ester, but the presence of the additional 
polar group is offset by an additional hydrocarbon chain which con take up energy 
and contribute to the removal of the molecule from the surface at the transition 
temperature. If the chains are tightly packed distortion from the normal valency 
eogles must occur. The resultant distortion at the polar groups would, as in the 
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case of the stearic esters, diminish the strength with which the molecides are 
adsorbed on the surface. A similar distortion would occur in the glycerol esters. The 
difference between the transition temperature and the melting-point woiild there- 
fore bo less for the glycerol and glycol esters than for the methyl esters, which is 
the result found experimentally. 


II, EXFKRIItfENTS WITH BUmT-UP FILMS OF LUBKICAKTS 

In order to test further the hypothesis that the transition from smooth sliding 
to stick-slips occurs when the adsorbed film becomes disoriented, the following 
experiments were made with lubricant films of known molecular thickness built 
up by the Langmuir-Blodgett‘(i935) technique. Stainless steel surfaces were used 
in these exjieriments, since the mild steel previously employed was corroded by 
immersion in water. The films of the acids were spread on the surface of distilled 
water to avoid the deposition of the calcium salts which occurs when tap water 
is used. 

Thej first unimoJecular layer is deposited with the polar group adjacent to the 
surface, and thereafter the film is built up in double layers in which the polar 
groups are adjacent as in the crystal lattice. According to Stenhagen (1938) the 
long spacing of these built-up films as measured by X-rays always corresponds to 
a crystalline fonn of the substance, and Bikerman (1938) concludes that crystal- 
lization occurs in the film so that the surface becomes coated with a layer of micro- 
crystals. The area of film deposited corresponds to the geometrical area of the 
surface on which it is deposited, although in the case of metals the actual area, 
due to pits and scratches, must be considerably greater than the geometrical area. 
It must therefore be supposed that the film is stretched over the surface like a soap 
film on wire gauze. In this connexion it is interesting to note that Bikerman (1939) 
finds that films may be deposited on wire gauze, the area of film deposited being 
equal to the geometrical area of the gauze. 

Ceryl alcohol and myrisUme films 

The mean values of a number of determinations of the transition temperature 
from smooth sliding to stick-slips, and the coefficient of friction below the transition 
temperature (in the region of smooth sliding) for oeryl alcohol and myristone films 
of varying thickness are given in table 2. When the surfaces were each coated with 
a unimoleoular film of ceryl alcohol and heated up at a uniform rate, the Motion 
remained steady until the bulk melting-point was reached, when small stick-slips 
occurred. These stick-slips persisted until the temperature hod risen to about 
100^ C, when the Motion became irregular, eventually riaing to the high value of 
the clean metals. Evidently the film melted when the stick-slips set in, and 
remained liquid on the surface until a higher temperature was reached and the 
molecules had sufficient energy to evaporate from the surface. When five or more 
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molecular layers were present initially the stick-slips persisted to a higher tem- 
perature. The behaviour of the myristone films was essentially similar, 


Table 2 



thickness of film 

transition 

coefficient 

hibrioant 

ill molecules 

temp. 

of friction 

oeryl alcohol (m.p. 80*^ C) 

1 

79 

0*U 


5 

80 

0*10 


16 

79 

009 


excess 

82 

010 

myristone (m.p. 76° 0) 

1 

76 

017 


6 

76 

0‘]6 


excess 

76 

016 


Methyl stearate, ethyl stearate, elaidic acid and stexiric acid films 

When the stainless steel surfaces were each coated with a unimolecular film of 
these substances and the friction observed as the surface was heated up from room 
temperature at a uniform rate, the frictioxi remained steady until a temperature 
characteristic of the lubricant was reached. A sudden rise in friction then occurred 
which was recorded by the camera as a rise in the friction trace. A t 3 rpical example 
of this first rise in friction in the case of elaidic acid is shown in figure Ifia. The 



friction then remained steady at its new higher value until a temj>erature wm 
reached at which the film broke down. When this occurred a rise in the friction, 
eventually to the high value, of the clean metals occurred. The photographic record 
of this is shown in figure 106, which is the continuation of^he record of figure 10a; 
The temperature at which this second rise in friction ocotaj is taken as the tran- 
sition temperature. Since the adsorbed fihn is at a temperature considerably above 
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the bulk melting-point of the lubricant when it breaks down, the molecules do not 
persist in a disoriented condition but evaporate and the friction therefore changes 
from smooth sliding, not to stick-slips, but to the higher irregular value observed 
with unlubricated metals. 

The mean results for unimolecular films of these lubricants are given in table 3. 
By analogy with the behaviour of films on aqueous surfaces it is probable that the 
first rise of friction is due to the surface films changing from the ‘condensed’ to 
the ‘liquid-expanded’ type. In the condensed type of film the moletjules are 
closely packed and strongly attached to one another by the lateral adhesion 


‘rABLE 3 


lubricant (present os 
a unimolecular film 

coefficient 
of friction 
below Ist rise 

1st rise in 
friction trace 

coefficient 
of friction 
above 1st rise 

transition 

on each surfoeo) 

in friction 

°C 

in friction 

temp. 

methyl stearate 

014 

25 

018 

60 

ethyl stearate 

, 016 

30 

018 

60 

stearic acid 

016 

56 

0-18 

95 

elaidic acid 

017 

56 

0-22 

75 


between the liydrocarbon chains. In the liquid -expanded film the hydrocarbon 
chains are generally 8 up]) 08 ed to be free to rotate and vibrate but are firmly 
anchored to the surface at the base by 
their polar end-group. In view of the 
flexibility of the hydrocarbon chains 
in the ‘liquid-ex])anded ’ films the 
metal surfaces would be able to ap- 
proach emoh other moix^ closely than § 
when covered with ‘condensed’ films, £ 
and this fact probably accounts for 
the higher coefficient of friction ob- S 
served above the temperature of the § 
first rise in friction. g 

In another series of experiments the £ 
stainless steel contact was coated with 
a unimolecular film of lubricant, and 
films of varying thickness were built 
up on the stainless steel plate. The 
latter w^as then heated up at a uniform 
rate and the friction with the contact 
observed* ^ 

When five or more films were origii^ally present on the surface a transition from 
smooth sliding to stick-slips occurred ; with fewer films present initially the break- 
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down of the film was accompanied by the rise in friction mentioned above. The 
value of the taransition temperature increased with the initial thickness of the 
film eventually reaching that recorded for an excess of lubricant on stainless steel 
surfaces. The results on methyl stearate, ethyl stearate, and elaidic acid are shown 
in figure 11. 

The transition temperature for an excess of lubricant is higher than for a uni- 
molecular film, since the adsorbed layer is in equilibrium with an excess of the 
molecules of which it is composed. Intermediate values of the transition tem- 
perature are obtained when the initial thickness of the film is up to about 30 mol. 
Owing to the short range over which adsorptive forces act the outer layers of 
lubricant will probably melt at the bulk meltingf^point, and will begin to evaporate 
from the surface as the temperature rises. A film which was initially 30 mol. thick 
will be considerably thinner by the time the transition temperature is reached. 
Experimental evidence of this is afforded by the fact that films of 33 molecular 
layers of methyl stearate, which are purple in w hite light, show no interference 
colour after being heated to 100'^ C. The film must therefore have been at least 
halved in thickness. The actual thickness of any film by the time the transition 
temperature is reached will depend on the rate of heating (which was constant in 
these experiments) and the volatility of the lubricant. 

The effect of jvhite oil on a unimolecuhir film of methyl stearate 

In these experiments the stainless steel surfaces wen^ eacsh coated with a uni- 
molecular film of methyl stearate and the lower surface set in motion, the friction 
being recorded by the camera. After tlu; surface had been moving for about 30 sec. 



direction of motion 
_ 20°C 

I ^ I I 

20 seconds 15 0 

Figure 12. Unirnolocular fiim of methyl stearate. 

a drop of white oil was blown on to the surface round the contact from a pipette, 
the light beam recording the tem|:)erature being momentarily interrupted so as to 
record the moment of addition of the oil on the photographic film. The friction 
between the surfaces was recorded on the camera for about 3 min. after the 
addition of the oil. A typical record is reproduced in figure 12. It will be seen that 


white oil added 


20®C 
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the Motion between the surfaces coated with a unimoleoular film of methyl stearate 
remained constant before the white oil was added. Immediately after the addition 
of white oil the coefficient of friction, rose during 15 sec., and then remained 
approximately constant for about 7 sec., when a slip occurred, and was followed 
by regular stick -slips. 

This result shows that a unimolecular film of methyl steArate on stainless steel 
is dissolved from the surface by white oil in about 15 sec. at 20” C, since* at the 
end of this period the behaviour is practically the same as if the surfaces are 
lubricated with white oil. If the stick -slips were due to sliding over the methyl 
stearate film in tlie presence of white oil, they should commence immediately the 
white oil is added. But the slope of the rise in Motion which occurs after the white 
oil is added to the surface is much less than that of the ‘stick’, so that there is 
relative motion between the contact and the surface. Immediately the white oil is 
added to the surface, solution of the methyl stearate commences, and as the film is 
gradually removed the friction rises but sliding still occurs. When the film has 
passed into solution the surfaces are in effect lubricated with while oil and stick-slips 
characteristic of this condition occur. 

Some experiments were also made in which the surfaces were each coated with 
a unimoleoular film of elaidic acid, and white oil added. Since elaidio acid is more 
strongly adsorbed than methyl stearate, smooth sliding occurs at room temperature 
in the presence) of white oil. The variation with temperature of the friction of a 
unimolecular film of elaidic acid covered with white oil showed a resemblance to 
the behaviour of a unimolecular film of elaidic acid in the absence of white oil. 
The first rise in friction occurred in the neighbourhood of 50” C and the film broke 
down and passed into solution at about 60” C, The resultant solution of elaidio 
acid in white oil was of insufficient concentration to build up an adsorbed film on 
cooling and the behaviour remained essentially that of white oil on stamless steel. 

Solution of lubricants in white oil 

A 1 % solution of methyl stearate in white oil continued to give stick-slips 
characteristic of white oil after being on the stainless steel surfaces for 18 hr. 
A solution of this concentration is therefore unable to build up a continuous 
adsorbed film in 18 hr. Witli a 10 % solution of methyl stearate in white oil smooth 
sliding occurred after a few hours showing that a continuous adsorbed film had 
been formed. When the surfaces were heated up the film broke down and passed 
into solution in the neighbourhood of 30° C, stick-slips oharaoteristio of wffite oil 
occurring. On cooling to room temperature the stiok-sfips persisted and several 
hours elapsed before smooth sliding occurred, indicating that a continuous adsorbed 
film had been rebuilt on the surfaces. This shows that the transition from smooth 
sliding to stick -slips is due to the disorientation of the adsorbed and its passage 

into the solution and not just to a loosening of the film as the temperature rose, 
in which case smooth sliding should recommence on cooling below the transition 
temperature. 
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Similar results were obtained with solutions of oleic acid in white oil. The more 
concentrated the solution the more rapidly the surfaces became coated with a 
continuous adsorbed him. 


Discwsion 

When stainless steel surfaces are each coated Avith a unimolecular layer of oeryl 
alcohol or myristone a transition from smooth sliding to stick-slips occurs at the 
bulk melting-point of the lubricant. The same result is obtained when an excess 
of either of these lubricants is present, showing that the transition is caused by the 
disorientation or ‘melting’ of the surface layer of lubricant. The surface layers of 
oeryl alcohol and myristone are not strongly adsorbed and, like the non-polar 
hydrocarbons, break down at the bulk melting-point when the molecules have 
sixffioient energy to break away from their positions in the crystal lattice. 

When acids or esters are used as lubricants the surface him is maintained oriented 
by the adsorption forces to a temperature higher than the bulk melting-point. 
When in contact and in equilibrium with an excess of the molecules of which it is 
composed, a unimolecular him of acids or esters can be maintained as a continuous 
adsorbed him to a Ifigher temperature than when it is isolated on the metal surface. 

The experiments on the efi'ect of white oil on unimolecular hlms of elaidio acid 
and methyl stearate afford further conhrmation of the hypothesis that the transi- 
tion from smooth sliding to stick-slips, is due to the disorientation of the adsorbed 
layer. 

The experiments on built-up hlms show that the coefficient of friction under high 
loads is the same whether the surfaces are each coated with a unimolecular him or 
with a him of lubricant many molecules thick. This result affords direct experi- 
mental evidence in support of the view that under conditions of ‘ boundary lubri- 
cation’ prevailing when the pressure between slowly moving surfaces is very high, 
excess of lubricant is squeezed out and lubrication is effected by a unimolecular 
layer adsorbed on each surface. The variation with load of the coefficient of friction 
between steel surfaces lubricated with oleic acid shows that orientation extends 
beyond the primary adsorbed layer in the case of this lubricant. The outer layers 
are not so strongly held as the primary layer and are sqiieezed out under high 
pressures. In the case of the esters, alcohols and ketones no appreciable orientation 
appears to extend beyond the primary layer, but some preliminary experiments 
on elaidic and stearic acid suggest that orientation may extend to several molecules 
with these lubricants. This accounts for the low values of the coefficient of friction, 
between surfaces lubricated with oleic acid, reported by previous workers and 
explains the good lubricating properties of this substance. Since the length of the 
molecule of oleic acid is approximately the same as that of methyl stearate, ethyl 
stearate, myristone, and elaidic acid, the coefficient of friction under true boundary 
conditions should be approximately the same as that obtained with built-up 
unimolecular fflma of the latter lubricants. Owing to orientation extending beyond 
the primary layer this value is attained in th e case of oleic acid only under high loads* 



42 


J. J. Frewing 

The ex|>eriments described in this paper show that much information concerning 
adsorbed films on metal surfaces may be obtained by a study of the frictional 
behaviour of the surfaces at low speeds and under high loads. 

The author wishes to express his thanks to the Shell Refining and Marketing 
Company Limited for permission to publish tins work, which was carried out in 
their laboratories. 
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Non-central forces in the nuclear two-body problem 

By W. Hepneb and R. PsmiiBLs 

(Communicated by P. A. M. Dirac, F.R.8. — Received 2 December 1941) 


The nuclear two- body probJeni is discussed on the assumpt-ion that the range of the forces 
is small compared with the size of the deuteron, but without apecihc assumptions about the 
forces. Using the values for tlio binding energy of the deutoron and its electric quadripole 
moment from observation, and eliminating a possible ambiguity in tlio deiiteron wave func- 
tion by means of the observed magnetic moments, it is found that the formulae for the 
electric and magnetic photo -effect in the deuteron remain the same as for central foroeB, with 
only mhior modifications. The same is found for the scattering of neutrons by protons at 
energies of a few MV or less. 


1 . Introduction 

The nuclear two -body problem has been discussed very extensively on the 
assumption of central forces between the partioles.f It was found that, provided 
the range of the forces is smaller than the radius of the deuteron (so that the two 
particles in the deuteron will be within range of each other's attraction only for a 
small fraction of time) it is possible to describe all observed phenomena in terms of a 
few parameters quite independently of the detailed nature of the force. In particular, 
it was found that the scattering of neutrons by hydrogen, the capture of slow neu- 
trons and the photo-disintegration of the deuteron depend in first approximation 
only on the binding energy of the deuteron, and on the energy of the (virtual) level 
belonging to the singlet state. 

Since then the situation has been vitally changed by the discovery of the electric 
quadripole moment of the deuteron (Kellogg etaL 1939a, ^), which proves that 
the forces are not central, i.e, that the potential energy of a pair of particles de- 
pends not only on their distance, but also on their relative direction in relation to 
the spin axis. 

The modifications introduced by this development affect mainly the triplet state, 
since in the singlet state all directions in space are equivalent, and hence the force 
must be central. It is of interest to see how many of the results of the simpler theory 
can be maintained if the non-central character of the forces is taken into account. J 
In the present paper we propose to investigate this question, and wo shall begin with 
discussing the limiting case of a very short-range force. Actually it is likely that the 
range is comparable with the radius of the deuteron, and we shall also discuss the 
modifications in our results caused by this. The conclusion arrived at is that the 
results that have been obtained with central forces apply generally with only minor 
modifications. 

t a list of references on this subject, cf. Bethe (X936). in particular §§ 11 - 19 . 

t In a recent paper, Eorita & Schwinger (1941) have treated the same problems for a 
specific interaction potential. For this special case they come to the same conclusions which 
we arrive at below. 
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The prinoij)le of the simplifications applicable for short-range forces (Wigner 
1933 ; Bothe & Peierls 1 935) is that the wave equation at close approach is practically 
independent of the actual energy of the system, since in that legion the potential 
energy is very much larger than the net energy. Hence it may be assumed that the 
wave function for this inner region is independent of energy, and instead of solving 
the wave equation containing the unknown forces, we may instead impose on the 
wave function a boundary condition at the point where the forces begin to matter. 
This boundary condition is approxhnattdy independent of energy and therefore 
always nearly the same as in the case of the deuteron; hence information on it can 
be obtained from the known properties of the deuteron. In the case of non-central 
forces the wave equation is a set of two simultaneous equations for two functions, 
and hence we obtain a set of boundary conditions rather than a single condition. Our 
first task is therefore to obtain the form of these conditions. 


2. Equations and boundabv conditions 

In the non-relativistic equation of the two-body problem we imagine the centre 
of gravity split off; the remainder is then a function of the relative co-ordinates of 
the two particles and two spin variables. After introducing polar co-ordinates we 
can introduce the following variables: the distance between the particles, r; the 
quantum number of the resultant angular momentum, J\ the component of the 
latter in the z direction, AT; the resultant spin quantum number, ^r; the orbital 
angular momentum, Z. Of these, J and M must commute with the energy, if the 
forces depend only on the relative orientation of s and r, and we are interested mainly 
in the cases J ~ 0 and J ^ I, s will also commute with the energy if the latter 
depends symmetrically on the two spins, and we assume this to be the case. (This 
rules out, for example, the magnetic interaction of the two spins with the orbital 
moment of the proton, which is likely to be small.) I is not a ‘proper’ quantum 
number if the forces are non-central. Permitted values are 


Z » t/, «/-h 1. if « = 1, Z = J, if ^ = 0, 


so that for low J the functions we are interested in are 



J 


1 


J 

9 


0 

0 

0 

’Si 

1 

1 

’Po 

0 

I 

1 

»p, 

] 

I 

‘Pi 

I 

0 

1 

>D, 

1 

1 


/ 

0 

1 
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Of these states ^l\, »P^ belong to combinations of ‘exact ’ quantum numbers 

exclusive to them, since states with even I do not combine with states of odd Z. 
But the and ®Dj states may combine. We denote r times the radial wave functions 
of these states by / and g, respectively, choosing the factors in their definition in 
such a way that the normalization condition is given by 





( 1 ) 
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Without interaction the equations are then 




+ 0 , 


6 




( 2 ) 


d^g 

dr^ > ^^2 

where eh^JM E in the energy of relative motion, if is the mass of proton or 
neutron. We assume that equations (2) hold provided r is greater than the range a 
of the forces. For r < a interaction terms will appear including, in particular, coupling 
terms, which introduce g in the first, and/ in the second equation. Such terms have, 
for example, been discussed by Bethe (1939a, 6) and Rarita & Schwinger (1941). 
The wave equations (2) for the radial functions must be supplemented by the con- 
dition that both/ and g vanish at r ~ 0. This fixes two of the four arbitrary constants 
involved in the solution of two simultaneous difi’erential equations of second order, 
leaving still two parameters available. In other words, if we dispose of the values of 
/ and g at the end of the range, r — a, we can still satisfy the equations, but the 
derivatives dfjdr and dgjdr will then be determined. They must be linear functions 
of /(a) and (/(a), and hence there must hold two relations of the form 


f=^Af+Bg, ^^^Cf+Dg (r = a). 


( 3 ) 


The coefficients A, B, C, D are independent of what particular solution of the wave 
ecjuation is (ihosen, provided it satisfies the boundary condition at r = 0. 

Moreover, we may assume them to be independent of energy, provided the energy 
does not change by ati amount comparable with the potential energy for r<a. 
Since this has to be of the order of 30 MV or more, in order that a bound state for 
the deuteron should exist, we may assume the coefficients of (3) to be the same for 
the normal state of the deuteron {E « -2*2 MV) as for small positive energy. The 
variation of the coefficients with energy will be discussed in § 7. 

The continuity equation yields a relation between the coefiicionts. Since (3) still 
leaves two parameters in tlio wave function free, we may make the wave function 
complex, and then the total flux passing through a sphere of any radius must vanish. 
This requires that 






= 0 


( 4 ) 


must hold identically for every solution compatible with (3). This is the case only 
if A and D are real and 

B - C^. (5) 

We shall, moreover, assume that B is real. This holds if the interaction force is given 
hy real terms in the equations, as is the case for all interactions that have so far been 
discussed. A complex B would not affect our discussion very greatly. 

The relation between the functions/ and g and the actual wave function is provided 
by the formula 


( 6 ) 
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where Ff* are as usual normalized spherical harmonics, Xmg ^ normaliased spin 
function for the triplet state with z-oomponent of the total spin, and are 
the transformation coefficients from the quantum numbers filMm to aUMn They 
satisfy amongst others the relation 

M 

which can be proved, for example, by noting that if the square of the function (6) 
is summed over M, the result represents the mean density for all orientations of the 
deuteron and must thus have spherical symmetry. 


3. The normal state of the deuteron 

The normal state of the deuteron, of energy — must belong to wave functions 
satisfying (2) and remaining bounded at infinite distance. The solutions satisfying 


this condition are 


(8) 

where c and d are constants and a is defined by 



a* == 1 

a - e„ fit ■ 

(0) 

Inserting these functions in (3), and eliminating c and d, 



A + (x B 

H 2 ’ 

(10) 

where ^ stands for 

j , , ^(a«)*(l+ao) 

(11) 


For very short-range forces, cta< 1 , ^ is practically 1. 

From (10) a = — A. (12) 

Da- 6 


The other known (virtual) state of the deuteron belongs to a ^So wave function 
which is not coupled to any other, and in which the force must be of central symmetry. 
Hence the discussion of this state is not modified. 

All other states, made up entirely of wave functions with ? > 0, are likely to belong 
to much higher energies. 

A relation containing c and d is provided by the normalization condition (1). 
The integral in (1) is to be extended over all space, and since the expressions (8) 
apply only for r>u, the contribution of the inner part r<a is unknown. If this 
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contribution is negligible, as in the case of very short-range forces, we can evaluate 
(1) by means of (8) and obtain 




(l+6ga)-l, 


(13) 


where we have put for brevity 


1 

(w)» * 


(14) 


q = djc. (15) 

The ratio q depends on the extent to which the state is contained in the wave 
function of the ground state. This contribution can be estimated by means of the 
quadripole moment with which wo shall deal in the next section. 

In the case of central forces it could be argued that the contribution from the 
inner part must be small, since the range of integration is small and there was no 
reason to expect the wave function to be large near the origin. 

In our case this is i^t so certain. For one type of non-central force, for example, 
which can be obtained from the meson theory of nuclear forces, and which was 
discussed by Bethe (1939 a, 6), both / and g would have a singularity at the origin 
unless the forces were ^ cut oiff ' at a certain limiting radius. If this radius is assumed 
to be much smaller than a, the wave function would be appreciably larger at low 
radii than for r > a. 

A generous estimate of the inside contribution can be obtained by replacing the 
functions / and g by their maximum values for 0 < r < a. This gives the contribution 

Unless the forces are of the singular tyf)0 with a very small out-oif radius, the 
maximum values are likely to be of the same order as the values at r = a, and the 
above upper limit would then become 

For aa ^ ^ this is comparable to the outside part of the integral. Hence (unless 
extreme assumptions are made about the forces) the inside part is at the most equal 
fco the outer one and likely to be smaller. 


4, ThK QUADRirOLK MOMENT OF THE DEUTBRON 
Nordeieck (1940) derived from Rabi’s exj)eriment8 the value of 

Q ^ 2*74 X 10-27 cm.® 

for the quadripole moment in units of the proton charge. 
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Usiag relative coordinates, the quadripole moment is defined os the average, 
for the state if « 1 , of 

and by integration over the angles and summation over spin this can be reduced to 


(? = (16) 

Here the question of the contribution from the inner region arises again and we 
assume, as before, that this will be negligible. Because of the factor r® in (16) this 
is a less stringent requirement than for the normalization integral. 

Inserting from (8) in (16) and using (13) 

« = (17) 


where we have put for brevity 

== [5 + 4aa + (oaf], u = + 1 -| + + J(aa)aj . 

The quadratic (17) has the twu solutions 

_ 1 V 1 // t>* _ 4Qa* \ 

2 + u~ 2 /J \(AQa® + tt)® bQa* + u) ' 


Using the abbreviation g = Qa^, 

, I t- 1 // »)* \ 

' 2b^ + u- 2>sj \(b^ + uf bi + u) 

I'his shows first of all that no solution is possible unlesst 


(18) 


4m + u)<t>». (19) 

The right-hand side of (19) doureases with decreasing a, whereas the left-hand side 
increases. With the empirical value of Q (g = 0-0144) the inequality holds down to 
a = 0-26. Hence it follows that in actual fact the range ofthe forces cannot be shorter 
than 1-1 X 10~‘® cm. This limit is rather lower than the value commonly adopted, 
but it is of interest since it follows from arguments oonoeming only the two-body 
problem, without using the ‘ charge-independence’ hypothesis, and is thus indepen- 
dent of assumptions about the additivity of forces and other complications of the 
many -body problem. 

This conclusion is not seriously affected by our neglecting the contribution from 
r < a, since this would be small for oo = 0-26. Moreover, the contribution from the 

t If 5 were ooinplox, the lost factor in (17) would have to be replaced by 

{Mq + q*)-u\qmi + b\q\»). 

Tlw imaginary part of q would thus tend to reduce Q and the inequality (1») would hold 
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inner j^art to the denominator of (17) will partly cancel, if not outweigh, that to 
the numerator. 

The most popular value of oca at present is about 0-5, and with this the two ^oots 
(18) become 

Vi O OU, = 0-66, (20) 


Of these two values, the lower one seems to be more plausible, since q determines 
the ratio of ^ to / at large distances, and, with the larger q, g would be much larger 
than / near r = a. It is difficult to imagine forces of a reasonable type that would 
produce this result. Arguments based on the magnetic momexxt will, in fact, allow 
us to exclude the value q^ (cf. § 6). 

In deriving (17) we had assumed that the inside contribution was negligible. We 
can now estimate this contribution roughly by the same method as for the normal- 
ization. Of the two terms in (16) the internal contribution of the second is smaller 
than that of the first if q is a small number; and hence it is an overestimate to omit 
the second term and repla(;e / and g by their nuiximum values. If we may again 
assume these to be of the same order as the values at r =: a, the upper limit for the 
inside contribution to the integral (16) becomes 


y Inside 


Inserting for /(a), g{a) from (H), 

With oa == I, g = (>(>44, and using (13) this would be 


1 _ 1\ 
3/ 


(21) 

The limit (21) confirms that the effect of the inside part in the integral for Q is likely 
to have less effect than the increase of the normalization integral. 


6. The magnetic moment of the dkttteron 

We assume that the magnetic moment of the deuteron is the resultant of the spin 
ttioments of neutron and proton and the orbital moment of the proton. Then if we 
denote by x the contribution of tke D wave function to the normal state of the 
deuteron, the usual rules of vector combination give for the deuteron 

^ “i" Av) (i "" f^) + 

where /^pand // v are the proton and neutron moments and //(, the nuclear magneton. 

It is known (Kellogg et aL 1939a, 6) that, in units of = 0*855, /Xp ™ 2*785, 
and hence 

1*930- 3*428a: 

fc- — • (25) 

The behaviour of /xy as a function of x from (23) is shoi^m in table 1, 


VcJ, iSi. A. 


4 
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Since the observed value of is about —1-935 according to Bloch & Alvarez 
(1940), it fpUows that x must be a small quantity below 0-1, and it must certainly 
lie below 0-50, unless is in fact positive or very large. 


Table 1 



0 

0023 

0-1 

0-2 

0-3 

0-4 

0-6 

0-5630 


- 1&30 

- 1-910 

- 1-867 

- 1-721 

- 1-639 

- 1-397 

- 0-864 

0 

X 

00 

0-65 

0-66 

0-67 

0-7 

0-8 

0-8406 

1 


1-268 

11-63 

33-26 

- 469-3 

- 9-392 

- 4-062 

- 3-648 

- 2-996 


In terms of our variables (cf. (13)) 

bq^ 


(24) 


and for the higher value of q (()*66) which we found compatible with the quadripole 
moment, wo would obtain x = 0-84. The contribution to the normalization integrals 
from close distances {r < a) will require a slight correction both to the value of q 
and to ecpiation (24), but the corrections cannot be enough to reduce a; to a value 
ootnpatible with the above limits. We therefore adopt the lower value of q (0-044) 
for all further calculations and have then 


X ^ 0-023. 


m) 


6. The FirOTO-EFFECT OF THE DEUTERON 

The disintegration of the deuteron by y-rays is a transition from the ground state 
into a state in the continuous spectrum with energy E. The transition is caused 
by the electric and magnetic dipole moment in the direction of polarization of the 
y-ray. Quadripole moments are negligible as compared to the dipole effects for not 
too high energies. The cross-sections for these processes are given by 

<r = (26) 

where hv E + Eq = ^(k* + a,^) (27) 

is the energy of the y-ray and is the matrix element of the moment in the transi- 

tion from the ground state, with energy — to the state with energy E, taking the 
wave function of the latter state normalized i>er unit energy. 

(i) Photo-electric effect 

Assuming the y-ray to be polarized in the ;j-direction the matrix element of the 
electric moment in relative co-ordinates is 

zWsdT (2 = r cos 6). 


(28) 
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Owing to Laporte's rule transitions from the ground state, which is even, into a state 
in the continuous spectrum are po^ible only if the latter is a P-state (i = 1) or 
an F-state {I =« 3) or a mixture of both. For low energy as is the case in the 
experiments, the centrifugal forces are then already so largo that the short-range 
interaction forces do not get any appreciable chance to influence the wave functions 
which we may therefore assume to be wave functions of free particles. Also, 
the wave functions of the F-state will then be much smaller than that of the P-state, 
so that we can confine ourselves to transitions into the P-state of free particles. 
Since the electric moment (commutes with the total spin, we need consider only the 
triplet P-stato. The wave function of the latter, normalized per unit energy, is 

== imT(0,<f>)X = ( (29) 

being the normalized spherical harmonics and x normalized triplet 
spin function. Be {. . .} stands for ‘ real part of*. The wave number k is defined by 

(30) 


As before, we shall neglect the contribution from small radii (r< a) both in the 
matrix element and in the normalization of the ground state. 

Integrating over the angles and summing over the spins, (28). becomes 

= iejcioAfmJ + (31) 

where is the transformation coefficient introduced in (6). Inserting for the 

wave functions from (8), (13), (15), (29), we have then 


/ M y 

/ 2a y 1 

^00 

\3;r^‘^P/ 


'i 


With tel 1, as assumed, and neglecting powers of ka and (a«)* this becomes 




{ ^ V 

{ V 

\Znn^} 



(l + oa); 


(a* + ife*)» 

x{2cioM„ + -|(l + ^“^i)9(t (33) 

Inserting in (26), summing over the components m of the final state and averaging 
over the orientation M of the initial state, we obtain, using (27), 


S/re* h' ElEi, ,, 1 

3 *cilf(j& + JS;o)»^^'^“”'^ 1+V 
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The term of first order in q vanishes because of the relation (9). With aa — O-S, i.e. 
h = 12-1, and q = 0-044 (cf. (20)), this gives 


Hne^ ElE* 


o-ci. - + 


(36) 


tlie contribution from the term in being negligible. 

The corresponding calculation for central forces gives (Bathe 1936, § 16, formula 
(79)t and Hall 1936) 

Hn i?l 


O', 


ol. 


3 


(l+aa)». 


(35') 


We see thus that the effect of the non-central forces is practically negligible, producing 
merely a reduction of about 2 % in the magnitude of the effect owing to the decrease 
of the ^S-function by this amount. 


(ii) Photo~7nagnetic effect 

This is a transition from the normal triplet state ?iPq of the deuteron into a singlet 
state Wg; of the continuous spectrum. The cross-section for the transition is again 
given hy (26), denoting now the matrix element of the ynagnetic moment in the 
dm^ction of polarization of the y-ray , 

= /^o dr, (36) 

where ^ ehl2MCy 2*786, Ajy ~ “ l‘^35. 

The orbital magnetic moment of the proton need not be included, siixce it gives no 
contribution to the transition from singlet to triplet state. 

The spin operators in (36) act only on the spin co-ordinates of i.e. on the spin 
function of the singlet state 

= ^^{a(P)m-oc{NmP)}. (37) 

The non-central forces vanish in singlet states and therefore Z is a good quantum 
number for the latter. The S-part of the deuteron ground state will therefore give rise 
to a transition into an S-state of the continuous spectrum, while the D-part will 
cause a transition into a D-state. In the latter the centrifugal force is so large that 
it is unaffected by the neutron-proton short-range force aa long as the kinetic energy 
of the proton is not too high. We therefore take for it the wave function of a free 

t Actually the formula quoted by Betho for central forces was obtained by carrying all 
inU^grals down to r — 0, assuming the outside form of the wave function to hold even then. 
';rhis gives no sense in our cose because it would make g too strongly singular. If the integrals 
for central forces am extended only over radii greater than a, the formula quoted by Betlie 
is increased by a factor ( 1 -f aa)*. Hall includes the correct inside wave function for a 8f>eci6c 
jxUential function. His result is very nearly equal to (36'). 
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particle with angular momentum 2 and with wave number k corresponding to the 
energy E.(oi. (30)) 


1^- C'*’ (3») 


standing for imaginary pait of (...). 

For the S -state we have to take into account the effect of the (central force in the 
singlet state by writing 


ny 





*1 

r 


din (hr + 8^) 


(39) 


where is the phase shift as obtained from slow neutron scattering 

cot ^0=4*/? /A‘, 


(40) 


P being the wave number corresponding to the energy of the singlet stat.e of the 
deuteron, assuming this to be a virtual state. 

We shall again neglect the <x>ntrib\itions from close distances (r < a) in the normal- 
ization of the ground state as well as in the matrix element (3H). Integrating over 
the angles the latter becomes then 

= fUfrdr (41) 

CT J a 

for transitions into the singlet S-state, 

and = gUfrdr (42). 

<r J a 

for transitions into the singlet D-state. 

Since ofa(r) ^ a(t'), = -P{v) (r = P), 

we obtain a non-vanishing matrix element only if 

i.e. if M = m. (43) 

Carrying out the s um mations over the spins and inserting the wave functions from 
(38), (39) and (8) we get respectively 


- /^n) ( fl^)* I dr, CH) 


( 46 ) 
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Integrating, and neglecting all powers of ka and of (aa)*, 


* 


''lOMM’ 




( 46 ) 


/7if\4/ 2 aVc* / 1 

(r+ + + 2 a*) ' 

Inserting in ( 26 ) and averaging over the orientation M of the initial state we obtain 
for the photo-magnetic cross-section, using ( 27 ), 


H7T('^ E\E^ 1 

3 he E A- Eq \ A' bq^ 


[ 4 E'y^ - ooj 


G* 

1 E + E' 


■f-7®(l + aa)2 



(48) 


We have here assumed that the singlet state of the deuteron is a virtual one(Sch winger 
& Teller 1934; Briokwedde, Dunning, Hoge & Manley 1938), otherwise the sigii of 
the term in E\^ should be reversed. 

Of the two terms the first rt^presents the transition into the S-state of the con- 
tinuous spectrum, which is the same as for central forces corrected for finite range, 
except for a slight reduction due to the normalization factor. The second term repre- 
sents the transition into the D-statt^ and is new, but its contribution is too small to 
be observed. 


7. ScATTKBlNG 


For positive energy the two solutions of the wave equation outside, normalized 
per unit energy, are 


where 


- MEjh^ 


E being the energy of relative motion, i.e, one-half the energy of the incident neutron, 
Jp is the Bessel function of order p. 

For I ^ 0 this gives /: == sin hr, == cos hr. 


For* / 2: 


. , 3 cos At 3 sinA:r 

g: = —smAr ^ h 


At 


(At)= 


a * 


, SsinAr 3cosA:r 
Vj - cos At 4- — y- — h- 


At 


(At)* ^ 
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The solutions corresponding to the incident plane, plus emerging spherical, waves are 
/ = /oSin fo- + \ 


. I . , 3 008 kr 3 sin kr 

■ — iT'+ier*-, 




' kr ' («»■)*/ * \ kr^(kr)»)} 

For 1 (denoting derivatives by accents): 

f == {Io + iSo)kr + Sg = -So + krl^, f = fc(/o + *-So), 

The boundary conditioiiB are, according to (3) (assuming B to be real), 

r^Af^Bg, g' = Bf-^Dg (r = a). ^ (51) 

We assume that the values of the coefficients ^ , 5, D in these equations are the same 
at a low positive energy E, as at the small negative energy — ^o* J"hen from (10) 

A '4-u JL 1 

A-h (Z^ — , with rf 1 + V ^ l . 

^ ‘2, ^ 3 4-3aa+(aa)« 

/>+ o 
a 

Inserting from (50) in (51) 

/a- ik - -2L\ -S’o =(k-kaA+ hi -^\ /„ - i(te)* k-JL- 4. I 


[(4 - ik) (£> + ^) - 5*] -S* = [i7* ~{d- ?) {A + a-)] /, - i(A-n)» kBI^ \ 


Neglecting terms of the order (aa)^ we liave 




hence ( - a - iT-) 1 + aa) 4 - \{ka)* k ij, 

i)+- 

' " J (63) 

|l> + ! j ( _ a - i*) S, = [(/> + ") a + ^ (64 - 3tA:)[ 4 - i(to)» kBI^. 

Prom these equations it can be seen that the contribution of 8 ^ to the total scattering 
cross-section is negligible, since it is of the second order in te. Similarly, in calcu- 
lating 80 f we need not take into account the presence of the incident wave of i 2 
with amplitude With these approximations, the scattering cross-section becomes 


(T = 47r 


lok^ ci^+k^ ■ 


( 64 ) 
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This is the same formula as had been obtained previously for central forces, except 
for the expression in the numerator, which is (x>nnected with the finite range of the 
forces. Inasmuch as this expression differs frommnity, our approximation is not 
consistent, since the variation of the coefficients D with energy gives rise to 
terms of the same order. 

We can now, however, deal with this energy dependence. For this purpose we 
note that the cross-section depends, apart from terms of the second order in ka, 
only on and that in calculating Sq we may put 4 “ 0 in (49). Thus (49) reduces to 

/= /o8infcr + Soe<'^, S/ = (56) 


Eliminating the arbitrary multiplicative constant which is involved in the definition 
of gr, we have from continuity at r = a: 

/' kl^co&kr^ikS^e^^ 

f JoSinAr-hSo^^*^ ' ^ 


We now determine the variation with energy of the left-hand side. One easily 
derives from the wave equations for the normal state of the deuteron and for a 
positive energy E, the result 



{E "h Eq) M 


{ff+ag)dr. 


(67) 


Here/, g are, as before, the two wave functions of the deuteron, and/, g those for 
positive energy. This equation holds if/, g is any solution of the wave equation at 
small distances, i.e. any linear combination of the two independent solutions. How- 
ever, we are interested only in the case in which they are those solutions which actually 
describe the scattering, and this means that, in particidar, g must, for rS^a, satisfy 
the second equation (56), Hence 


g' _ ^(A;a)^ + 3i(fei)* — h(fca) - 
g a (te)®-f3ite — 3 


whereas from (8) 


9 ' ^ i(aa)«(l +aa)| 

g a \ 3 + 3oca -f (aa)^i * 


Hence, to first order in ka and oui 


|-| = -i(** + a»)o. (68) 

Inserting this in (67) and neglecting the second order of the difference between /, g 
and/, g, 



(a* + k ^) /■“ 

/(®)* Jo 


(/*+?*) dr +i(fc* 


+ a*) 


g(g)* 

/(a)* 


a. 


(59) 
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This expression is veiy similar to the one obtained for central forces (Bethe 1936, 
equation (66)) and the terms in g, which, in any case, would tjot affect the order of 
magnitude of the energy dependence, are in fact negligible. We can now work out 
a corrected cross-section from (66) which becomes 


(T 


4:71 

¥ 




= ^ ^ p ( 1 + ( 1 - 2 aay ), 


(60) 


where 


7 


1 

a[f(a)f 



+ (?*) dr + 


1 1 1 + aa + ^(aa)* P ^ 
3 (aa)* ^ 


As in the case of central forces, 

is of the order of magnitude of a, unless the functions / or ^ become singular near 
tlio origin. Hent^e the facitor y may be expected to be of order of magnitude unity, 
but it may be somewhat different from the value found by Betlie for a 'square-well * 
central force. 
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On the relation of Debye theory and the lattice theory 

of specific heats 

By M. Blackman, Imperial College, Lcmdon 
{Conmmnicated by S. Chapman, F.R.S, — Received 15 December 1941) 

In tho Dobye theory of the specific heat of solids the value of 0 calculated fron^ elastic 
constants, namely, 0 ^ (elastic), should 1^ the same as that found from Bpooific*heat data, 
(specific heat). The ratio of these 0 values for crystal lattices is calculated here at a tom- 
f>erature on the basis of lattice theory ; it is shovv'n that the ratio is remarkably near 

unity for crystals of the NaCl type provided the crystals are riot very anisotropic. In the 
case of other crystal tyftcs, the agreement is in general less good, the value of imity holding 
only in isolated cases. 

Recent irivestigation into the vibrational s^HJctra of solids (Blackman 1937; 
Fine 1939; Kollermann 1940) have all resulted in spectra which differ considerably 
from that assumed in the Debye theory of specific heats (Debye 1912). In view of 
these differences the agreement between Debye theory and experiment is sur- 
prisingly good, though there are a number of cases for which the theory does not 
hold (Eueken 1929), 

One particular point of agreement is that the 0 value calculated from elastic data 
at room temperature, (elastic), fits in well with the value of 0 , (specific heat), 
obtained from the specific-heat curve at moderately high temperatures (T'-^^). 
Debye’s calculation referred to an isotropic continuum, but a similar calculation 
can be made in the non-isotropic case; this extension of the original Debye theory is 
implied whenever a Debye formula is fitted to the specific-heat curve of a crystal. 

The extent of the agreement is shown in table 1. It will be noted that the alkali 
halides give values of i? [i? = ^/)(el.)/^j^(8p.ht.)] which are remarkably near unity. 


Table 1 




HUbstftllCO 

from olaatio 
data 

from specific 
boat 

" dfj (sp. ht.) 

NaOl 

302 

287 

106 

KCl 

227 

220 

103 

KBr 

17» 

179 

1*00 

(>i 

342 

310 

MO 

Ag 

212 

220 

0-96 

Au 

168 

186 

0-86 

W 

384 

310 

1 21 


A general agreement would follow of course from Debye theory, but is by no 
means an automatic consequence of the lattice theory of specific heats. The (el.) 
value is determined in the main by the mean velocity of long elastic waves, i.e, by 

[ 58 ] 
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properties of the low-frequency vibrations of a crystal. The specific heat of a crystal 
at moderately high temj>erature8 is determined by high-frequenCy vibrations* This 
specific heat is the^i translated into a value of 6 ^^ (sp. ht.) at a given temperature by 
using a t^fale of values of the Debye function. Thus the value of ^^(sp.fat.) is 
actually determined by the high-frequency vibrations of the solid. It is therefore 
not at all clear that there should be any definite relation between the two values. 
Furthermore, an investigation of a simple cubic lattict^ with weak shear forces 
(Blackman 1935 indicated that the ratio R could be varied (by varying the force 
constant controlling the shear modulus). The theory was not worked out in detail, 
however, and it is the purpose of this paper to do so and also to investigate, in 
particular, the behaviour of the ratio for ionic crystals of the NaCl type. 

The form which (el.) takes is discussed in § 1. The specific heat of a lattice at 
high temperatures is worked out in § 2, and from the exact theory the ^alue of a 
constant, (lattice), is obtained; the constant is the same as would be obtained 
from the specific heat of the lattice (at moderately high temperatures) when this is 
interpreted in terms of a Debye theory, i.e. the constant should be the same as 
^,>(8p.ht.). 

1 . Once the elastic constants of a lattice are known, the 0 /j>(el.) value can be 
obtained by a variety of methods. These have been worked out particularly fully 
for cubic crystals, A very useful formula due to Born & v. Karman (1914) holds 
for isotropic or nearly isotropic cases. This gives the con’ect mean velocity (c^) of 
elastic waves in the form 

where Cu, c^jj, are the three elastic constants of a cubic^ crystal, cr the density, and 
it is assumed that | where B == (Ci2~Cji4-2c44)/(c„ -044). Once the mean 

velocity is found the 0 values can be calculated from the expression 



where V/N is the ‘volume per particle’, h Planck’s constant and k Boltzmann’s 
t'onstant. 

In the case whore and c^Jc an explicit formula for lias 

been obtained (Blackman 19356). The two regions in which these two formulae 
hold do not quite overlap, but, as will be seen below, all the information necessary 
for this investigation can be obtained without calculations in the intermediate 
region. 

In the oaee of the simple cubic lattice, the relations for the elastic constants are 
the following (Born & v. Kkvmkn 1912): 


Cjj — (a + 47)/a, Cja == ^44 ^ 
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where cl is the force constant at a distance a (where a is the side of the unit cube), 
and y is the force constant for particles at a distance a^2. 

For ionic lattices of the NaCl type, the elastic constants have been worked out 
by Bom (1920). I here follow the formulation given by Kellermann {1940) in 
which (besides the Coulomb terms) forces between nearest neighbours only are 
taken. The elastic constants have then the form 

Cji == (^/2-2-56)eV2rJ, - C44 = 0*695c2/2r3, 

where e is the elementary unit of charge and the distance between nearest neigh- 
bours. The constant A is determined by the non-Coulomb forces (i.e. repulsive forces 
and the van der Waals forces) and is given by the relation 


12ri5 


A 

Ke‘ 


where p ( 1‘7476) is Madelung’s constant and k the compressibility. 

2. The calculation of 6 at moderately high temperatures can be carried through 
by a method descril>ed by Thirring (1913). If is the frequency of a linear oscillator, 
the heat capacity can be oxf)re8sed in the form 


n-l 


(2n-li)ihv 
” 2n ! 


/hvy\ 

[kT) j 


for values of IwjkT < 27r. In this expression are the Bernoulli numbers, and the 
other constants have their usual meanings. 

In order to obtain the heat capacity of a lattice, one has to sum this expression 
for all the frequencies of the lattice, i.e. 


where N is the total number of particles in the lattice. This expression can be com- 
pared with the corresponding Debye expression, 

( 3 , 

This parameter dfy (lat.) is then the same as the $j) (sp. ht.) obtained by interpreting 
the heat capacity (2) in terms of the Debye theory. 


It is seen from the comparison that the specific heat can be described at moderately 
?h temperatures by a parameter 0^ (lat.) given by 
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Thirring showed that the values of etc., could be calculated once the 

equations of motion for a lattice are known. From these equations one obtains (Born 
& V. K&rm 4 n 19 12) an equation for in the form of a secular determinant. The value 
of for example, can be obtained from the diagonal terms of the determinant. 

In the case of the simple cubic lattice, the value of 2 can be obtained directly 
from Thirring's work, and ** 




A* 5 


where m is the mass of the particle in the unit (cubic) cell of side a. 

The corresponding expression in the case of the ionic lattice can also be obtained 
in a compact form. In this ease there are two particles in the unit cell; assuming 
central forces between parti (iles, with a potential function ^{r), the equations of 
motion for the particles of the lattice have the form ( Born 1923) 

- SSS (!Aijk'')x»w*v = (4) 

i/ k' V 

Here /: = 1,2 labels the two types of particles, I labels the cell, i.e. ^ se (Zj, ig, /g); 
wjtj. is the displacement in the x direction, of the particle k in cell Z, and 



where is the distance between the particles, k in cell Z, and k' in cell l\ The case 
where I ^l\k ^ k' has a separate definition (cf. Born 1923) 

= ‘ (5) 

E' indicating that the term I ^ 0 , k' - k is to be omitted. 

Assuming j>eriodio boundary conditions the plane-wave solutions of the equations 
of motion can be written in the form 


where ^g, are the phases describing the normal vibration, and o) is the angular 
frequency; the equations of motion reduce to six equations of the type 


where 


kf y J 

[“]-s 


( 6 ) 


( 7 ) 


These equations lead to a sixth-order determinant for w®, the diagonal terras of 
which have the form non-diagonal terms the form m- 
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For a given aet of values of <f>^, we obtain six frequencies, the sum of the 
squares of which is given by 


6 

S >'? = 

T“l 






This expression has to be summed for ali values of ^3, giving m all 6 N fre- 

queneies, if there are N particles of each type in the lattice. The summation over 
leads, however, to zero except in the case I = 0, i.e. 


From the definition ( 5 ) it follows that 


~ (f ?lW = Z ('Ai2)xx + 2 :' - (iAUalxx = S (l^'k)xx + S' (8) 

I I I I 

The Coulomb part of the potential leads to the same result for both expressions; 
if it is assumed that the non-Coulomb part of the potential is the same (i.e. irrespec- 
tive of whether one is dealing with like or unlike particles), the two expressions 
become identical. This assumption appears to lead to reasonable rasults (cf. 
Kellermanii 1940). 

Under these conditions the sum of the squares of the frequencies becomes 


If WO now group together the Coulomb terms in ( 9 ) we see (cf. ( 18 )) that we have 
simply to sum the expression 


\aa;* By* 0Z®/Coalnmb 


for all particles acting on one. This gives zero (since the Coulomb potential obeys 
the Laplace equation). Wo are hence left with the non- Coulomb part of the potential 
only, which we will call r(r). Assuming that tins falls off sufficiently rapidly, we are 
left with terms due to nearest neighbours only, i.e. 






Tq being the distancjo between nearest neighbours. With the above assumptions as 
to the potential, the potential energy per cell, ^0(ro), can be written as 


i<P(ro) = -^c*/re + 6r(ro). 


where /) is Madelung’s constant. The equilibrium condition for the lattice leads to 



0 . 
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The second derivative of v(r) can be expressed in terms of the compressibility k of 
the lattice, which can be written as (Born 1923, p. 569 ) 


K dr» 


18 r„ 




Hence 




dhi 2 dv\ 
dr^ ^ r dr) ^ 


18 rn 


The relation ( 9 ) can now be written in the form 

^ \Wi ^2/ K 

In the case of an ionic lattice containing 2 N particles, the heat capacity at high 
temperatures has the fortrj 

1 - - 6]^ ? > 

where S has the value given above. It follows that 

5 A* 1 


^i(lat.) = 


3 P 4 tt'^ 


^ \ W j 7nJ K 


( 10 ) 


3 . In the preceding secstion, formulae have been given for the specjific heat of two 
types of cubic lattice at high temperatures, and the (lat,) values at high tem- 
peratures have been evaluated; the Od (el.) values were discussed in § 2. The calcula- 
tion of the ratio of these two quantities is the main purpose of this paper, and the 
proj)erties of this ratio will now be discusscKl. 

It can be seen from (1) that the mean velocity c^, which occurs in the expression 
for 6 (el.) can be written in the form 

Cm = (<-'u/0-)*£/(C,2/c,i,C44/c^,), (11) 


where the function g is dimensionless. This expression holds in the general case also. 
(For the lattices with whi(;h wc are concerned == ^*44, i.e. the function contains 
fiig/c,i only.) 

In order to obtain the Od (el.) value from the procedure to be followed is that 
of Debye, namely, to integrate tlie density {p(v)) of normal vibrations (which depends 
on c^) to a value Vq ( — kOjj (el.)/A), such that the correct number of normal vibrations 
is obtained. The density of normal vibrations has the form f){v) « 127 rFc“®^'®, 
where V is the volume of the crystal. 

CJonsidering the ionic lattices first, wo take V = NA, where A is the volume per 
oell {A » 2rg); there are two particles per cell giving 2 N particles in all, and BiV 
normal vibrations. Thus 





\2nNAc;;^v^dv — 87riVrgc”*j^, 


^0 



6 j){el.) 




or 
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Inserting the expression (11) for and replacing the density a by its value 
(mj + mjj)/2r2 in this case, the expression for the square of dj, can be written as 




\47r 


V 

j (TOi 


+ Wlj) 


(12) 


Comparing (12) with (10) and noting that 3/a: = ^^(l -f 2cia/cn) we see that 
and rp occur in the same way In both expressions; hence the ratio R of the 6 values 
depends on and on the expression for R becomes 


0„ "(lat. ) \ \6; \(m, + »«,)*/ ( 1 + 2r,, ’ 


(13) 


This function is plotted in curve (a) of figure 1 for equal masses. The rather un- 
expected feature is that R becomes practically constant (and equal to 1*06) between 
CiJc^i = 0*20, and the extreme value calculated = 0*40. This range includes 

practically all crystals of the NaCl typo for which data are available. The effect 



Fuuthk 1, The ratio <9j^(el.)/^^(lat.) aa a fund ion of {ova^JCxi): (a) NaCl type and 

txpial masses, (6) OsCl typo and equal masses, (c) simple cubic type. The values of i2 from 
which the curve is constnicted are shown os circles in {a); tlie same values of were 

ustnl for calcvilating E in (6) and fc). 


of moss difference, as will be clear firom (13), is small, e.g. for mjm^ == 2 the value 
of the * constant ' becomes 1*00. It is hence clear that despite the differences between 
Debye theory and lattice theory, the two theories do give practically the same 
results os regards this ratio for a numbe r of crystals of the NaCl type. Lattice theory 
does, however, go further and shows that the ratio tends to zero for very small values 
of this confirms the result mentioned in the introduction. It should also be 
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iioted that the isotropic case ^ is not exceptional, though the oases where 

deviation from the Debye theory occur are anisotropic. As regards the continuation 
of the curve beyond the values calculated, there is evidence that the flat region does 
not continue. This can be obtained from a set of values of the function c^jcn) 

constructed from known data (Blackman 1938). These values indicate that the 
ratio i? will drop to about 0-7 at c^jcix = J value will bo zero at ^ 1, 

where the lattice becomes unstable. The portion of the curve for large value of 
however, not of great interest, as it is unlikely that the assumptions 
underlying the calculation of R will be sufficiently accurate. 

The rather striking agreement of the lattice theory and Debye theory for the 
value of E over a limited set of Cig/c^ values does, however, raise the question, as 
to whether the agreement, as far as it goes, is a general one, i.e, whether tlie result 
is true in the case of other types of forces and crystal structures. 

Aj 3 an example of similar forces to those above combined with a different crystal 
structure, we can consider the ‘body-centred’ CsCl type. Using the same assump- 
tions as above in respect of the non-Coulomb forces, one obtains an expression for 
R which differs from (13) only in the value of the numerical constant, namely, 


/. i 'i V1.V / Y !/(ci 8/c„ ) 

\21t/ \Io/ \(m, + m2)*/ (r+2c.,a/c„)*‘ 


(14) 


Curve (6) of figure 1 shows the curve (for equal inasw^s); the constant part of the 

curve gives a value of Jf ^ MG. In other words, the good agreement of the Debye 

theory does not survive tlie change of crystal structure. 

The simple cubic lattice wdth forces of the type introduced by Born & v. K4nn&n 

(1912), provides an example of forces different from those of the previous two cases. 

The details of the calculation have been given above (§ 2 and § 1), and the resulting 

expression for J? is . . , 

/ 3 \*/ 6 \* 

^ “ \^) (s) (1®) 

T^e resulting curve (curve (c), figure 1 ) is different in shape from the previous curves 
and rises to a much larger value (1'40). There is only a small range of values of 
where R is near the Debye value of unity. The curve will drop for larger values 
reaching zero for Ci^jc^x - 1. 

These examples suffice to show that except in certain special cases there is no exact 
agreement between 19 (el.) and ^^(sp. ht.); the good agreement obtained in the case 
of some alkali halides must therefore be considered a fortunate accident. 

4. The considerations given above have so far been of a purely theoretical nature. 
Sjp (el.) and dj^ (sp. ht.) (at high temperatures) have been deduced with the help of the 
equations for the vibrations of a lattice. From the equations one can, in principle 
at any rate, obtain the vibrational spectrum; this can also be approximated by a 
Debye spectrum, and in the resulting theory the ratio R (as calculated in § 3) should 
be unity. The above considerations are, in this sense, an investigation into the 
relation of Debye theory and lattice theory. 


VolxSx. A. 


5 
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Before the calculations (for the NaCl ty|>e) can be applied to the experimental 
results quoted in table 1, there are several factors which have to be considered. 
First, the calculation of the frequencies involved in (2) have been carried out at the 
absolute zero; and hence it is also assumed implicitly that the elastic and other con- 
stants involved in are also calculated at the absolute zero; secondly, the 

calculation assumes whereas the data m table 1 refers to T^Ojy Assuming 

for the moment that the frequencies wore reasonably accurate, this latter point 
could be looked into by calculating a farther term in the expansion of the specific 
heat as a function of temperature. This calculation has been carried out* and shows 
that the On value should be only 2 % lower (at T ~ Oj^y) than the asymptotic value. 
The correction is within the accuracy one would expect for the ionic model and 
can thert^fore be omitted. A further point is that the contribution of anharnionic 
terms to may be significant even at T = whereas the theory assumes harmonic 
vibrations. In the case of NaCl, the value of at high temperatures has been 
obtained from the exi)erhnental values by Eucken & Dannbhl (1934). By fitting 
an empirical curve, C!,, as a function of 7\ to these results, one finds that at ^ <9^ 

the contribution due to these 'extra* terms is certainly smaller than 2 %. 

The remaining point to be considered is the most serious one, namely, that the 
frequencies have l>een calculated under assumptions strictly true only at the 
absolute zero. Both (el.) and Ojy (sp. ht.) arc, however, calculated under the same 
conditions. If it is assumed that the temperature dependence of low-frequency 
vibrations is thtJ same as of the high-frequency vibrations, then the ratio R will be 
independent of temperature, i.e. the results of § 3 can be ap])lied to the relevant 
crystals in table 1, as />^(el.) is evaluated there at the temperature T ==: Ojy. This 
assumption is a reasonable one, especially as we are dealing with variations which 
are small; e.g. the variation of ^p(ol.) with temperature in the region considered 
will be at the most 10 %. In general both 6 values tend to decrease with rising tern • 
perature, so that it would seem rijasonable to estimate the inaccuracy introduced 
as < 5 %. An error of a few ])er cent is, hou^ever, to be exjjected in any event, as 
there is evidence that the ionic model for the NaCl type does not give an exact 
representation of the forces, e.g. the Cauchy relation = C44 does not appear to be 
exactly fulfilled at the absolute zero ; Durand {1936) and Rose (1936) give =» 0- 88 

for NaCl at T - 0^ K, and - 0-90 for KCJ at T K. 

Finally, one may compare the value of R obtained from (13) with those quoted 
in table 1. 



Table 2 


subatanco 

H (exp.) 

R (thoor.) 

NaCl 

1-06 

104 

KCl 

103 

1-06 

KBr 

100 

1-00 


♦ Tlic (lotails of the calculation will be given elsewhere in a diaouasion of the bearing of the 
above restilts on tlie keat of crystals. 



Relation of Debye theory and laltice theory of specific heats 


67 


Refbbbnobs 


Blackman, M, 1935^^ Proc, Roy. Soc. A, 148, 384. 
Blackman, M. 19356 Proc. Roy. Soc. A, 149, 126. 
Blacjkman, M. 1937 Proc. Roy. Soc. A, 159, 416. 
Blackman, M. 1938 Proc. Roy. Soc. A, 164, 62. 

Boni, M. 1920 Arm. Phy»., Lpz., 61, 87. 

Bom, M. 1923 Atornthsorie des feaien Ztistandes. Leipzig. 
Born, M. & v. KtenAn, Th. 1912 Phys. Z. 13, 297. 

Bom, M. & V. Kdrman, Th. 1914 Phys. Z. 14, 16. 

Debye, P. 1912 Ann. Phys.^ Lpz.^ 39, 789. 

Dtirand, M. 1936 Phys. Rev. 50, 463. 

Euckon, A. & Dannohl, W. 1934 Z. Elektrochem. 40, 789. 
Fine, P. C, 1939 Phyn. Rev. 56, 365. 

Kollermann, E. W. 1940 Phil. Tram. A, 238, 613, 

Rose, F. 0. 1936 Phys. Rev. 49, 60. 

Thirring, H. 1913 Phys. Z. 14, 867. 


On the generation of waves on shallow water by wind 
By H. Bondi, Trinity College, Cambridge 
{Coninmnicaied hy 11. Jeffreys^ F.R.S . - Recewed 20 Fehrmry 1042) 

Jeffrey s’h theory of the formation of water waves is amplified by adding a term for the 
dissipation in the boundary layer. Considerations of energy load to an inequality from 
which values ar<^ derived for the minimum wind veUxdty no^soHsary to excite waves and for 
the length of the waves thus gcnioratod. 


The problem of the generation of water waves by wind was first investigated by 
Lord Kelvin (1871), who examined the stability of the surface of separation of two 
ideal liquids, both of great vertical extent. Kelvin’s tinsory was restricted to the 
case of two-dimensional disturbances, but was extended by Jeffreys (1925) to the 
three-dimensional case. Tlie motion of hath liquids is supposed to be irrotational. 
As is shown in Jeflfreys’s paper, the predictions of this theory, if applied to the air- 
water case, entirely disagree with observation. 

JeflBpeys, who also discusses the equally unsatisfactcjry hypothesis of skin friction, 
then evolves the theory of ‘sheltering’. The motion of the water is still supposed to 
be approximately irrotational, but the motion of the air is assumed to be dis- 
continuous. The air current is supposed to separate from the surface at the crest 
of the wave, striking the windward slope of the next wave some way below its crest. 
Thus a systematic pressure difference is profiuced. The ‘exposure coefficient’ ^ 
plays a vital port in the theory. It can be determined by observation of the 

5 '^ 
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minimum wind velocity necessary to produce waves, and then the wave-length of 
the ensuing waves is pi*edicted. Dissipation of energy by viscosity is included in the 
theory and the agreement with observation is satisfactory. 

In a second paper, JeiHfreys (1926) extends the theory to the case of water of 
uniform depth h. The motion is again supposed to l)e irrotational. Agrt^ement with 
observation is good for depths of several centimetres but not for smaller depth. 
For then the wave-length is very much smaller than its value as given by Jeffreys 's 
theory; he has also expressed doubts of the legitimacy of the neglect of some terms 
in the dissipation. The present paper proposes to discuss the problem mathematically. 

As in Jeffreys's papers, first-order effects only are considered, as is indeed logical 
in the examination of a question of stability. The motion of the water is still supposed 
to be irrotational near the surface, but the existence of a boundary layer at the 
bottom is assxnnod. 

In Jeffreys's notation, the velocity potential of the outside the boundary 
layer is 

, ya co 8 hr( 3 -f /fr) . , ^ , . / . 

^ ~ r "SnhlrA) (1) 


where r* -f Then the elevation ^ of the surface is given by 

^ » <2 cos (yt — Kiv) cos (/c'f/). 


(2) 


In the boundary layer {z-^h small) I make the usual assumption that win of the 
second order of smallness while d/dz (except for dj^jdz) is very large compared with 
djdx and djdy. Then it is readily seen that 

(Ir "S) Ms- 1)'’' 

the differential quotients on the right-hand side being taken just outside the layer. 
Outside the layer 

Hence, neglecting second-order terms, 


I’ut 


.’Jl 

ax’ 




(5) 


Then, to the same degree of approximation, 

(s-S)'’*'-"')-"' 


(«! 
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^ ^ integrals 

easily found, viz. 


^ r-iKEp) “P [ - (» + 4)] «n [ri 


yt-Kx- 


(^)(z + *)JcoB(*:'y), (7) 

(^)(«+A)j8in{/f'y)- (8) 


According to Lamb (1906, p. 541) the rate of dissipation of energy is given by 


+ 57® + ?®) dr + /tJJ 


d{u^ + V® + 
dn 


/ 

m 

n 

u 

V 

w 

J £ 

V 



where ^ ~ , etc. , dn denotes an element of the outward normal, and m, n 

are its direction cosines. The second integral has been considered by Jeffreys 
(1926, p. 243), who obtains the expression 

/iry^i^ coth (rh) (10) 

for the average rate of dis8if)ation of energy (due to this term) in a column of unit 
cross-section. The contribution of the third term is negligible, since at the bottom 
u sa /; zn w - 0, while on the surface the vorticity is very small. 

Consider now the volume integral. All the differential quotients occurring are 
small cxoof)t for duldz and dv/dz. Hence, to the usual degree of a])proximation, 




irsinh^ (rh) 




where mean values have been taken over x, y, and t. 
Hence the contribution of this integral is 


py-G 

4sinh2 


//M 

MrA)VU/ 


if exp [--^j{2y|v) A] is neglected. 

Now according to Jeffreys (1926, p. 244) the moan value of the rate at which the 
wind pressure is doing work is 

lsp\V-^cfym^, ( 13 ) 

where c = yjK is the wave velocity and V is the wind velocity. Hence the wave will 
grow if 

W(y - c)* y/co® > vfyryH^ coth {rh) + J(^) • (14) 
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>% 

HP 


jvrooth(rt) + y(f) . 


( 16 ) 


If K* = 0, (10), (11), (12) and (13) will all be doubled, but this will clearly leave (14) 
and (15) unchanged. 

Again, according to Jeffreys (1926, p. 242) 


+ rtanh(rA). 


(16) 


With the exception of the second term on the right-hand side (14) and (15) are 
identical with JefTz'oys’s condition (1926, p. 244). The new term, which decreases 
rapidly as rh increases, is large for stnall rh. 

If now r is kept constant but k is varied, the right-hand aide of (15) remains 
unchanged. The left-hand side is, for F > c, a decreasing function of c and hence an 
increasing function of k. Thus the inequality is most likely to be satisfied if k attains 
its maximum value, i.e. k — r, k' ^ 0. Hence, just as in Jeffreys's case, the easiest 
waves to produce are two-dimensional. 

In this case (15) and (10) become 


c sp 


’ {..-coth (•^6)+7(-J‘’)4aa,V,ii)) . 

”* = 


(17) 


The validity of this inequality depends on the correctness of our assumptions. 
The aj)plication of the boundary layer theory is justified if 


at i.e. cpvK. 

dz ax 


(18) 


Also exp [-^(2y/^') A] may be neglected, if 

1<^ i.e. h^Kc^v. (19) 

By considering first-order terms only, a necessary but possibly not a sufficient 
condition for the formation of noticeable waves is found in (17), For short waves in 
particular F may have to be somewhat greater than is suggested by (17). For then 
u{dnldx) might not bo small compared with dujdt for noticeable values of a. 

The miniraiim values of F(I^) satisf3nng (17) were calculated together with the 
corres])onding values of various depths h (see below). 

The values of the constants were taken to be 




P-P* 


: 980cm./sec.®, T* = 73cm.®/8ec.®, v =» 0*018 cm. ®/sec., 


ap* 


P 


12321, 
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This makes a approximately 0-26, a value suggest/ed by JefFreys's experiment 
( 1925 . p. 199). 

For smaller values of v and will be smaller, while will be closer to the 

value of K corresponding to minimum wave velocity. 

As and c^-^ 0 . Hence, for very small A, (18) and (19) are 

no longer satisfied. Indeed for A <0-5 cm. the (K^,h) curve has a kink, while it is 
very regular elsewhere. In fact, it is not suggested that (17) has much physical 
significance for A < 0*5 cm. For reasons suggested above V may have to be somewhat 
larger than in order to produce noticeable waves. 

Otherwise the theory seems to agree well with observational evidence (as far as 
this goes) in that decreases strongly as A decreases, while increases at the same 
time. 

In conclusion, I wish to express my gratitude to Dr Jeffreys for suggesting the 
subject to me and giving me his views on it. 


Table 
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V \j^P* \t<mh {Kh) 

/M 

1 r 




r 

\ 2 / 4 sinh* {Kh)\_ 



C* 


+ tanh iKh)t 






\k p 
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f'M 

= 0, 


= 2it. 




h 

Km 

A. 


h 

Km 



(cm.) 

(cm. *) 

(cm.) 

(cm./Hcc.) 

(cm.) 

(om.~’) 

(cm.) 

(cm. /sec.) 

0-26 

5-8 

1*08 

251*5 

3 

Ml 

5*65 

120*0 

0-6 

3-85 

1*63 

182*9 

4 

0*90 

7*00 

11 7*2 

1 

24 S 

2*56 

145*5 

5 

0*783 

8-02 

115*9 

1 25 

2*07 

3*03 

137*6 

8 

0*61 

10*3 

114*9 

2 

1*43 

4*3() 

125*3 

00 

0*598 

10*48 

114*8 

A / t 1 

p-p' 

9 - = 

980 cm./sec.®. 

= 73 

cm.^/sec.^t 

v = 0*018 

cm.*/8cc. 
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A stress-strain curve for the atomic lattice of mild steel 

in compression 

By S. L. Smith, D.So., F.C.GJ., Engineering Department 
AND W. A. Wood, D.Sc., Physics Department 

The National Physical Laboratory, Teddington, Middlesex 
{Cnnmunicated by Sir Edward Appl^km, FM.S. — Received 20 February 1942 ) 


A stress-strain curve has been obtained for the atomic lattice of mild steel subjected to 
compression. A set of atomic planes is selected of which the spacing is practically perpendicular 
to the direction of the stress, and the change in spacing is measured as the magnitude of the 
applied stress is systematically varied. The behaviour of the lattice is compared with the 
corresponding stress-strain relation for the external dimensions in the compression tost, and 
also with the lattice stress-strain curve previously obtained for the same matel-iol when sub- 
jected to tensile stress. Other exjjoriments are described on the behaviour of the lattice of 
pure iron in compression. It had been previously sliown that at the external yield in tension, 
tlio atomic spacing exhibited on abrupt change which remained indefinitely on removal of the 
stress; tlie effect was interpreted as a lattice yield point. The present work establishes tliat the 
lattice possesses a yield point also in compression, again marking the onset of a permanent 
lattice strain. The direotiou of tliis strain, however, is opposite to that foimd in tension, and the 
magnitude iticreases systematically with the applied stress. The experiments on the pure iron 
show that under oxtromo deformation the permanent lattice strain tends to a limit and that “ 
with continued deformation partial recovery from the strain may occur. The results suggest 
that the mechanics of the metallic lattice involve the principle that, after the lattice yield 
point, in a given direction the lattice systematically assumes a permanent strain in such a sense 
aa to oppose the elastic strain induced by the applied stress. 


Inteodtotion 

Investigations liave been carried out recently on the deformation of the atomic 
lattice of metals under systematically applied stresses (Smith & Wood 1940, 
1941a, 19416). The object has been the elucidation of the laws relating the dis- 
placement of the atoms to the external stress conditions in the metal. 

So far, the experiments have been concerned with tensile stress, and the dis- 
placements measured have been displacements in the direction perpendicular to 
the tensile stress. The main experiments described in the present paper represent 
a further stage by indicating the behaviour of the lattice under compressive stress. 
The atomic displacements have again been measured in the direction peipendioular 
to the stress, partly for convenience of technique but also to provide results which 
could be contrasted with those obtained in tension. These first experiments with 
compression have been made chiefly on mild steel, since this material is amongst 
those of which tlie behaviour under tensile stress has already been determined, but 
some experiments on pure iron are also described. Besides providing confirmation 
of the results on the mild steel, and showing the influence of the carbon in steel, 
these latter experiments were used to bring out special aspects in the deformation 
of the metallic lattice. 
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The dieplaoements perpendicular to the applied stress have been found to be of 
such a nature that the displacement acttutUy along the line of the stress presents 
a particularly intriguing problem. Measurements in that direction, however, 
involve modifications of apparatus, which are in hand. But in the meantime some 
indications have been obtained of the way changes in the line of the stress are 
likely to go, and these are referred to in this paper since they influence the inter- 
pretation of the main experiments on compression. 

Experimental 

The experimental arrangements were essentially the same as those used in the 
previous work on tension, the external strain exhibited by the test piece being 
measured by extensometer as known stresses were applied, and the lattice strain 
by changes in diameter of a sensitive X-ray diffraction ring formed by back- 
reflexion of an incident beam which was perpendicular to the length of the specimen, 
and therefore to the stress direction. Instead of a small testing machine, however, 
a standard 10-ton testing machine was utilized, and the X-ray tube built up along- 
side in a position suitable for taking the back-refloxion photographs. The large- 
scale machine was necessary for the compression tests because of the greater cross- 
section of specimens for such testa, and the greater loads thereby involved. The 
specimens were solid cylinders 1*5 in. long and 0*4 in. diamietor, or 0*75 in. long and 
0*358 in. diameter, the shorter specimens being for use with particularly heavy 
loads to obviate buckling. The steel was received in the normalized condition, and 
was further heated for approximately I hr. at 000° C in vacuo to remove machining 
collects. Specimens were used only after preliminary X-ray examination had shown 
reflexion spots which were sharp enough to indicate freedom from residual strains 
in the individual grains. 

The use of the larger machine did not allow of oscillation of the specimen during 
the X-ray exp>osure. It is well known that at the large reflexion angles used in the 
baok-reflexion technique the grains reflect the incident beam for a few seconds of 
arc about the peak reflexion angle. It is desirable to oscillate the specimen at least 
through that range in order to obtain the peak, which then becomes independent of 
the setting of the grain. Also, an appropriate oscillation brings more grains into a 
reflecting position ; the reflexion spots then tend to coalesce into a continuous ring, 
which facilitates measurements of diameter. These difficulties were largely overcome 
by using as broad an incident beam as was prat^ticable. A point on the specimen 
then received rays from a small convergent cone, which was equivalent to oscillating 
the specimen in a parallel beam. Also the increase in area under the X-ray beam 
resulted in more reflecting grains. Conditions were finally obtained which gave a 
diffraction ring sufficiently continuous for the required accuracy of measurement. 
In order, however, to make sure of the changes in diameter remaining after a 
particular stress had been removed, a point which has assumed special importance 
in this work, confirmatory experiments were made. For this purpose, some 
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specimens were loaded in the machine to selected stresses, and, after unloading, 
were immediately removed to an X-ray spectrometer where they could be oscillated 
and examined under precise and well-tried conditions. 

The use of an incident beam directed at right angles to the length of the test 
specimen was dictated by the necessity of avoiding the plattens fixing the ends of 
the specimen in the machine. The atomic planes from which back-reflexions were 
recorded were tl)erefore pianos lying approximately parallel to the length of the 
specimen, and with an interplanar spacing approximately perpendicular to that 
direction, and therefore to the applied stress. With cobalt Kcc wave-length as 
incident radiation, a reflexion is given by the (310) planes at where the 

sensitivity to changes of spacing is high, since the Bragg relation 2dsmd — A 
gives SO = — tan 6(ddjd). The measurements therefore refer to this spacing, and to 
those grains in which the (310) spacing makes the angle of 81^ with the line of the 
stress, since such grains only are in a position which satisfies the Bragg condition 
for reflexion. The behaviour of this spacing, and of the group of grains involved, 
will be representative of the behaviour of other spacings which lie practically 
perpendicular to the stress direction. 

External stress-strain curve 

Although the main interest of the investigation lay in the properties of the 
lattice, it is convenient to record first the stress-strain curve for the external 
dimensions. This is shown by figure 1. The 
strain there plotted is the lateral expansion 
in diameter divided by the original diameter ; 
the stress is the actual compressive stress 
applied along the length of the test piece, ^ 
given by dividing the total load by the S 
measured area of cross-section reached at ^ 
that load. The curve shows the sharp onset | 
of plastic strain at the yield point which is ^ 
a particular characteristic of mild steel, and J 
which forms a point of special interest when ^ 
contrasted with the behaviour of the lattice I 
at the same stress. 

Pluvious experience had shown that the 
proj)erties of the lattice were best brought 
out by unloading the test piece after each 
increase in applied stress, and obtaining an 
X-ray photograph at each stress and also itiquhib External stress-strain curve 
aftereach stress had been removed. Figure 1 for mild steel (compression). The strain 
refers to su< 3 h a procedure. Thus the sped- ^ expansion in diameter divided by 
men was X-rayed at a point such as P*, and diameter, 

then when mloaded at the point M^\ the stress was increased to the next point P^ 
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and photographs again obtained under stress and after unloading, in this case to ilfg. 
The stress-strain curve thus followed the path, . . .... This procedure 

gave in one test, for all practical purposes, the variation in atomic spacing with 
continued progressive loading, and also the extent of any permanent change in 
spacing produced at each stress and remaining after that stress was removed. 

The mild steel (Od % C) was from the same batch as that used in the previous 
work on tensile stress (Smith & Wood 19416), The principal mechanical properties 


were as follows : 

tension 

compression 


tons/sq. in. 

tons/sq, in. 

Young’s modulus 

1*3 X 10* 

1*3 X 10* 

yield stress 

16*8 

16*0 

ultimate stress 

27-7 

--- 

Poisson’s ratio 


0*28 


Lattice stress-strain cun^e 

The variations in (310) atomic spacing, as measured in the direction approxi- 
mately perpendicular to the stress direction, arc best set out by the stress-strain 
curves shown in figure 2. The strain there plotted is the percentage change from 
the initial value of the (310) spacing; expansion is plotted to the left of the origin 
and contraction to the right, as in the previous work on tension. In that work, the 
stress was plotted as the positive ordinate : in the present tests the compression 
stress has been plotted below the origin as negative ordinate. If figuie 2 is then 
compared with the corresponding curve for tension (reproduced here in figure 3), 
the effect on the (310) spacing of substituting tension for compression becomes at 
once evident. 

The compression curve, like the tensile curve, indicates three phases in the 
behaviour of the lattice. 

The first phase is the behaviour befoi’e external yield takes plac^e. There the (310) 
spacing expands perpendicularly to the compressive stress, and returns to its 
original value when the stress is removed. The spacing obeys Hooke's law and 
follows the related expansion and recovery of the external cross-section of the 
specimen. The point of this phase is that, within limits of measurement, no residual 
change remains in the lattice after removal of the applied stress. 

The second phase concerns the behaviour of the lattice when, externally, the 
specimen is brought to the yield point. Up to the yield stress, as indicated in the 
first phase, the atomic spacing under consideration expands in proportion to the 
applied stress. When the yield stress is reached, this expansion ceases. The spacing 
exhibits an abrupt contraction. This contraction is the more remarkable because the 
corresponding external dimension (the diameter of the specimen perpendicular to 
the stress) exhibits an equally abrupt eoopavMon, as the onset of plastic deformation 
occurs. The feature of this contraction in spacing is that it is a permanent strain, 
since, as indicated by figure 2, it remains when the stress is removed. The extent 
of the change is shown in that figure by OM ^ . The characteristic of this second phase 
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therefore is the appearance in the lattice of a permanent and new type of strain 
associated with a mechanism of deformation which is fundamentaJly different from 
the simple elastic strain of the preceding phase. 

The third phase, occurs os the applied stress is continued beyond the yield. Here 
there are two features. The first relates to the magnitude of the atomic spacing 
whilst under stress. It is seen from figure 2 that, after a little irregularity in the 
immediate neighbourhood of the yield itself, the spacing settles down to an 


UitUee Htaif* 
(•- %a^parf4i0n) 



Fioube 2. Lattice stress-strain curve 
for mild steel in compression. The strain 
refers to the percentage change in (310) 
spausing in the direction i>erpendicular to 
the stress. 



Fioube 3. Lattice stress -strain curve 
for mild steel in tension. The strfiin 
refers to the percentage change in (310) 
spacing in the direction perpendicular 
to the stress. 


approximately constant value, despite the progressive increase in stress and the 
continued expansion in the related external diameter of the specimen. The constant 
range is shown by The second feature relates to the behaviour of the 

spacing when the stress is removed. Then, the spacing is left with a permanent 
contraction which increases regularly in magnitude with increases in the stress 
from which unloading takes place. Thus, after unloading firom P^, the spacing 
exhibits the contraction corresponding to OM^-, after unloading from the higher 
stress Pj, the contraction increases to OM^, and so on. The characteristic of this 
third phase therefore is the regular increase with stress of the permanent residual 
lattice strain and the superposition of this residual strain on the reversible elastic 
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expansion induced by the applied stress. The two types of strain are so related that 
their algebraic sum results in an approximately constant lattice spacing at stresses 
beyond the yield. 

Theses changes may now be compared with the behaviour of the same lattice 
spacing measured in the same direction, perpendicular to the stress, but under 
tensile stress. The corresponding tensile lattice stress-strain curve is shown in 
figure 3. When this curve is contrasted with figure 2, it will bo seen that the 
sxibstitution of compression for tension reverses the sign of the change in spacing 
in each of the three phases described above. In the elastic range, referred to os the 
first phase, such a reversal was to be expected. But there was nothing to indicate 
that the permanent set of the lattice would also change from the irreversible 
expansion in tension to the irreversible contraction observed in compression, 
especially since in both cases the direction of the effect is unexpectedly in opposi- 
tion to the corresponding changes in external dimensions. 

It will also be seen from figures 2 and 3 that the magnitude of the new effect is 
not a second -order effect but is comparable with the changes in dimensions 
associated with the elastic deformatio?i of metals. The most interesting quanti- 
tative (lata are sumraarixed below. The slight differences shown in this summary 
between the measurements in the comprt?ssion (experiments and those in the tensile 
tests probably arise because, although the same material was used, the specimens 
for the tw o sets of experiments were of different Hhaj)o, and because the processes 
of deformation in the standard (iomiirossion and tensile tests are not strictly 
(jomplementary. 


Qtiantitative data 

(1) Over the range of variation observed, the changes in diameter of the dif- 
fraction ring were proportional to the changes in atomic spacing. A difference in 
diameter of 1 mm. under the experimental conditions employed corresponded to 
a difference in atomic spacing of 0-04 %. The diameters of the rings could be 
compared accurately to the nearest 0*1 mm., which was sufficient for the purpose 
of the investigation. 

(2) Writing + for lateral expansion, the elastic change in (310) spacing per unit 
increase in stress (ton/sq. in.), at 81*^ to the stress direction, was: compression, 
H- 0*0029 %; tension, “0*0027 %. If these values are divided by cos 9^ to obtain 
an indication of the change actually at right angles to the stress direction, they 
become -h 0-00294 and “0*00274 %. The values at 8P as measured may therefore 
be taken to be the same, for all practical purposes, as those at right angles to the 
stress. 

(3) It is of interest to compare the foregoing changes with the corresponding 
changes in external diameter of the test specimens. The elastic change in diameter 
perpendicular to the stress per unit increase in stress was : compression, -h 0*0023 % ; 
tension, -0*0022%. Tht^ values have been obtained from measurements of the 
longitudinal strain and measurements of Poisson's ratio. It will be noted that, 
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whilst of the same order of magnitude, they are not identical with the related 
lattice changes. Some difference is, however, to be expected, since the external 
measurements average out the changes in a number of {h, k, 1) lattice spacings of 
which the (310), though representative, is only one. The departure of the (310) 
values from the average indicates the anisotropy of the lattice. 

(4) The extent of the permanent change in the (310) spacing which took place 
at the yield point, in figure 2, is also of interest in showing that the effect there 
observed is quite large compared with the more normal elastic lattice strains, and, 
moveover, that it is of the same order in tension as compression. The change was: 
compression, —0*03 %; tension, 4-0*03 %. 

(6) Finally, it is interesting to note the marked extent of the new permanent 
lattice-strain effect which can be reached at the higher ranges of the stresses 
employed in these tests. Thus at 33 tons/sq. in. in compression and at the ultimate 
stress in tension, 28 tons/sq. in., the values reached were as much as: compression, 
— 0*06 %; tension, 4*0*07 %, 

Confirmatory experiments on iron {purity 99*95 %) 

It had previously been shown that the iron lattice in tension behaved similarly 
to mild steel in tension (Smith & Wood 19416). The only difference was one of 
degree ; the permanent lattice-strain effect in iron, though well marked, does not 
reach the magnitude observed in mild steel; also the strain does not set in as 
abruptly at the yield point, an observation corresponding to the loss abrupt 
external yield exhibited by the pure metal. 

The main object of the present confirmatory experiments was to test whether 
the new effect now found in mild steel under compression existed also in the pure 
iron under compression, and in the same direction. A positive result would also 
confirm that the effects were not associated with the (jorbide formations inherent 
in a steel but were fundamental properties of the metallic lattice itself, 

A further aim of the experiments on pure iron was to take advantage of the 
suitability of this material for measurements on the permanent lattice strain after 
particularly heavy deformation of the test specimens. This suitability arises 
because the lower limiting (jrystallite size for pure iron is larger than for steel; 
as a result, the diffraction rings remain sharper under comparable deformations 
of the s|)ecimens, owing to the lesser degree of diffusion introduced by the Scherrer 
effect (Wood 1939, 1940). The tests with heavy deformation are, moreover, more 
easily carried out in compression tlian tension, since, with the latter, the specimens 
neck and quickly fracture after the ultimate stress is reached, whilst, with com- 
pression, the limit to precise measurements is set in practice only by irregular 
deformation and by the specimen becoming barrel-shaped. 

Both objects could be served by confining the measurements to the magnitude 
of the permanent lattice strain remaining in the specimens after removal of selected 
values of the applied stress. Therefore after a particular stress had been removed, 
the specimen under test was taken from the machine and examined in a book- 
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reflexion Bpeotrometer under standard conditions. It was then replaced in the 
machine for the next higher stress and the process repeated. The time for which 
the specimen was subjected to each stress was about 5 min. ; the interval between 
successive stresses whilst the specimen was being removed and X-rayed was 
approximately J hr. It was known from other experiments that the permanent 
lattice-strain effect remained normally unchanged at room temperature for an 
indefinite period; the intervals of resting, therefore, were not likely to affect the 
main course of the results. Moreover, arrangements were made to ensure that the 
X-ray examination relat^cd throughout to the same jK^ints on the specimen. Other 
conditions were similar to those for the tests on the mild steel. 

The results are depicted in figure 4, where the lattice strain remaining after each 
stress is plotted against that stress. As before, the strain refers to the percentage 
change from the original value of the (310) 
spacing, measured in the direction at right 
angles to the stress. The stress is the actual 
stress, given by the load divided by the area ^ 
of cross-section of the specimen at (meh r 
stress. The observed external plastic defor- 
mation, as given by the change in diameter I 
divided by the original diameter of the test J 
piece, is also given for referenct? on the same 
diagram. 3 

The measurements shown in figure 4 8 

amply confirm the first object of tlie tests 
by showing that, in the direction normal 
to the stress, the (310) spacing contracts 
I>ermanently as soon as a stress l>eyond the (contraetion-^) 

yield point is reached, just as with the mild utute strain Cpura «>•/») 

steel, and that in the early stages the mag- Fioure 4. Relation betwoon ptn-inauent 

nitude of the effect increases proportion- ^“5 

.... iron, in coinprossjon. The strain refers to 

ately with the applied stress, 1 he new effect pereontage change in (310) spacing in 
is therefore a mechanical property of the the direction p>rp<?ndicular to the stress. 

iron lattice and has nothing to do, primarily, permanent strain at each stress is ro- 

, _ , , . , o . . • I voalod when that stn^Hs is removed. 

With the carbide formation of a steel. At 

the same time, the influence of the carbon is of interest : it apparently confers 
upon the iron lattice a capacity for exhibiting a greater permanent lattice strain 
consistent with stability. 

The shape of the curve in figure 4 for the higher stresses also gives information 
on the second object of the tests, the behaviour of the lattice after heavy deforma- 
tion. It will be seen that the rate of increase of the permanent strain effect tends 
to fall off and reach a limiting value. It is reasonable that some limit should exist, 
otherwise it would be difficult so see how the lattice could continually preserve its 
stability in view of the magnitude of the effect observed. The measurements 
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recorded in figure 4 went as far as they could be extended before the accuracy was 
affected by the development of irregularities in the shape of the specimen under 
test. Fmther measurements were, however, made and, though less accurate 
quantitatively, they were of interest in that they indicated that the effect of still 
further continued deformation caused uneven variations in the magnitude of the 
lattice strain. Thus, the strain at different points round the circumference of the 
specimen, whilst never cxcseeding the limit indicated by figure 4, ceased to be always 
the same, and the strain at a particular point appeared occasionally to undergo 
partial recovery to a less value. The conclusion was made that if the deformation 
was pushed beyond the magnitude corresponding to the limiting value shown by 
figure 4, the lattice definitely became unstable, and some form of stniotural change 
occurred by which part, of the lattice strain was released; it might be suggested 
that the limiting value represented an equilibrium between this tendency of the 
lattice to exhibit partial recovery and the capacity for taking up further strain. 
This conclusion would be in keeping vdth other work (Wood 1939) on the lattice 
strain in metals heavily deformed by cold rolling, where the existence of the process 
of partial recovery was definitely established, and would form a link between the 
effects of heavy deformation and the more systematic deformation occurring in the 
ranges of stitsss normally used in the standard tensile and compression tests on 
metals. 

Intkrprbtaiton of results 

The chief contribution to the problem of the deformation of metals of this and 
the previous related investigations lies in establishing quantitative relations 
Ijetween applied stress and the displacement of the atoms in the direction per- 
pendicular to that stress. From these relations, certain conclusions can be drawn 
regarding the mechanical properties of the metallic lattice. Of these perhaps the 
most important, from both technical and theoretical viewpoints, is the observation 
that the behaviour of the atoms does not follow solely a simple elastic displacement 
from the imstressed condition to fracture which previously, in the absence of 
experimental data, has been tacitly assumed. In fact, it has been shown that 
equally important is a second process, which differs fundamentally in being 
irreversible, and which corresponds to a marked permanent absorption of energy 
by the lattice. This irreversible strain is supeq)ostKl on the elastic strain with the 
result that the effective lattice stress-strain curve has little obvious relation either 
to Hooke's law or to the external deformation exliibited by the metal. Moreover, 
in the range covered by normal tensile and compression tests, the irreversible strain 
behaves in such a mamier that it may be said to constitute a systematic property 
of the motallio lattice; also, the strain appears at a particular stress in such a 
manner, especially in mild steel, as to indicate that the lattice itself possesses the 
property of a ‘yield point'. 

The striking and unexpected oharaoteristio of the irreversible strain effect, as 
observed in the direction perpendicular to the applied stress, is that it appears to 
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take the opposite direction to the elastic strain. Thus, in the compression tests, 
the atomic spacing under examination expanded in the elastic range as stress was 
applied, following the external expansion in diameter of the specimen ; beyond the 
elastic range the spacing still expanded to some extent imder stress, but when the 
stress Was removed the spacing then exhibited a permanent contraction on the 
original unstressed value. This contraction, representing the irreversible fraction 
of the total change in spacing, was thus opposite in direction to the elastic part of 
the strain caused by the application of the stress : the actual displacement of the 
atoms under stress was therefore the algebraic sum of two oppositely directed 
processes. 

A consideration of this characteristic in the tensile and compression measurements 
j)erpondioular to the applied stress then appears to justify the statement of the 
following principle: After the lattice yield pointy the metallic lattice systermticaUy 
assumes a permanent strain in such a sense as to oppose the elastic strain induced by 
the applied stress y and of a magnitude which increases with the magnitude of the stress. 

The foregoing principle should play a fundamental part in the explanation of 
one of the chief properties of a metal, that of strain^hardoning. This property is 
bound up with the shape of the external stress-strain relationship of a metal. Thus, 
if reference is made to figure 1, the compression stress-strain curve for mild steel, 
it is seen that after the plastic strain OM^y the material exhibits the apparent 
elastic range corresponding to M^P^y which is greater than the primitive elastic 
range preceding the yield point. If, by increasing the stress, the plastic strain is 
extended from OM^ to OM^, then the apparent elastic range is increased from 
to if 5 P 5 ; the effect of increased stressing and increased plastic deformation 
is thus to enhance the apparent elastic range exhibited by the material, which is 
then said to be strain-hardened. This property may now be examined in the light 
of the stress-strain curve for the atomic lattice. Before cui’ves of this type were 
available, it might have bt^en thought that, under applied stress, the atoms were 
pulled from their normal positions of equilibrium in the metallic lattice, returning 
to those positions on release of the stress, and that the apparent increase in external 
elastic range during the strain-hardening referred to above was due merely to an 
increase in the extent of the displacement of the atoms with application of greater 
and greater stress, the atoms again returning to their original positions on removal 
of the stress. The atomic stress-strain curve of figure 2, which corresponds to the 
external curve of figure 1, shows that this commonly assumed picture is quite 
wrong ; the displacement of the atoms from their original positions does not proceed 
continuously with increasing stress, but, in fact, quickly reached a limit; also, 
after the yield, when strain-hardening occurs, the atoms do not return to their 
initial positions when the applied stress is removed. It becomes necessary therefore 
to accoimt for the enhanced external elastic range on quite other grounds. The true 
position is at once evident on reference to figure 2. There the ranges of atomic 
displacements ilf 4 P 4 and M^P^ correspond to the external elastic ranges JM^P^ and 
in figure 1. It will be seen that the increase in the atomic displacement range 
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of to is rendered possible only because of the increase in the permanent 
lattice strain from OM^ to OM^. The conclusion appears to be justified therefore 
that the enhanced elastic range does not arise because of the simple elastic pro- 
perties of the metallic lattice, but because of the capacity of the lattice for assuming 
a permanent strain in the opposite direction to the elastic displacement induced by 
the applied stress. 

Considerations such as the foregoing, based on experimental measinements of 
atomic displacements perpendicular to the applied stress, emphasize the import- 
ance of knowing the displacements actually in the direction of the stress. Some 
preliminary experiments on this problem have been undertaken. At first it was 
thought that information reganling the new permanent lattice-strain effect parallel 
to the stress direction might be obtained by cutting a tensile or compression test 
piece into two and making X-ray measurements perpendicularly to the exposed 
cross-sections. Experiments on those lines were carried out, but aft>er some time 
it was found that the results were not consistent. The variations were traced to the 
effect of cutting the specimens, which, amongst other things, caused a release ami 
redistribution of the internal lattice strain in the neighbomhood of the cut or 
fracture. It is therefore essential for the solution of this problem to perform the 
necessary experiments on tensile or compression specimens preferably whUst they 
are in the testing machine or, at any rate, without interfering with the structure. 
Experimental arrangements for this pm*pose are in hand. In the meantime, 
measurements have been made on tensile specimens stretched in the machine 
and then removed to an X-ray siiectrometer where they have been photographed 
stationary, with the incident X-ray beam at various angles to the length of 
the specimen along which the stress had been applied. In this way a direct 
attempt was made to measure the extent of the permanent lattice-strain effect in 
various directions. Perpendicular to the stress direction, this strain in the tensile 
specimens is an expan$%m>, as shown for the (310) spacing in figure 3, since, in 
accordance with the above-mentioned principle, it takes the direction opposite to 
the elastic contraction of the cross-section as the specimen is stretched. It was, 
however, found that at 45^ to the stress direction, the expansion had diminished 
in extent and the spacing was practically equal to the normal for the (310) planes. 
At 30'* and 15*^ to the stress direction, the (310) spacing was below normal, in- 
dicating that the permanent lattice strain was becoming a oontraotion. It was not 
practicable, for reasons of technique, usefully to approach the stress direction more 
closely, but the measurements already obtained sufficed to indicate that, in a 
tensile specimen which tms not std^ected to any cvMing or sectioniTigt the permanent 
expansion perpendicular to the stress became a permanent contraction actually 
along the stress direction. It appears likely that the principle stated above for 
changes at right angles to the stress will hold for the changes in the lattice parallel 
to the stress, although the point wrill only definitely be proved when the foregoing 
exploratory tests are completed by tests on a specimen actually under applied 
stress. 
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The work described above has been carried out as part of the research programme 
of The National Physical Laboratory, and this paj>er is published by permission 
of the Director of the Laboratory. 
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Thermal insulation at very low temperatures 

By a. H. Cooke and R. A. Bull 
Clarendon Laboratory, Oxford 

{Communicated by F. Simon, F.R.8. -Received 23 February 1942) 


Various methods of insulation have been invostigafeod at temperatures l)otween 0*2 and 
r*’’ K. A simple suspension of artificial silk, fibre reduces the heat flow to 5 orgs/inin.; ‘guard 
rings’ at the same low t/eri9)eratui*e rediaio the heat flow to 1 org/niin. The origin of the heat 
flow in various ©xi>erunefital arrangements is consideriKl in its bearing on the technique of the 
magnetic method of cooling. 


1. iNTBOOlTCnON 

In the region of temperature attainable by the magnetic method, the problem 
of thermal insulation is somewliat diiferent from that at higher temperatures. The 
vapour pressure of all gases is extremely low, and the eff(x;t of radiation is negli- 
gible; the thermal conductivity of amorphous and polycrystalline solids, including 
metals, is very low (though there is theoretical and experimental evidence that for 
very pure crystals free from strain the conductivity would increase at very low 
temperatures). Generally speaking therefore thermal insulation is good in this 
region. The investigation of the subject is, however, important, not only because 
of the intrinsic interest of the mechanism of heat transfer in this new range of 
temperature, but also from the practical point of view. For instance, the insulation 
is a determining factor for the limits of low temperature attainable (see Simon 1939 , 
where it is pointed out tliat the good insulation mentioned later in this paper would 
peraoiit the attainment of the still lower temperatures associated with the nuclear 
magnetic moments). It also determines the lowest amount of energy that can be 
measured calorimetrically ; with the present insulation it would already be possible 
to measure directly comparatively weak radioactive changes, e.g. the ordinary 
wTanium dkintegrations or the disintegrations of artificial radioactive substances. 

6-3 


84 A. H. Cooke and R. A, HuU 

Furthermore, the heat flow due to lack of insulation is made more deleterious at 
these very low temperatures because of the low thermal oonduotivities which obtain 
there. At any temperature this heat flow takes place primarily to somewhere on 
the outer surface of the sample; but whereas at higher temperatures the sample 
will remain almost uniform in temperature, with low thermal conductivities the 
sample can have portions at widely different temperatures, i.e. with widely 
different magnetic susoeptibilities. Kurti & Simon inferred that this was happening 
in the following experiment. Iron ammonium alum was cooled to a temperature 
below the maximum of magnetic susceptibility k, so that with increasing tempera- 
ture K increases (Kurti, Lain6 & Simon 1937). In this experiment, whereas a 
homogeneous heating by y-rays duly produced an increase of /c, the temperature 
drift appeared as a decrease of at. This is because the heat flow to the surface layers 
had warmed them above the inversion temperature, in fact to I® where they 
<sontribute little to the average k and the drift therefore appeared as a decrease of 
K because only the surface layers are affected. 

This is a particularly striking instance, but it is evident that the surface heat flow 
will produce inhomogeneity in temperature whenever the heat conductivity is low. 
Most experiments at very low temperatures use samples of inorganic salts either 
alone or mixed with other solids, and their conductivity is bad below about 1 *^ K. 
(The only exception is in the use of ‘ capsules ’ of mixed salt and liquid He n, in 
which the good conductivity of the He n keeps the temperature uniform, and 
then these remarks do not apply.) Due regard must he had to this in all quantita- 
tive experiments, particularly long ones (e.g. measiirexnents of specific heat) 
where the effect accumulates; it is impossible to correct for the temperature in- 
homogeneity, it must be kept sufficiently small to be negligible. An individual 
experiment can be continued only until the inhomogeneity becomes appreciable; 
it is tlien necessary to make a new demagnetization, or else to heat the sample in an 
alternating magnetic field. This latter procedure is based on the fact (Cooke & 
Hull 1937; Shire & Barkla 1939) that the heating of a paramagnetic substance by 
such a field is moro rapid the lower the temperature. It is apparent that the result 
is an equalizing of the temperature throughput the sample, though at the expense 
of any readings in the tem|)erature range where the a.c. heating took place. 
Frequent applications of this method, or frequent demagnetizations, are obviously 
to l>e avoided. 

There are thus many reasons ibr desiring the best possible insulation. To some 
extent this may in effect be achieved by using a larger sample, when the effect of 
the heat flow (assumed to be independent of the size of the sample or at least to 
depend on its surface area rather than its volume) will be proportionately lees. This 
artifict?, 08 mentioned below, is only of limited application. The present paper is 
ctmoemed with the more direct problem, the identification and removal of the 
causes of poor insulation. 
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2. PkEVIOUS WOBK on INSTTIiATION 

In looking for the source of heat flow at these low temperatures, it is necessary 
to consider the possible mechanisms. They are, first, heat transport through any 
gas still present round the samples (remaining from the helium 'exchange gas * used 
to carry away the heat of magnetization), and second, heat transport by conduction 
at points of contact. It will be shown later that heat transfer ordinarily occurs 
through both of these processes. 

Direct contact was the more obvious potential source of heating, and attention 
had already been paid to this. In the early experiments of Kurti & Simon {1935a) 
the compact sample was simply placed inside a container, and thus it touched the 
metal walls which were surrounded by a liquid helium bath at about 1° K. This 
served for quafitative experiments or for simple quantitative surveys (Kurti & 
Simon 19356). The method is unsatisfactory for more accurate measurements, 
e.g. of the thermodynamic scale, and for experiments with diluted salts, wlxich 
produce the lowest temperatures but which necessarily have a low heat capacity. 
One difficulty with this simple arrangement is that the measured susceptibility is 
liable to decrease quite erraticjally ; any vibration of the apparatus alters the points 
of contact of sample and container, and so instead of smooth susceptibility changes, 
sudden decreases or changes in rate of decrease are possible. 

In their later Paris experiments (experimental details unpublished) Kurti & 
Simon moimted the sample, ellipsoidal in shape, between distance pieces of perspex 
or hollow pyrex. The insulation was effectively still further improved by using 
large samples, major axis 9-6 cm., minor axis 3*2 cm. They also developed a useful 
procedure for reducing to a minimum the amount of ‘exchange gas^ remaining 
around the sample. The gas is pumped out, before demagnetization of course, while 
the helium bath is at 1-5° K. Then, just before demagnetizing, the temperature of 
the bath is lowered to P K; this is effectively a ‘baking out' of the metal vessel 
^^ontaining the sample, at the high temperature of 1-6° K. The temperature reached 
on demagnetization will correspond to about 1*5® K as the temperature of mag- 
netization. The exact temperature of magnetization is not known, so that this 
method cannot be used in entropy measurements where the initial temperature 
must be known; also, of course, a lower temperature is attainable by prooeedii^ 
m a straightforward manner from 1*^ K. Nevertheless, this technique can Iw 
valuable where removal of the helium gas is of prime importance. 

Other insulation arrangements have been described, e.g. paper distance pieces 
t>y Shire & Allen (1938); but no systematic figures have been published for the heat 
flow under diffierent conditions, 

3. The expermbnts 

We have made systematic measurements of the heat flow with various t3rpes of 
mstilation ; we have also investigated the possibility of utilizing what are effectively 
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distance pieces cooled to the same low temperature, which we have called * guard 
rings*. Small samples only were used, because the magnet available was not 
suitable for large pole separation. 

Here we may explain the method we have used throughout for calculating the 
heat flow. The effect of a heat flow is a decrease in susceptibility, and from the 
measured decrease we have to deduce the energy input. In doing so it is necessary 
to bear in mind that whatever process is responsible for the heat flow, it takes 
place primarily to some point or points on the surface of tlie sample. Because the 
sample has a bad thermal conductivity, the heat flow will warm part or all of the 
outer layers to K where the conductivity becomes good again, without affecting 
the middle of the sample. The method of evaluating the energy input is thus to 
deduce from the susceptibility change the amount of substance heated to 1° K, 
and then to obtain the corresponding energy from the known specific heat otirve. 
At temperatures nearer to 1° K where the conductivity improves, it may be that 
the sample is heated homogeneously. But here the specific heat curve follows an 
inverse square law, and it happens in consequence^ that the same energy input 
corresponds to the same change of k either on the assumption of uniform heating 
or on the assumption of some fraction of the substance being heated to 1® K. In 
all cases we have therefore made the evaluations on the assumption of some fraction 
only being heated, and that to 1"^ K. 

Experiments on single Samples 

In our first experiments the sample was a compact cylinder 5 cm. long and 1*2 cm, 
diameter compressed from powdered iron ammonium alum. The sample was 
varnished thinly, immediately after making, with bakelite resin dissolved in 
acetone. Tliis layer of varnish hinders any evaporation of water of crystallization, 
which would impair the paramagnetic behaviour of the salt ; also, helium gas is 
likely to be adsorbed less on the varnish. The sample rested loosely inside a metal 
container from which it was separated by glass distance pieces. The container was 
surrounded by liquid helium at about 1° K. The temperature of the sample was 
measured by its susceptibility, as shown by its effect on the mutual inductance of 
two coils surrounding it.f The heat flow to such a sample at temperatures between 
O’l and 0-6® K is about 25 ergs /min. and roughly independent of the temperature. 
With a homogeneous heat flow of this magnitude the sample would warm from 

* Consider unit niaes of the sample. At temporaturoa well above the oharactariatio 6 for 
the substance used, a* = ajT and c, the ajfOcUic heat, = fc/jT*. Aasuniing uniform heating, energy 
input SQ Aai/o. Assuming a friu^tion / raised from T to (k for this fraction being 

changed to a‘j), then k — Sk^k( 1^ Therefore /= — /^i). Iherofore 



t This experimental arrangement is illustrated in figure 1 of a previous publication (Cooke 
k Hull 1937), except that the helium containefr was then of glass. The metal oontamer used 
here is shown in figure 2 of the present paper. 
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0*2 to 0*5® K ia 40 Ixr. This degree of insulation is good enough for many thermal 
investigations on the properties of such salts, and most of the early work in this 
laboratory was carried out in this way. 

We next suspended the sample between two taut fibres, one attached to each 
end. The fibres are attached to a light metal cage as shown in figure 1. The cage is 
made from german-silver tube, 0*1 mrn. thick, and has close-fittuig brass caps. 


I 

i 


i 




Ficuke I 



Most of the metal is cut away from the tube and the caps (a) to make the cage 
springy so that it will have good contact with the walls of the helium container 
and (b) to give low resistance to evacuation. The lower fibre is tied round the sample 
in the plane of the paper of figure 1, tlie upf)er fibre in the j)erpendicular plane; 
a tiny loop is left at the free end of each filue. The method of assembly is then to 
lower the sample into the cage, fit the bottom loop on to the hook on the cap there, 
put the top cap on, fit the top fibre loop to the hook there and make the fibres 
taut by adjusting the top hook and its gnib screw. The whole assembly can then 
be pushed into the inner space of the helium container, into which it just fits. 
Figure 1 also shows the method of suspending an ellipsoidal sample. Two tliin 
perspex collars are used, the top one fastened to the bottom fibre and vice versa. 
With either sample it is advantageous to incorporate a light helical spring at the 
end of one of the fibres, particularly when the apparatus is subject to vibration. 
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We tried fibres 1*6 cm, long of (i) fused silica 0*2 mm. diameter, (ii) unspun 
artificial sUk 0*36 mm. wide, and 0*08 mm. thick, and (iit) oonstantan 0-06 mm, 
diameter. In each experiment we used the * baking out * procedure already described. 
With fused silica and artificial silk the beat flow was then 6 ergs/min., with oon- 
stantan it was 10 ergs/min. In ail the later experiments in this paper suspensions 
of artificial silk were used because of the comparative ease of handling them. 

This simple type of suspension, a taut fibre at each end of the sample, the other 
ends of the fibres being at is now standard in this laboratory for ordinary 
experiments below V K. The insulation is sufficient for almost all ordinary 
measurements, and the use of very large samples is avoided. 

Experiments usiv^g ‘guard rings' 

The next step was to find out to what extent this remaining heat flow of 5 ergs/ 
min. was due to conduction along the fibres and to what extent it was due to heat 
transfer through the helium gas remaining in the container. For this purpose we 
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inserted half-way along each fibre a similar cylindrical sample of salt, also cooled 
to the very low temperature and thus acting as guard ring. The whole arrangement 
is shown in figure 2. The samples in these experiments were 3 cm. long and 1 cm. 
diameter. In order to measure the temperature of each sample it was necessary to 
have separate measuring coils for each. These were actually the secondary coils 
of the mutual inductances and there was only one primary ooU common to all. 
We took the precaution of verifying that the resistances of these secondary coils 
stayed oonstamt throughout an experiment (this is equivalent to saying that they 
were in good thermal contact with the helium container), so that the susceptibility 
of a sample could be deduced directly from the baUistic galvanometer deflexion. 
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The effect of any sample on the coils adjacent to its own, could be allowed for after 
a control experiment in which the middle sample was absent. 

The results of the various experiments made with this arrangement are shown in 
table 1 and figure 3. Experiments were carried out with all three samples at the 
same temperature, with the middle one considerably warmer than the other two, 
in good vacuum obtained by ‘baking out’, and without pumping at all. It will 
be seen that under all these varying conditions the heat flow to the middle sample 
was about 1 erg/min. This considerable improvement in insulation means that in 
the simpler arrangement using a single sample, the heat flow of 5 ergs/min. was 
mainly due to heat transfer along the fibre. The possibility of its having been due 
to helium gas falling down the pumping tube (which was directly above) and 
giving up heat of condensation to the sample, is ruled out; because now, in oon- 
iditions otherwise similar, the top guard ring receives only the same amount of 


heat as the bottom one. 


Table 1 


oxpori- 





heat input 

nieiit 

comment 


sample 

T^K 

ergs/min. 

1 

control experiment, 

top. 

iron arnm. alum 

0*25 

2-7 


good vacuum 

middle, 

„ 

0-25 

1*0 

2 


top. 

>* 

(VIS 

2*7 

3 

good vacuum 

top, 

»t 

0-20 

21 



middle, 


0-20 

0*46 



bottom. 

>» 

0-20 

0-8 

4 

ff 

middle, 

»» 

014 

0-8 



bottom, 

yf 

0*14 

1*5 

5 

»» 

top, 

• y 

01 15 

1-85 



middle. 

ty 

0105 

0-5 



bottom. 

yy 

013 

1*7 

6 

exchange gas 

top. 

y 

0-53 

9*3 


7 X mm. 

middle. 

yy 

0-53 

4-7 



bottotii, 

»» 

0 53 

51 

7 

>» 

top, 

yy 

0*32 

3-7 



middle. 

»» 

0-32 

M 



bottom. 

»* 

0-32 

2-5 

8 

t* 

top. 

ff 

018 

30 



middle, 


0-18 

0-S5 



bottom. 

$* 

0-18 

M 

0 

exchange gaa 

top. 

*9 

0-295 

5*1 


5x10^* mm. 

middle. 

mn. amm. sulphate 

0*37 

1-9 



bottom, iron amm. alum 

0-295 

3*7 

10 

good vacuum 

top, 


0-24 

3-1 



middle. 

mil. amm. sulphate 

0*35 

0-9 



bottom, iron amm. alum 

0*24 

3-0 


Heat transfer along the fibre may be due entirely to ordinary conduction througli 
the xnaterial of the fibre or there may be some contribution from condensed ‘ex- 
change gas * due to the ‘ creep ’ of He u along the surface of the fibre. Experiments 
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on heat transfer to vessels containing Ho n (RoUin & Simon 1939; Blaisse, Cooke & 
Hull 1939; Daunt & Mendelssohn 1939) have shown anomalous behaviour appar- 
ently due to heat flow but eventually traced to actual transfer of helium by the 
creep of a surface film. Such transfer might take place along the fibre if there were 
sufficient helium on its surfacje. But first we must see if there is any unexplained 
heating which would have to l)e attributed to this process. If we take the 5 ergs/ 
min. obtained with the simple suspension to be due to ordinary conduction alone, 
wo derive as mean vahies of the conductivity between 0*2 and I® K, 10"** cal./ 
seo./cm. for silica or silk, and 2*5 x 10"^ cal./sec./cm. for oonstantau. These values 
are not unreasonable in the light of measurements at somewhat higher tem- 
peratures (10~* cal./sec./cm. for german-silver at 1° K), which makes it seem 
probable that ' creep ' produces no great part of the heat transfer with the simple 
suspension.* Further experiments described below indicate that only with con- 
siderable helium gas present and able to condense on the fibre and sample is there 
any evidence of heat transfer that might be due to creep. 

For the experiments in which the middle sample was warmer than the guard 
rings, it was made of manganese ammonium sulphate, while the guard rings were 
of iron alum. These two substances have different 'characteristic temperatures’, 
and the table shows the temperatures reached by demagnetizing all three samples 
from the same initial field. It will l>e seen that the middle sample still warms at 
the rate of 1 org/min. This shows that the 1 erg/min. is not being transmitted along 
the fibres, which are connected to the cooler guard rings. Heat of condensation 
of helium gas would account for it if helium gas were present continually at a 
pressure of 10“^® mm. of mercury. Such condensation would continually diminish 
the amount of helium gas present, and it might be expected that the heating would 
therefore decrease with time. In fact the heat flow remained constant for as long 
as it was measured, usually 2-^3 hr. But this is not surprising when it is realized 
that the total quantity of helium gas that would be invol ved amounts to less than 
that in a monatomic layer on the walls of the container. Thert^ is certainly much 
more than this present inside the calorimeter, adsorbed on its walls, and remaining 
from the exchange gas used in cooling the samples from room temjierature. In fact, 
surprisingly large quantities of helium have to be introduced into the calorimeter 
in order to have available the necessary pressure of exchange gas at 1® K (see, for 
instance, Giauque & MaoDougaJl 1935; and Stout & Giauque 1938). Much of this 
gas is not removed by pumping so long as the calorimeter and its contents remain 
at F’ K or lower; it remains ad8orl>ed on the surfaces with an equilibrium presstite 
much loss than the ordinary saturated vapour pressure. We suppose then that at 
our very low temperatures there is on the samples a layer of helium with a negli- 
gible adsorption pressure, but tliat the finite equilibrium pressure of the helium 

* There is the further possibility tliat some of the heat transfer might be due to ordinary 
conduction throtigh adsorbed heliiun on the fibre, i.o. without tlie bulk transfer of helium 

associated with ‘creep*. Our experiments give no evidence on the presence or absence of this 
effect. 
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on the calorimeter wall at K leads to a continual transfer of heat to the samples. 
This explanation would account also for the fact that the heat flow to the middle 
sample is in general indei>endent of its temperature. 

It will be seen from figure 3 that the heat flow to the middle sample is not influ- 
enced by the presence of considera ble helium gas at the moment of demagnetization 
(except for experiment 6, discussed below). In these experiments, 6 to 9, the gas 
pressure shown in the table was maintained duxing magnetization and not pumped 
at all. But actually the situation is not much altered ; for now, on demagnetization, 
this gas pressure will be reduced by condensation on to the cold sample exactly 
as previously it was reduced by the combined effect first of pumping and then of 
condensation. The sample will not reach quite the same low temperature because 
of the latent heat of condensation, but its subsequent behaviour is not affected. 
In experiment 6, however, the presence of the same amount of exchange gas as in 
experiments 7 and 8 has exerted a profound effect on the heat flow to the middle 
sample. The essential point about tliis experiment is that all three samples are at 
relatively much higher temperatures; the situation is the same as if the samples 
in experiment 7 had all been heated to these higlier temixeratures. The ultimate 
effect of raising the temperature of the samples would be to restore the full exchange 
gas pressure. This moderate increase in tem|>erature above that of experi- 
ment 7 does not restore the full pressme, but the equilibrium pressure of the 
helium adsorbed on the surfacje of the sample is higher than previously (the 
saturation vapour pressure at 0*55^' K is 10~* mm.). This higher pressure now con- 
tributes to the heat transfer between the calorimeter wall and the sample. It has 
always been realized that it is more difficult to preserve such intermediate tem- 
peratures than the very low ones; it adds considerably, for instance, to the skill 
required in establishing the absolute scsale of temperature between 1° K and the 
lowest temperatiires available. The ‘baking out’ process for removing helium gas 
is of great help in experiments involving temperatures between 0*4 and 1*^ K, 
particularly in specific heat measurements where heating has to he continued to 
high temperatures approaching 1° and where a knowledge of the initial entropy is 
not necessary . 

The behaviour of the guard rings was not so uniform as that of the middle sample. 
Nevertheless, there are certain regularities to be noticed in figure 3. In each 
experiment with deliberately bad vacuum, the top sample warms faster than the 
bottom one. Initially the top sample w^armed still faster for a few minutes because 
the exchange gas was not pumped at all, and so the gas in the pumpixjg tube was 
falling down and condensing on this top sample. This condensation takes only a 
few minutes, and some other effect must bo responsible for the fact that throughout 
the remainder of the exiierinient the top sample warmed faster than the bottom 
one. It may be that the condensation of such a large quantity of helium produces 
a film of He n sufficient to bring about this bigger heat flow. A He n film on a 
fibre with its ends at 1° K and say 0-3® K would show apprtsciable heat transport* 
even though the effective conductivity of the He n is no longer abnoimally high 
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at <1-3'^ K (Kurti & Simon 1938). For the effect of a conductivity that varies with 
teni j>erature is to make the temperature gradient non-uniform ; most of the fibre 
would be at K, and only a short length near the sample would lie in the range 
0-3-1" K. It should be noted that a He n film on the fibre between guard ring and 
middle sample would have little effect because both ends of the fibre are below 
the temperature whore the film has a high conductivity. 

Except for this consistently greater heat flow to the top sample compared with 
that to the bottom one, the presence of gas did not have any marked effect on the 
'guard rings ' at temperatures below 0*3" K, as already noticed also for the middle 
sample. This is of considerable practical importance; for it means that once the 
bulk of the helium gas has been removed from the pumping tube to prevent this 
condensation on to the top sample just mentioned, further extensive pumping 
(e.g. the ‘baking out’ previously described) is of no advantage for experiments at 
the lowest temperatures, even when good insulation is desired. This would be true 
also for single suspended samples. The essential factor is the use of a suspension 
for good insulation, and the use of guard rings for still better insulation. On the 
other hand, in experiments at 0*4" K or higher, or in experiments with samples 
that rest against the container without a susjHmsion, thorough pumping is certainly 
advantageous. 


4. Conclusion 

The experiments that have been described show that a heat flow of only 1 erg/ 
mill, is attainable and reproducible, and that this heat flow is then probably due 
to condensation on the sample of helium gas which leaves the wall of the calori- 
meter. It was at this stage that the experiments were interrupted in 1939. The 
sudden interruption accounts for the fact that some of them are not as conclusive 
as could be wished; nevertheless, we think it valuable to have a report on what has 
so for been achieved. When occasion permits, other useful experiments could be 
made (1) with the liquid helium container at different temperatures, thus varying 
the quantity of helium gas leaving the wall surrounding the samples, (2) by 
demagnetizing from higher temperatures where hydrogen gas could be used to 
remove the heat of magnetization, so that after demagnetization one would have 
the benefit of the much lower vapour pressure of hydrogen, and there ooidd be no 
possibility of transfer of heat by a film of He n, (3) in which the middle sample is 
completely surrounded by a shield also cooled to the same very low temperature. 
The presence of such a shield, of metal or of paramagnetic salt, would introduce 
serious, but not insuperable, difficulties in the measurement of the temperature of 
the sample. 

In the meantime it must be emphasized that the degree of insulation obtained 
here is considerable; whereas in the first recorded experiments on demagnetization 
the low temperature was preserved for only some minutes, this heat flow of 
1 erg/min. would require more than 2 weeks to heat the sample from 0*2 to 0*6*^ K. 
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The thermal diffusion of radon gas mixtures 

By G. E. Habbison 

Physics Department y University of Birmingham 
(Communicated by M. L. E. Oliphmitf F.R.S. — Received 27 Febrmry 1942) 


In continuation of earlier experiments (Uarriaon 1937) in which the thermal diffusion in 
radon -hydrogen and radon-helium mixtures waa measured, the thermal diffusion of mixtures 
of radon-neon and radon-argon has now boon studied. The mean value obtained for the ratio 
of the proportion by volume of radon on the cold side at 0^ 0 to that on the hot side at lOO^" C, 
after thermal diffusion, was 1*074 for radon-neon mixtures, and 1*008 for radon-argon mix- 
tures. 

In order to calculate the rcpulaivo force tlold. between these two pairs of moloculeB, 
the present n^sults were combined with measurements of ordinary diffusion of radon into 
neon and radon into argon (Hirst & Harrison 1939), and viscosity detenninations at various 
temperatures of neon and argon (Trautz 3c Binkele 1930). The si>ecial theory, due to Chapman 
(1929), of thermal diffiision of a rare constituent in a binary mixture was used to derive Fj,. 

The values obtained for the repulsive force field between the dissimilar molecules at 
ooUision were : 


F„ (radon-neon) « I *9 x ‘ » (d/do)-**S do 4-8 x 10 ^ 

F„ (rodon-orgon) = 2-1 x = (d/do)-“‘\ do 4*3 x U)-*, 

d being the distance betw^een the point centres of repulsive force and tfie value of d at 
whioly Fn is 1 dyne. 

A oomporison of the vahies obtained for the repulsive forcso index for radon-neon and 
radon -argon moleculfm with those oblamod by At^ne, Bostick <fe Ibbs (1939) for binary 
mixtures of the first five inert gases shows that radon is the ‘ softest ’ of the inert gas molecules. 
Kodon-argon molecules are the closest opproach to the Maxwolhan cose yet studied experi- 
mentally. 
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iNTBODtrcraoN 

The repulsive force, between two dissimilar molecules may be represented by 
the equation 

wlvere Ih the repulwive force index between the dissimilar molecules, d is the 
distance between the molecules which are regarded as point centres of repulsive 
force, and K12 Iw the repulsive force constant between these molecules. 

In a special theory of thermal diffusion, Chapman (1929) has shown that when one 
component ol a binary gas mixture is rare. may be determined from thennal 
dilfusion measurements for the mixture and the cooftlcient of viscosity of the lighter 
gas at various temf)crature8, together witli the coefficient of dilfusion of the two gases. 

An acctnint of an experimental study of thermal diffusion of radon-hydrogen and 
radon-helium mixtures in which radon was the rare and heavy constituent has 
already been given (Harrison 1937). The variation of the viscosity of hydrogen and 
helium over a wide range of temperature was known, but no experimental values of 
the coefficient of diffusion of radon into hydrogen or helium were available. Approxi- 
mate values of these coefficients were therefore calculated from a formula given by 
Chairman (1918). Owing to uncertainty in the accuracy of these calculated values, 
only was evaluated for radon-hydrogen and radon-helium molecules, being 
much mure sensitive tlian to an error in the coefficient of diffusion. Experimental 
values for the coefficient of diffusion of radon into hydrogen, helium, neon and argon 
were later obtained by Hirst & Harrison (1939), who were thus able to derive the 
repulsive force between radon-hydrogen and radon-helium molecules. 

Ex})erimcuts on the thermal diffusion of radon-neon and radon-argon mixtures 
have now been completed. These experimental results have been combined wdth the 
diffusion measurements for these pairs of gases, and with the viscosity at various 
temperatures for neon and for argon (Trautz & Binkele 1930), to give the repulsive 
for(;e between radon-neon and radon-argon molecules. Confirmation is thus obtained 
of the extremely ‘soft' nature of the radon molecule, and it is shown that radon- 
argon molecules provide a close approach to Maxwellian molecules, for which there 
would be no thermal separation. 

These measurements give information on the molecular field of radon which is 
parti(;ulaiiy valuable, as it cannot be obtained directly in the usual way from vis- 
cosity measurements or an equation of state ow ing to the extremely smaU amount 
of gas available. 


Modification of expfrimbntad method 

In the earlier experiments (Harrison i 937 )> fbe radon mixtures were prepared by 
breaking a capillary tube containing a known amount of radon in the diffusion 
apparatus, and allowing about 16 hr. for the radon gas mixture to become uniform 
by the process of ordinary diffusion. It has been shown (Hirst & Harrison 1939) that 
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if the adhesioti of radon to the walls of a glass apparatus is to be avoided under the 
conditions of these experiments, the period of contact of the radon with the glass 
must not be greater than 7 hr. In the case of hydrogen-radon and helium-radon 
mixtures, the thermal separations were relatively large, So that a small amount of 
adhesion of radon in the thermal diffusion apparatus had little effect on the exjmri- 
mental results. The small thermal separations which were to be expected in tlu5 
present experiments, however, especially when using radon-argon mixtures, made 
it necessary to avoid the long period of contact of radon with the walls of the diffusion 
apparatus. A capillary tube containing radon was therefore broken in neon or argon 
at atmospheric pressure, in an auxiliary apparatus, arul left overnight for the radon 
gas mixture to become uniform. This mixture was put into the diffusion a[)paratus 
just before an experiment began. It will 1>0 shown that the neeessaiy thermal 
diffusion data can he obtained without knowing the amount of radon put into the 
diffusion apparatus. 

The principle of the method of measuring the thermal separations was similar to 
that already described for radon-hydrogen and radon-helium mixtures (Harrison 
1937). As in these earlier experiments, the thermal diffusion apparatus consisted of 
a uniform, closed, glass tube 30 cm. long and of 1 cm. bore, divided into two parts 
by a wide-bore tap. The two parts formed ilK> liot and cold sides of the apparatus. 
These two sides were also connected by means of a narrow capillary ttibe provided 
with a tap. 

When the uniform gas mixture had been |)ut into the diffusion ap})aratus, both taps 
were closed and one side was heated to J 00*^ (J and the other cooled to 0^ C. This 
temperature difference was ke|)t constant throughout the whole ex])criment. The 
tap in the capillary tube was opened for about 1 min. so that the |)ressureB on the 
two sides could be equalized without any appre(;iable thermal separation taking 
place. 

The gas apparatus was mounted throughout the exf>eriment in front of a lead 
block provided with two apertnres opposite the hot and cold sides, tlie one op])osite 
the hot side being adjustable in width. The difference between the amounts of radon 
opposite the two aj>ertures was found by ob.servjng the difference in the intensity of 
the y-radiation passing through the apertures, after the radon had come into ecpii- 
librium with the products (Ra B and RaC), which produce y-rays. On the macro- 
scopic scale of the ]>resent experiments, the solid products of radioactive change 
which were deposited on the walls of the diffusion apparatus were considered to be 
uniformly distributeti. The difference in the y-ray intensities from the two apertures 
was measured when equilibrium was established, i.e. 4 lir. after any change in the 
distribution of radon in the apparatus. 

The two apertures were of equal width at the beginning of each exjwiment. After 
the pressure equalization but before thermal diffusion, the difference in the number 
of milliouries of radon in front of the equal apertures, w, was measured. This measure- 
ment was carried out by comparing the difference in the y-ray activity fi-om the 
apertures with the y-ray activity of a standard radium source. The radium source 
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used was in the form of platinum needles and these were added to the hot side 
opf)OBite the aperture in the lead block, so that the y-ray intensity from the two 
apertures was approximately equal. The residual small difference in the y-ray 
intensities from the apertures was then determined by observing the rate of drift 
of the electrometer system. The value of n is given by 


71 


where is the effective volume of radon opposite each aperture, and and are 
the number of millicuries of radon per c.c. on the hot and cold sides, after the 
pressure equalization. If and art? the absolute temperatures of the hot and cold 
sides respe(;tively, then 

a, T, 


80 that 


n 

1 -M' 


The number of millicuries of radon opposite the a})erture on the cold side, was 
thus obtained. 

After 71 had been measured, the radium source added to the hot side was removed, 
and the adjustable aperture was sot Jtt such a width that the y-ray intensities from 
the two apertures were equal. The wkie-bore tap was now opened for 1 hr. so that 
tliermal separation could take place. By measuring the difference q in the amounts 
of radon in front of the apertures after thermal diffusion, a direct determination was 
made of the thermal separation. In this way, the duration of contact of radon with 
the walls of the diffusion a^jparatus was reduced to about 7 hr. 


Calottlation of besults 

Using the same nomenclature as in the original account (Harrison 1937, p. 85), 
let X be the number of millicuries of radon |)er c.c. which thermally diffuse from the 
hot side of volume to the cold side of volume If is the effective volume of 
the aperture on the hot side after the adjustment in width of this aperture, then 

The rat io of the proportion by volume of radon on the cold side to that on the hot 
side after thermal diffusion is given by 




1 + 


a: K, 




( 1 ) 
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Eliniinating x. 



As the effective amounts of radon opposite the two apertures were balanced after 
the pressure equalization by ^videning the aperture on the hot side, 

aji’i = where (ija^ = 


Hence 








2 ‘^2 ■ 


m w 

^ ^ f V 


(2) 


In the earlier ex]ierimentB (Harrison 1937), the original proportion by volume 
of radon in the diffusion ajiparatus was known, and q, rq, and were measured. 
The values of Uj and could therefore be calculated and r was derived from formula 
(1). In the present experiments q and were obtained in the course of each 
experiment and r was calculated from formula (2). The necessary thermal diffusion 
data were thus obtained w ithout know ing the amount of radon i>ut into the diffusion 
apparatus. 


llESTinTS 

In all the experiments, the original pressure of the mixtures was 1 atm . , = 1 00*^ C, 
T2 ~ O^Oandlj/ig = 1 • 1 G.The results are show n in table hinwhichcj istheapproxi' 
mate relative proportion by volume of radon in the original gas mixture. This is 
only given to show" that was very small in these experiments. 


Table 1. Experimental results 




««Va 

q 


gas 


millieuries 

millieuries 


mixture 

Cl 

of radon 

of radon 

r* 

radon -neon 

13x 10-* 

15 4 

103 

1068 


2-0 X 10-* 

23-7 

1*81 

1*078 

radon -argon 

l'4x J0-* 

16-5 

0*131 

1*008 

I fl X 10-* 

21*4 

0* 166 

1*008 


28x 10-* 

28*1 

0*294 

1*010 


16x ]0-« 

18*5 

01 20 

1*006 


♦ As the value of r is ahnost unity, errors in r ore less than one -tenth of the errors ui q 
or in 
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The values of r obtained for radon-neon and radon-argon mixtures are smaller 
than the value obtained in the case of helium-radon mixtures (1*221) (Harrison 
J937). There is a progressive decrease in r as a heavy molecule is substituted ior a 
lighter one in a radon mixture. Since r increases with the total percentage thermal 
separation, it follows that this result is in agreement with that obtained in this 
laboratory by Atkins, Bastick & Ibbs (1939) using binary mixtures of the first five 
inert gases. This general agreement is striking, since the results for radon mixtures 
were derived by an entirely different experimental method. 

It will be seen that r is nearly unity for radon-argon mixtures, which means that 
the thermal separation is extremely small, and radon-argon molecules are therefore 
a close approach to Maxwellian molecules for which r would be unity. Indeed, radon- 
argon molecules are the closest approach to the Maxwellian cast^ yet studied experi- 
mentally. 


Calculation of the. field of force between radon-neon and radoyi -argon molecules 

Chapman (1929) has shown that if c-i is the proportion by volume of the rare and 
heavy constituent of a gas mixture, and is the proportion by volume of the second 
constituent such that + = 1, the equation w^iich determines tlie steady dis- 

tribution when the absolute temperature T varies in the direction of x is approxi- 
mately 

1 ^ a dT 


whei*e a is a fimction of T, and the repulsive force index between the lighter, 
plontii'ul molecules. 

If Ml is the molecular weight of the rare component of the mixture and Mg the 
molecular weight of the other (Component, then if M^/Mj and are both very smaU, 
a relatively simple expression may be derived for the first approximation to a, a(l). 
This expression is given in the earlier paper (Harrison 1937). 

In the present gas mixtures, however, Mg/Jf, is not small, so that a more general 
expression has to be used for a( 1 ). In one or two special cases only can this expression 
be reduced to a manageable form. One of these oases is when Cj 0. In this ease, the 
equation for a{l) when the molecules are supposed to possess spherical symmetry is 


(Ji—vO ^ 1'’ 


( 3 ) 


the noraenolature being the same as that used by Chapman (1929). The values of /* 
depend only on the mass ratio between the molecules, while those of a may be 
calculated from formulae given by Chapman (1929) if is known. 

It is also shown by Chapman (1929) that 
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where y? ie a oonstaxit for a given pair of molecules, which is given by 




2 \s^2 ~~ 1 



(5) 


If the molecular weights of both gases are known, together with the coefficient of 
diffusion of these gases, and the coefficient of viscosity (jf the plentiful constituent 
at various temperatures, equations (3), (4) and (5) may be combined to give the 
repulsive fon^e index, 

When has been calculated, the repulsive force constant l)etween the dissimilar 
molecules, may also be evaluated. The theoretical formulae necessary for this 
calculation are summarized in the f)aper by Hirst Harrison (1939). fhe 

repulsive force between the dissimilar molecules, may be obtained. 

For the purpose of this cahnilation, the following data w'ero used. 


(1) Neon-radon mixtures 

The coefficient of viscosity of neon was taken as 30S x 10 ® e.g.s. unit at 15"^ C 
(Trautz & Binkele 1930), and the repulsive force index as 13-5. The coefficient of 
diffusion of radon into neon as determined by Hirst & Harrisem (1939) was 0*217 
cm.® sec. ' ’ at 15'' Cand 76 cm. mercury. The mean value of r for radon’-neon mixture^ 
from the present experiments is 1*074, while Mi ~ 20*2 an<l M,^ = 222, 

(2) Argon-radon niixiiires 

The coefficient of viscosity of argon was assumed to be 21 Sx 10 ^ o.g.s. unit at 
15“ C (Trautz & Binkele 1930), and the repulsive foreis index So — 7*4. The value 
0*092 cm.® sec. ^ at 1 5“ (J and 76 cm. mercury was used for the (coefficient of diffusion 
of radon into argon ( Hirst <fe Harrison 1939), and the mt?an value of r for radoivargon 
mixtures obtained from the present measuremenis is 1*008. - 39*8. 

The following values were obtained for Fi^: 

(neon-radon) = 1*9 x 10“^^ d = (d/do) ^ ^0 == ^ 

(argon -radon) — 2*1 x 10 == (d/d^) d^, ^ 4*3 x 10^®; 

d being the distance between the point centres of repulsive force and the value of 

d at which Fi^ is 1 dyne. 

Discussion 

Atkins etal. (ig29) have given an account of the measurement of thermal diffusion 
in binary mixture^ of helium, neon, argon, krypton and xenon. By application of 
the theory of thermal diffusion developed by Chapman (1918), in which neither 
component of the mixture is rare, the repulsive force index #^2 h€>en evaluated 
for each pair of molecules. An abstract of the values obtained for #,2 and the oorre- 
sponding values obtained for radon mixtures is given in table 2. 

It will be seen from the table that the effect of substituting a heavier monatomic 
molecule in any binary combination is to reduce the index of repulsive force, as 
pointed out by Atkins et cU. (1939). The results of the present experiments confirm 
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that radon fits into thia Bcheme by giving the lowest value of in each of the three 

Borien. 

Table 2 . ^12 binary mixtttbes of thk inert ga^es 

AT ORDINARY TEMPERATirRES 


gas mixture 

^12 

gas mixture 

^12 

gas mixture 

*12 

He-N<^ 

11-4 


— 

— 

— 

He A 

9‘0 

No - A 

7-9 



He- Kr 

K>7 

Ne-Kr 

7-6 

A-Kr 

57 

He X 

8*3 

Kc-X 

7*0 

AX 

5*6 

Ho Kn 

6*5 

Ne-Rn 

6'1 

A -Rn 

5-1 


A comparison of the values of or 8 ^ deduced from viscosity measurements on 
simple gases with the values of obtained from thermal diffusion experiments, in 
which neither component is rare, shows that the values of obtained from diffusion 
are generally lower than would be expected from viscosity mcasurementB. Grew 
(1941 ) has shown that this disparity is due to an approximation which has to be used 
in order to derive .^*12 from the thermal diffusion measurements. Using an isotopi(s 
mixture of hydrogen and deuterium, Grew was able to avoid this approximation 
(because of the 8im])ler force fields between the different molecules), and he then 
obtained agreement between the repulsive force index derived from thermal dif- 
fusion ineasurenients and that obtained from viscosity. The values of derived by 
Atkins ei at. for binaiy mixtures of tbo inert gases given in table 2 are therefore 
probably too small, the error in the higher values of 8^2 being great/cr than in the 
smaller ones. The present results obtained for radon mixtures are independent of 
the assumption w)ii(*h is necessary in the general case of a mixture in which neither 
component is rare. Hence the values of for radon mixtures still remain the smallest 
in each group and the general scheme shown in table 2 is not affected. 

In view of the close approach of radon-argon molecules to the Maxwellian case 
(«i 2 5, r = 1), it would be of special interest to make thermal diffusion measure- 

ments for radon-krypton and radon-xenon mixtures. It is possible that niay be 
less than 5 for these pairs of molecules, and wo should then expect the thermal 
se])aratic)ns to be reversed, the heavier gas tending to move to the hot side. 

My thanks arc due to Professor M, L. E. Oliphant, F.R.S., for the facilities which 
he has provided for carrying out this work. I am also indebted to Dr T. L, Ibbs for 
Ins valuable advice and criticism. 
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The structure of graphite 

By H. Lipson and A. R. Stokks, Cavendish Ijoboraiory, Cambridge 
{Communicated by Sir Lawreme Bragg, FM.S. Received 10 April 1942) 


A new structure of carbon is proposed in order to account for the occurrence of extra lines 
on X-ray powder photographs of graphite. It has hexagonal layers sitnilar to those of 
graphito, but arranged in a different sequence. About 14 % of tlm now structure is present in 
the samples examined. 

Introduotton 

The struct lire of graphite is given ui the literature as hexagonal with four atoms 
in the unit cell (Hassel & Mark 1924; Bernal 1924; Ott 1928); the dimensions of 
the unit cell are a — 2*456 A, r = 6-696 A (Trzebiatowski 1937). This structure, 
however, does not account for some faint lines that occur on X-ray jwiwder photo- 
graphs of well-crystallized grafihite (Taylor & Laidler 1940). Those lines have 
attracted attention because of their very general occurrence ; they ai^ given by 
graphites of many different oiigins, natural and artificial. Kor instance, they occur 
on a t)hotograph that Rooksby (1940) gives as typical of natural gi’aphite, and 
Taylor & Laidler (1940) found that they arc given by graphik^ (crystallized in an 
arc. Purification of the sjiecimens does not remove the lines, but they do disappear 
after long |)6riods of digestion with a mixturci of (;on (centra ted sulphuric and uitrio 
aciids, 

Finch & Wilrnan (1936) had observed similar extra lines on electron-diffraction 
photographs, and liad a(!(M)unted for them as se(X)ndary diffraction phenomena 
for plates only a small number ( 3 , 4 , or 5 ) of unit cells thick. Secondary maxima 
should appear at intervals that ai*e submultiples of the intervals between the 
primary maxima, and so the extra lines wore given simple fractional I indices. 
While this explanation may lie plausible for electron -diffraction j)hotographs, the 
sharpness of the linos on X-ray photographs shows that hero we are dealing with 
much bigger crystals. 

Taylor & Laidler (1940) suggested that the extra lines may be another mani- 
festation of the ‘diffuse’ reflexion of X-rays, but Lonsdale, Knaggs & Smith (1940) 
showed that this cannot be so, 

Edwards & Lipson {1942) thought that they may be due to defects in the graphite 
structure similar to those found in cobalt (Edwards, J^ipson & Wilson 1941), but 
occurring at regular intervals. It was in order to test this suggestion that the 
present work was undertaken. 

Positions of the lines 

Measurements were made of a powder photograph, kindly supplied by Dr A, 
Taylor, of graphite crystallized by arcing. In figure 1 these measurements are 

[ 101 ] 
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plotted against the angles calculated for the various indices shown, and it will be 
seen that the positions of the extra lines conform with those for simple fractional 
I indices. These indices are all multiples of f , and the theory that the lines are due 
to periodic repetition of faults would require that such faults should occur after 
cve!»ry third unit cell. I'his theory, liowever, cannot account for the absence of odd 
multiples of 



FitJCHK I, PosifionH of linos. RVunnbobotlml iiuUees (see text) aro given in brackets. 


PrOPOSKO STHIKITURR 

A much simpler way of explaining I indices that are multiples of f is to postulate 
a unit cell with a c-axis | times as long as the usual one. The extra lines would then 
represent the effect of a small amount of such a structure mixed with the. ordinary 
one. 

Now the ordinary graphiti? structure consists of layers of carbon atoms forming 
hexagons with shared edges; each layer has half its atoms directly above atoms 
in the layer below , and the other half above the centres of hexagons. The complete 
structure is formed by repeating these layers in such a way that alternate ones 
are similar. In figure 2 two suesh layers are shown by thick lines and by double 
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lines. It will be seen, however, that there is a third ty|>e of layer, shown by broken 
lines, which is sytninetrically related to the other two. A structure may therefore 
\)e irnagiiKul in which these three layers repeat 8 U(?cessively, and it is this structure 
that we propose as the origin of the extra diffraction lines. 

It is obvious that the structure is very closely related to that of ordinary graphite, 
^rhe strongest lines from it are coincident with the strongest graphite lines, and 
that is the reastjn why so few lines from it are visible. This gives a possibility of 
obtaining additional evidencio for its existence, for measurements of intensities 
should show whetlier these strong lines — those with {h — k)l*^ integral — are rela- 
tively stronger tliari the others. 

The results of photometry of one film are shown in figure 3; in this figure a 
fimeiion of the iu tensities that should be linear in sin^^y (Bradley & Lu 1937 ) is 
plotted against sin^/7. The \inm from the ordinary stru(!ture are shown by circles, 
and those for the new struot-ure by (crosses, the lines common to the two being 
marked with the two signs 8 Uf)erimposed. It will be seen that the intensities of 
those lines do lie above those of the others. 

The agHH^ment, however, is not quantitatively correct, as the increase in the 
intensities of the common lines is larger than it should be. This is shown by the 
bn)ken line in figure 3, which is that upon which the intensities of the common lines 
should lie if the amount of structure pi'osent were that given by its separate lines; 
this ])oint will be discuHsed later. 


DksC’RTPTION OB" THIfi STKUOTITRK 

As w^c have stated, the 8 tru(;ture may be referred to the hexagonal axes 
a =r 2’45() A, c — lx (i*n9h A = l()-044 A, The atoms are in positions 0 0 0 , ^ | 0 , 
^ 1 3 i I i I f- This structure, however, is really rhombohedral, with 

a = 3*d35 A, a ==. The atoms are at ± (u, u, a), with u = and the space 

group is i^3m. The f)aranu>Uw u cannot, of course, bo determined exactly; we have 
chosen this value as it gives plane hexagonal rings. Actually the value u « 0'104 
would give slightly better agreement with the intensities, and this would mean 
that the atoms were ±()'03 A out of tlie planes. The intensities, however, are too 
small for this ])oint to be stated definitely. 


PROrORTIOKS OB’ THR STRUCTURKS 

It was considered advisable to verify that the enhancement of the lines with 
{h — k)jA integral did not occur for the lines from the ordinary structure, and so we 
attemjited to remove the new structure by digestion with concentrated sulphuric 
and nitric acids. However, photometry of the resulting photograph, which showed 
oidy faint traces of the extra lines, still gave the same enhancement of the lines 
with (h ™ A)/3 integral. It thus appears that the action of the acids is to rearrange 
the layers of atoms, rather than to remove the new structure ; this would leave the 
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lines common to the two structures unaffected, but might make the others so 
broad that they would be undetectable (Wilson 1942). Support to these ideas is 
given by the observation that the specimen did not lose weight during the trans- 
formation, Also lines with I non-zero became broadened, indicating tlmt the regular 
arrangement of the planes is affected; other lines, especially 1120, remain almost 
unaltered, showing that the planes themselves remain perfecit. 

The considerations suggest an explanation of the enhancement of tlie lines with 
(// — i)/3 integral, for there may always be a certain amount of the structim^ with 
disordered packing present. The data given in figure 3 could be explained com- 
pletely by a specimen that contained 14 % of the new striKjturo, 0 % of the dis- 
ordered structure, and HO % of the ordinary structure. 

The general occurrence of the new structure is remarkable. It (xrcurs in samples 
of natural graphite from Ceylon, Bavaria, and Travancore, and in graphite ex- 
tracted from the Vkish’ which occurs in the (tasting of carbon -rich stt^els; to visual 
examination of the photographs, the same pr()[jortions of it seem tt> be present 
as in the artificial sample usetl by Dr Taylor. 


Our thanks are due to Sir Lawrence Bragg, F.R.S., and Dr A. J. Bradley, F.R.S., 
for their interest and encouragement, and to the Master and Fellows of Trinity 
College (A.R.S.) for financial assistance. Also we wish to thank Mr H. P. Rooksby, 
of the General Electric Company, and Professor H. Iw. Riley, of King’s CoUego, 
Newcastle-on-Tyiie, for samples of gra|)hite, and Dr A. Taylor for his ])hotograph 
of artificial graphite. 
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Some experiments on the trichromatic theory of vision 

By H. V. Waltbbs 

Imperial College of Science and Technology, Technical Optica Section 


(Conmvnicafed by II. Ha/rtridge, F.R.S. — Received 26 Febr'tiary 1942) 


A ropotil-ioii of an invostigation carried out l)y Wright in 1934 is rruwJo with an improved 
thwign <jf tlio Wright trichromatic colorimeter. The technique i« desoribed and the assumptions 
in the method for determining the fundamental response ctirves discusaod* Now observations 
ore reported in whicli tlio generalized form of von Krios’s law of coefficients is found to break 
down, and the departures frotn the coefficient law are analysed. Possible physiological causes 
for the breakdown are discussed. By a modification in the calculations, a new attempt has 
Iwion made to locate the colours in the tric.hromatic coloxir chart corresponding to the three 
fundamental l•e8ponseR, and to derive the response curves. 

Calculations wore first made in the W. D. Wright trichromatic system and were trans- 
formed into the rectangular uniform chromaticity s<^ale system of Breckenridgo Sc Schaub, 
showing the caution required in interpreting the statistical spread of the results. 


[Thin 'paper h<iti hem printed In full in Prov^edrngs volume 131, pages 27-50] 
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The ultimate shape of pebbles, natural and artificial 
By Lokd Baylbigh, F.R,S. 

{Received 16 July 1942) 

[Plates 1. 2 ] 

Flint pebbles that have been worn down enough to be symmetrical may be spherical, or 
may approximate to prolate or oblate spheroids or to ellipsoids. When, however, the seotion is 
at all elongated, it is not as a rule accurately elliptical, but except at the axial points it lies 
entirely outside an ellipse adjusted to the same axes. Thus, if one of the axes is much smaller 
than the other, the pebble is much flatter than an ellipsoid. 

Considering the quasi-spheroidal pebbles, whether prolate or oblate, these are always 
flattened at the poles, and the very oblate ones become tabular or even concave at the poles. 
These statements hold for flint pebbles, but a large quartzite pebble is figured which is pretty 
accurately an oblate spheroid, the meridional sections being truly elliptical. 

Experiments are described with chalk pebbles, initially shaped as prolate or oblate 
spheroids, and tlie change of figure under abrasion is observed. This depends in some degree 
on what is the abrasive. Steel nuts, nails (*tin tacks’) and small shot were used. In general 
the axes tend to approach equality, but not rapidly enough for tVie spherical form to bo 
attained before the pebble has disappc»arod. The form initially spheroidal l^oomes flattened at 
the poles just like the natural flint pebbles, and may become concave, as flints sometimes do. 

The circumstances determining the rate of abrasion at any point ore considered, and it is 
shown that this abrasion cannot be merely a function of the local specific curvature. The 
figure at poixits other than the one under consideration comes into question, so that the 
problem in this form has no determinate answer. It is shown by simple mec^hanioal con* 
siderations how the concave form arises. 


The large majority of pebbles found in nature though rounded in outline are of 
unsymmetrioal shape. This is no doubt mainly due to their not having undergone 
enough attrition to attain symmetry, but also in some cases to the material not 
being homogeneous — for it is sometimes found in experiment that the original 
artificially imposed symmetry is lost in the course of attrition. The present paper 
only deals with that minority of natural pebbles which are symmetrical, and with 
the experimental study of attrition, starting with definite symmetrical shapes. 

fly own recent observations of natural pebbles have been chiefly made on the 
flint deposits classed as glacial drifts, the beaches not being now accessible. 
Spherical pebbles are occasionally met with, but they are so rare in my district 
(Terling, Essex, not far fixtm Chelmsford) that they are sometimes put aside as 
minor curiosities. I have found or been given five or six of them in the course of 
a year’s interest in the subject, in a district where the gravel is extensively put 
down on roads of occupation, farmyards and the like. Pebbles approximating to 
oblate spheroids are fairly common, especially in small sizes, 2 to 3 cm. in diameter. 
Prolate forms of revolution are very rare, indeed practically non-existent. Long 
fii>ger-like natural shapes of flint are not uncommon in the chalk and in the drifts, 
end it might be imagined that they would yield approximate prolate spheroids by 
attrition, but in fact elongated pebbles when found are practically always wanting 
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in symmetry. It would seem that this shape is unstable, and loses symmetry 
instead of gaining it in course of attrition. Experimental observations casually 
made tend to confirm this view. 

Coming now to a closer view of the exact shape, it is often found that the spheres 
are fairly accurate. I have seen a spherical quartzite pebble from Woolshed, 
Beachworth, Victoria, Australia that was almost as accurately shaped as a billiard 
ball. It would seem that if what may be loosely described as the three principal 
axes are not very different initially (cube, e.g.) then the spherical form is con- 
tinually approached as attrition proceeds. Oblate forms very close to the sphere 
are certainly not often met with. 1 have, in fact, never found one with the polar axis 
08 much as 0*7 of the equatorial diameter. 

The principal sections of a pebble, if not circular, are seldom accurately elliptical. 
An example is seen in figure I (plate 1), which represents the section ac of a fairly 
symmetrical pebble having its axes 2a = 2-95 cm., 2h = 2*12 cm., 2c ~ 1*49 cm. The 
section was drown by projecting the enlarged silhouette of the pebble optically, 
and going round the shadow with a pencil. An ellipse was drown with the same axes 
2a and 2c. It will be seen that the ellipse lies within the pebble section, except at 
the four points on the axes, when it was adjusted to fit. The figure shown was 
reduced photographically from the enlarged graph. 

This inscribed ellipse was drawn as the simplest way of showing that the section 
was not elliptical. The circumscribed ellipse which could only be drawn by tenta- 
tive methods would show more directly how the actual pebble could be derived by 
local abrasion or figuiing (or rather disfiguring) of an ellipsoid. 

Pebbles like this one, having three unequal axes, exhibit a flattened shape in 
each of the principal sections, the curve bulging away at four places from the 
inscribed ellipse, and naturally this is more apparent the farther the section departs 
from a circular form. Whatever the significance of the flattened form, it is most 
simply exemplified when one section is circular, so that no unnecessary complica- 
tions arise. 

Such |>ebbles then are usually flattened at the poles* and in the case of flints 
they are invariably flattened, so far as my experience goes. 

The following photographs are silhouettes (shadows cost by a distant arc lamp) 
in actual size, the axis of the figure being in each case vertical. Figure 2 (plate I) 
is the nearest approach to a prolate figure of revolution that I have been able to find. 
The axial measurements are 3*18 cm., 2-2i cm., 1-71 cm. It is obvious by in- 
spection that the ends are much blunted compared with the circumscribed ellipse. 

Figure 3 (plate 1) is an oblate figure of revolution, again much flattened in 
the axial direction. 

There exist, however, oblate j)ebbles, which are not flattened in this way, but 
approximate closely to oblate spheroids. Figure 4 (plate 1) shows a pebble of 

» In poplar the earth is mid to be flattened at the poles. This means flattened 

fi^m the spW to the oWate spheroid. The pebble is flattened beyond this, the section being 
no longer elliptical. 
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quartzite which I owe to the kindness of my friend, Sir D’Arcy Thompson, F.R.S. 
He was unable to say with certainty where he collected it, but thinks it most 
probable that it was on the banks of the River Spey in Inverness-shire. Figure 5 
{plate 1) is an ellipse of nearly the same dimensions as the pebble section for com- 
parison. In the same collection were two other similarly shaped pebbles of some 
other fine-grained igneous or metamorphic rock, not precisely identified. 

Returning to the oblate flint pebbles, it is found that some of the thinnest ones 
are not merely flat at the poles, but actually concave. Figure 6 (plate 1) illustrates 
this. The concavity cannot be accurately photographed in profile, for obvious 
geometrical reasons, but a straight-edge has been placed over the concave surface, 
and with suitably adjusted positions of light and camera lens scattered light passes 
below the straight-edge, proving concavity. The other side is also concave though 
the illumination cannot well be arranged to show this in the same picture. The 
pebble measures 3*0 x 2*2 x 0*8 cm., and the radii of concave curvature are estimated 
at 19 cm. and 30 cm. 

In the case of natural pebbles there are no means of knowing definitely by what 
stages the individual pebble has attained its present shape. In particular we cannot 
say a priori whether a flattened surface has not been formed by the sides having 
been embedded, and the face alone exposed to attrition. It is true that in the case 
of a symmetrical pebble, we should have to assume that the stone had been turned 
over and the other side similarly flattened in its turn ; but this cannot be clearly 
excluded. 

Here comes in one great advantage of experimental conditions. They can be so 
arranged that no accident can have any preponderating influence and tlie influences 
at work are those which the statistical conditions themselves dictate. Further, 
the changing sha})e8 of one particular pebble can be examined as attrition pro- 
ceeds. Under natural conditions this cannot be done, and there is no definite in- 
formation as to the shape which preceded that actually observed. 

Many experiments have been made in the past on the formation of pebbles by 
abrasion, and some references are given at the end of this paper (Wentworth 1919, 
Showe 1932, Bullows 1939, Krumhein 1941). Some of the investigators are chiefly 
interested in the question of what distance the pebble must travel under water to 
produce a well-rounded form in the various kinds of material, and generally to 
see what can be inferred about the geological history of similar pebbles occurring 
in nature. I have not be^n able to find much about the questions here discussed, 
though it is of ooiurse widely recognized that the typical form of pebbles is flattened, 
and also that spheres are rare, and are not produced unless the original pieces 
have their three principal axes (using the terms in a loose general sense) nearly 
equal. It may be remarked that experiments on slate, or indeed any rock which 
has distinctive planes of cleavage or bedding, are not helpful in the present 
discussion. 

The method of investigation used is to begin with pebbles of a definite geo- 
metrical form, free from sharp edges, and to observe the modification of shape as 

8-2 
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attrition proceeds. There is little choice as to the initial form. An ellipsoid is clearly 
indicated. If we were to go beyond this we shonld have to consider surfaces of the 
fourth degree, which is scarcely practicable. 

It is useful to consider in the first instance what relation must hold between the 
specific curvature at any point of an ellipsoid and the linear rate of attrition 
measured perpendicular to the surface in order that the shape should be unaltered 
by the process of attrition. 

A general discussion of the curvature of surfaces is given, e.g. by Thomson & 
Tait (1879, p, 101). The reader may be reminded that at any point of a surface 
there are two principal curvatures. These are the curvatures of plane sections 
normal to the surface, these sections being chosen so as to have maximum and 
minimum curvature. It may be shown that they are mutually perpendicular. 
The specific curvature of the surface can be calculated as the product of these two 
principal curvatures. 

In the particular case of the ends of the axes of an ellipsoid the specific curva- 
tures are easily found. If a, b, c are the semi-axes, the specific curvatures are 

a^/6V, b^ja^c^y 

Multiplying through by we see that these are in the ratio 


a^:b*:cK 

If, therefore, in any given case the ratios of the axes a:b:c are found to be unaltered 
by abrasion, it follows that in this case the rate of abrasion at their ends must be as 
the fourth roots of the specific curvatures at these ends. It can be shown that the 
same holds at other points of the ellipsoid though naturally the geometry in this 
general case is not quite so simple. (See appendix at the end of the paper.) 

The questions of special interest in connexion with the abrasion of ellipsoids 
appear to be all sufficiently exemplified by prolate and oblate spheroids, wWch 
are much easier to shape in the first instance and to examine and discuss afterwards. 
Accordingly these have been used exclusively in the experimental work. 

Chalk was used as the mat/erial because it is soft. This makes it easy to shape the 
spheroids in the first place, and the desired amount of abrasion can be carried 
out in j>eriods of at most a few hours, and often less. The method of producing chalk 
spheroids is simple. An elliptic aperture is made in a piece of sheet brass about 
1 mm. in thickness. This would best be done with an oval chuck, as used in orna- 
mental turning. In the absence of such a tool, the ellipse may be scribed on the 
brass, which can be done well enough for the purpose by the common method of 
a loop of (linen) thread round two drawing pins. These pass through holes in the 
brass into a board below. The ai>erture is then filed out up to this mark. Having 
prepared the elliptical template, a piece of chalk is sawn and rasped to near the 
desired shape, and then revolved in the fingers against the template used as a 
cutting tool until it will just go through. In a few minutes a very satisfying 
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spheroid can be produced. The same template can of course be used to make a 
prolate or oblate spheroid of a given ratio of axes. The chalk used was from the 
Cherry Hinton pit near Cambridge. It occasionally contains shells or other hard 
inclusions which resist abrasion more than the body of the material, and produce 
local irregularities, but the trouble from this cause is not serious. The abrasion was 



carried out in the absence of water. This is a departure from the conditions which 
generally prevail in the formation of natural flint pebbles, but it may be doubted 
whether using the chalk wet would really imitate these conditions more closely, 
for unlike flint, chalk gets soft and muddy under water. In fact, wet chalk is too 
soft for satisfactory measurement, as attrition proceeds and to stop and dry it 
on each occasion would seriously delay the work. Further it is found that patches 
of local softness leading to irregular figure are more noticeable when the material 
is wet. 
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The shaped chalk pebble was placed in a metal box measuring 18 x 10 x 8 cm. 
with either 470 g. of steel hexagon nuts somewhat various but weighing on the 
average 7*5 g. each; or 420 g. of small nails {‘tin tacks*), length 10 mm., weight 
0*3 g.; or 1200 g. of small shot, diameter of pellets 2*5 mm., weight 0-1 g. There 
was nothing special about these quantities, which were originally taken at random, 
and adhered to. 



0 01 0-2 0‘3 0-4 0*5 0*6 


loss of diameter (cm.) 
Fiotjkk 9^^ Spherical. 
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The box rotated in a lathe about a central axis parallel to the intermediate 
dimension, and the contents fell from one end to the other about once a second. 
The chalk pebble was taken out from time to time, and measured axially, and 
along three or (preferably) two equatorial diameters, by sliding calipers. 

In some experiments chalk spheres of various sizes and chalk spheroids were 
abraded tc^ether for comparison, but no further reference is made to these tests 
in the present paper. 

If a glass lid is placed on the tin box it becomes possible to observe the pebble 
during attrition, and to see if there is any marked tendency for it to assume one 
piesentation or another towards the stream of impinging abrasive. So for as 
could be seen, there was no marked tendency of this kind, whether the pebble was 
prolate or oblate. 

The experimental results are plotted on the diagrams, figures 7-12, It will be 
observed that the losses of length (polar) and diameter (equatorial) are plotted, 
instead of the actual lengths and diameters. These losses have to be determined 
by the difference of much larger quantities, which is disadvantageous, and the 
uncertainty (say, 0*02 cm.) is appreciable on the scale of the diagrams. The 
irregularities could be smoothed out by making adjustments of this order of 
magnitude. 



0 0 1 0 2 0-3 0-4 0*5 0'6 0 7 0-8 


loss of diametor (cm.) 

Figure U. Oblate. 

The diagrams are arranged in order, with the loss of diameter plotted as abscissa, 
and the loss of length as ordinate. Thus the axis of figure of the spheroid is to be 
thought of as vertical in each diagram as generally throughout this paper. The 
spheroids pass from prolate through spherical to oblate along the series of diagrams ; 
the sectionB inset in each show these in comparative dimensions. On each diagram 
there is a point marked thus x . The abscissa of this point is (on the scale of the 
diagram) I/IO the original diameter of the spheroid, and its ordinate If 10 given on 
the original length. Joining this point to the origin we should get a line whose 


slope indicates the original ratio of length to diameter. (The line is not actually 
drawn because it would tend to overcrowd some of the diagrams.) I refer to it 
as the standard line. 

If the ratio length/diameter were unaltered by abrasion, the graphs would be 
straight lines coincident with the standard line, the cross x lying on this line into 
which the graphs aU coalesce. This would of course be actually realized for the 
sphere, the standard line being at 45^". The spherical case is indicated in figure 8, 
which merely expresses the fact that a sphere remains a sphere whatever kind of 
abrasive materials are used. This has often been incidentally verified in the present 
work, though verification is hardly needed. The only object of figure ft is to show 
the relation with other cases at a glance. 

It will be observed that in certain of these other cases the ratio length/diameter 
remains unaltered within the limits of experimental error. This applies, e.g. to 
prolate spheroids with the ratio length/diameter = about 1*4 when the abrasion 
is by steel nuts (figure 8). 

It also applies to oblate spheroids, length/diameter about 0-5, abraded by nails 
(figure 11). 

In all remaining cases shown on the diagrams the abrasion definitely disturbs 
the ratio of axes, and for prolate spheroids the ratio length /diameter is diminished. 
In other words the prolate spheroid either maintains its shape, or is shortened 
towards the spheroid form. 

An oblate spheroid may either : 

(1) Maintain its ratio of length/diameter as in figure 11 (nails), 

(2) or (more commonly) the ratio length/diameter may increase, tending towards 
the sphere, 

(3) or the ratio length/diameter may decrease, as in figure 11 (shot), length/ 
diameter 0-5. This is a case unique in the diagrams of a tendency to change away 
from the sphere, the original oblate form becoming more oblate. 

The changes of length and diameter are readily measured experimentally, and 
give a good deal of information : but clearly they cannot decide whether the figure 
remains spheroidal or not. For this ptir|> 08 e the projected shadow of the specimen 
must be examined. 

The profile photographs (figures 13, 14a, 15, 10, 17, 18, 19, plate 2) illustrate the 
original shape (outer margin) and the final shape (inner margin). Figures 146 and c 
show the components of figure 14a separated. The composite photographs were 
made os follows. The specimen was tacked to a glass plate with sealing wax, and 
the photographic plate placed in contact with this gloss plate. A distant arc lamp 
threw a sharp shadow of practically actual size. A similar photograph of the brass 
stencil used to 8hai)e the spheroid originally was made. Positives were printed by 
contact on glass from these two negatives, assembled film to film in the proper 
relative i^sitions, and fastened together with sealing wax. The pictures here 
given were printed from these assemblages. 

(It was at first attempted to adjust the chalk pebble in the centre of the stendl, 
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and to take the original picture at one exposure, but a satisfactory adjustment was 
not easily attainable in this way.) 

It appears very clearly from these photographs that the figure does not in general 
remain spheroidal. A spheroid, whether prolate or oblate, is flattened at the poles 
away from the spheroidal form, as in the case of the natural pebbles in figures 2 
and 3. This is evident by inspection of the photographs, and has been verified 
more objectively by the method illustrated in figure 1, though this is hardly 
necessary. Figures 13, 14 and 16 are prolate figures. The remainder are oblate. 

The flattening of the prolate spheroid is at the place where the initial curvature 
and rate of abrasion is greatest. The flattening of the oblate spheroid is at the place 
where the initial curvature is least, and the linear rate of abrasion small. (It is to 
be noticed however that this rate of abrasion is not the minimum, which is at an 
intermediate latitude. Its precise location is difficult.) 



loss Sf diameter (cm.) 
FiaiJEE 12. Oblate. 


Consider the case where the ratio of the axes is preserved unaltered as in figure 13 
(see also figures 8, 11, 12). In such a case, as we have seen, the abrasions at the 
pole and at the equator must be as the fourth roots of the initial specific curvatures. 
If the same held everywhere, the spheroidal form would be preserved. 

As it is not preserved, we must conclude that abrasion is not a function of the 
specific curvature only. The same follows from the fact that starting from a spheroid 
of given shape and therefore given curvatures at the poles and the equator, we 
find in general a different ratio of polar to equatorial abrasion according to what 
abrasive is used — ^naUs, steel nuts, or small shot. It is therefore useless to propose 
an amended law connecting the specific curvature with the linear abrasion at that 
point, for no such law can hold good. 

This raises the question what the linear abrasion at a point on the surface does 
depend upcm, if it is not determined by the specific curvature there. The considera- 
tions above given about the different abrasives show equally that it cannot be 
fixed by any other function of the principal curvatures, their sum for example, 
What then remains? The edges of a rectangular block are quickly rounded, which 
shows that a large local principal curvature (as distinguished from the specific 
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curvature) lias an important inHuenoe, but it cannot be the only one. The general 
outline of the spedtnen must have an effect in guiding the motion of the abrading 
bodies large or small in its neighbourhood, and hence the shape at points other than 
the one under consideration must be important. 

In most cases it would be difficult to attempt any further analysis ; but there is 
a special case which lends itself to the attempt. This is the case of a flat surface 
with sharp edges. If abrasion depended solely on curvature, the flat surface ought 
not to be abraded at all; but common sense rejects such a conclusion, and this 
alone makes it evident that curvature is not everything. 

Experiments on flat surfaces in fact lead to a very curious result. If we reduce an 
oblate ellipsoid sufficiently we get an approximately flat surface as in figure 19. 
After this amount of reduction, the specimen of chalk becomes somewhat rough 
and irregular though it shows a tendency to concavity. To pursue the matter 
further, it was found desirable to start with a flat surface, and to use steatite 
rather than chalk because it is of more uniform hardness and does not develop 
these local irregularities.* Starting with a flat disk of steatite with or without 
rounded edges, and abrading it with nails or steel nuts, a definite concavity 
develo|>ed on the initially flat faces, and shows conspicuously when tested with a 
straight-edge, l^sts made with templates indicate that the radius of curvature of 
the concavity is of the order of 20 cm. This is seen in the photograph, figure 20, 
where a straight-edge placed over the surface shows the concavity by diffused light 
passing below, as with the concave natural pebble, figure 6. This concavity can be 
equally well obtained using os abrasive rounded flint pebbles instead of the steel 
nuts; it has thei^fore no necessary connexion with the angularity of the latter. 
On the other hand it is not obtained with shot as the abrasive. We may 
therefore base the interpretation on assuming that the abrasive masses are com- 
parable in size with the specimen. 

i t 
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Fiouhe 21 u, 6. Illustrating formations of a concave surface. 

Suppose now that an abrasive mass approaches the specimen, and let its path 
be such that the centre lies beyond the edge at the point of impact (figure 21a). 
The edge will be rounded, and the abrasive mass will be deflected away, and will 
not produce any effect on the flat surface-bear the edge. If, on the other hand, the 
centre of abrasive mass strikes definitely inside the edge (figure 216) it will dig 

* Probably .taatite would have be<n> a better material to lue throughout, but I wa* for 

a time unable to prociuc it. 
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a hole in the flat sutface at the point of irnpaot* Thus, it isTairly ea^y to see that the 
statistical result will be a rounding of the edge, and the digging of a concavity in 
the hat surface. 

It will be noticed that this explanation requires the impinging abrasive mass 
fo be of considerable size. The explanation applies whether the impact is normal 
or moderately oblique. 

It is believed that flint pebbles such as figure 6, after passing the flat stage have 
become concave in this way. It should be remarked that concave flint surfaces can 
originate by fracture, and the general shape and patination sometimes indicate 
that this is in fact their origin. There is no absolutely certain criterion for deciding, 
but the indications are that a flat biconcave specimen like figure 6 has been abraded 
concave. 

In the experiments on abrasion which have been described, the abrasion has 
not been carried to great lengths, the object being rather to study the initial rate 
of abrasion of a spheroid. The tendency is usually towards a sphere, but it is so 
slow that the pebble will in most cases have disappeared before the sphere is 
attained. A few experiments have been made when the attrition was carried 
to great lengths. Thus, a rectangular block of chalk was cut measuring 2-5 x 2*5 x 
he cm. and was ground down using steel nuts as the abrasive. The following results 
were obtained : 


weight, g. approximate shape leugth/diameter 

16*3 rectangular 0-694 

4*0 oblate spheroid 0*7 1 

0*09 oblate spheroid 0-74 

Reducing the weight 183-fold has only achieved small progress towards the sphere. 
Some tests were made on a prolate ellipsoid of chalk, abraded by steel nuts : 


length 

diameter 


cm. 

cm. 

ratio 

3-66 

2*92 

1*26 

2-61 

1*96 

1*28 


It will be seen that over this range there is little change of relative dimensions, 
and what tendency there is is away from the sphere. When the abrasion was 
carried further, the circular symmetry was lost, the form becoming ellipsoidal 
rather than spheroidal. If this is typical it accounts for the rarity of prolate 
pebbles of circular symmetry. 

We do occasionally find spherical pebbles however, and they are often rather 
good approximations to a perfect sphere. It would seem therefore that when a 
certain approximation to a sphere has been attained, progress towards eqiiality 
must be much more rapid than the above tests would suggest as likely. There is 
much more to be done in this direction, and materials harder and more homo- 
geneous than chalk should l>e tried. 



. AppBNDIX- ■’ 

Proof that if an ellipsoid is found to be rednoed bji^ abrwsiaia without ohange of 
shape, the thickness removed at any point P must be as the fourth root of the 
specific curvature at P. 

Consider the quadrics confocal with the ellipsoid, and passing through P. One 
of these will be a hyperboloid of one sheet, the other a hyperboloid of two sheets. 
Lot the semi-axes oo-linear with the semi-axis a of the ellipsoid be a' and a" 
respectively. Iwet p be the perpendicular from the centre on to the temgent plane 
atP. 

Then we have (Salmon 1914, p. 171) 

The principal curvatures at the point P are (Salmon 1914, p. 169) 

a'*) and a'®). 

Thus for the specific curvature we have 

or 

The ratio of this to the specific curvature at the end of the semi-axis a is 
aW a* 

(o* - o'*)* («*-»'*)* ’ 

If the material removed by abrasion at P has the thickness Sp then, since similarity 
is araumed to be preserved, the ratio of this to the abrasion do at the end of "a 
is given by 

ipp l o6c be 

to “ o “ o ^ (a*-a'>)l (a*-©'*)* “ (o*-o'*)* (o*-'o'^»)‘ ' 

This is the fourth root of the ratio of specific curvatures above found. 
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Freezing-points of solutions of typical colloidal electrolytes ; 
soaps, sulphonates, sulphates and bile salt 

By Stewaet A. Johnston and Jahbs W. McBain, F.R.S. 

{Received 15 April 1942) 

On the basis of experience with different families of ooUoidal electrolytes, each of which 
exhibits a whole range of typical behaviour dilfferent from each other, and in agreement 
with the experience of Hartley and his collaborators ( 1 937), it is emphasised that conductivity 
alone is an untrustworthy guide in many oases as to whether or not a particular solution is that 
of a colloidal electrolyte. In all such oases it is essential to adduce other physical chemical 
evidence. Most conclusive is the direct comparison of thermodynamic with electrical pro- 
perties. 

Careful freexing-point studies have been made with a number of colloidal electrolytes.. 

It is shown that the behaviour of different groups in solution falls into several different 
types, although all have in common the replacement of ions by colloid particles with increase 
in concentration. For example, in the family of bile salts, as in those of certain wetting agents, 
the conductivity almost approaches the behaviour of an ordinary electrolyte, whereas the 
lowering of freezing-point falls off strongly and rather abruptly. 

It is pointed out that the term ^critical concentration* of micelles, as often used, is either 
an over-simpUfioation or a misconception. Micelles are actually formed over a fairly wide 
range of concentration, amounting to at least 10-fold. 

It is found that, in accordance with previous measurements of vapour pressure by MoBain 
Sc O'Connor (1940) that loading potassium olaate solutions with solubilized z^c-ootane scarcely 
affects the loweriiig of freezing-point, showing that it is not solubilized as independent 
molectdes, but that it is taken up in or upon existing colloidal particles. 

Colloidal electrolytes were first recognized and defined by one of us in 1913 by 
comparing the osmotic behaviour of their solutions with their electrical oon- 
duotivity. However, in recent years most investigators have omitted consideration 
of osmotic properties and have developed their conceptions from the electrical 
properties of modem synthetic solubilizing detergents. It is therefore important 
to supply measurements for a few typical oases. We have used for this purpose 
freezing-point equipment modelled after that of Scatchard (see MoBain, Dye & 
Johnston 1939). 


Expbrimbntal* 

Potassium deate 

Potassium oleate is the most soluble higher soap. However, like all other soaps 
derived from the fatty aoids^ it is hydrolysed in dilute solution, unless a slight 
exoesB of potassium hydroxide is present. It has been shown that this excess 
reittldiis as such (MoBain & Martin, X914; MoBain, Taylor & Laing 1922). 

Hmxie, potassium oleate was made from Kahlbaum’s purest oleic acid, of iodine 
number 90 and molecular weight 288-2, with 4 equivalents % excess of potassium 

* Moantremanta by 8. A. J. 

[M»l 
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hydroxide px^epared from potassium and water vapour free from carbon dioxide. 
This solution was stored in a bottle of Jena, glass with a well-vaselined stopper to 
exclude carbon dioxide. 

In the calculations the effect of the potassium hydroxide was calculated on the 
basis of the Bebye-Hiickel theoretical effect for that particular concentration. 
Since the alkali is not appreciably sorbed by soap (McBain & Martin 1914; McBain 
et al. 1922), we have mode a good first approximation as to its effect. The theoretical 
depression due to the alkali was subtracted from the actual effect, and the re- 
mainder, which is due to the potassium oleate itself, used to calculate the value of 
the osmotic coefficient g. This is defined as g = 1 e/( 1*858 x 2m), where e is the 

observed lowering of freezing-point in degrees, and m is the molality or weight 
normality, 

We have found it possible to study the freezing-point down to solutions as dilute 
{IS 0*00043 molal KOI { -h 0*0000 17 2m KOH), where the depression is only 0*00157"^. 
The results are given in table 1 and in figures 1 and 2. The last three results were 
obtained quite independently by Mr A. P. Brady , using a different standardization 
and a solution made from another Kahibaum’a oleic acid of iodine number 90*1 
and molecular weight 290*4. 

Table 1. Freezing-point lowerings of dilitte aqueous solutions of 

POTASSIUM OLEATE CONTAINING 4 EQUIVALENTS % EXCESS OF POTASSIUM 
HYDROXIDE 


cone. 

0 

{/corr. 1 

oonc. 

0 

gcorr. 

0 0004302 

0-00157 

0-981 

0-01862 

0-00963 

0-1391 

00007798 

0-00262 

0-9()4 

0-02405 

001102 

0-1233 

0001198 

0-00368 

0-806 

0-02901 

0-01238 

0-1149 

0002201 

0-00485 

0-593 

0-04007 

0-01569 

0-1060 

0007263 

0-00726 

0-269 

0-0998 

0-0385 

0-1039 

0-009136 

0-00773 

0-228 

i 01228 

0-0473 

0-1037 

001165 

0-00830 

0-192 

1 0-1626 

0-0817 

0-1022 


In figure 1, the straight line from the upper left-hand comer represents the 
Debye-Huckel slope g ^ 1-0*327/1 for fully dissociated uni -univalent electrolytes 
in high dilution. 

Only five values for freezing-])oint lowering of potassium oleate were previously 
available (McBain, Laing & Titley 1919). Two, shown in figure 2, were 0*215'' and 
0*348'' for 0* 1 and 0*6 n, corresponding to values of g of 0* 144 and 0* 166 respectively. 
These values by the Beckmann method appear to be substantially correct. Titley, 
by the Richards method, measured the three further dilutions, which were un- 
fortunately progressively in error (the first, for 0*206 N^^,, misprinted as M96 n„„ 
gave a g value of 0*163 ; and the others even higher values). A, P. Brady has 
found, for a 0*366m potassium oleate with 4 equivalents excess of potassium 
hydroxide by the Beckmann method, three values of g, corrected for the excess 
potassium hydroxide, 0*126, 0*136, and 0*134, as shown in figure 2. 
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Fiourk 2 
Sodium oleate 

For sodium oleate , there have been only the two measurements (M eBain etaLigig) 
by the Beckmann method and two (Laing & McBain 1920) by the dew-point method 
at 18® and the graphs (without numerical data or tables) of Roepke & Mason 
(1940) by the thermoelectric vapour-pressure method at 26®. Mr 0. E. Bolduan 
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finds that the sodium oleate made from metallic sodium and pure Lapworth 
oleic acid, supplied by British Drug Houses, with equivalent weight 286*0 and 
iodine value 85, has a solubility at 0° of not much over 0*01 where g would be 
approximately 1 anyway on account of the great dilution. It was therefore 
necessary to study supersaturated solutions, using 4 equivalents % excess of 
sodium hydroxide to prevent hydrolysis. Mr Bolduan failed to obtain a successful 
measurement with 0*4 sodium oleate, and doubt is thrown upon the previous 
Beckmann value for this concentration (Laing & McBain 1920). The new pro- 
cedure included the important precaution of inspecting the solution immediately 
after making the measurement to see if it was indeed clear and transparent and 
free from either curd or acid soap. His results for 0*2 sodium oleate^ confirm the 
previous Beckmann value (McBain ei aL 1919). Thus we have for pine sodium 
oleate at O'", = 0-127 for 0-2 with some hydrolysis, as compared with the new 

results by O.E.B. of 0-104, 0*118, mean 0*111 for 0*2 n^, without hydrolysis, At 
18"" the dew point (Laing & McBain 1920) had given, as might be expected, the 
somewhat higher value of 0*17 for 0*4 and 0*6 oleate. Thus sodium oleate is as 
osmotically active as potassium oleate; in both cases g would appear to pass 
through a minimum, although the evidence depends partly upon comparison 
between different methods of measurement. The values by Roepke & Mason, 
tiamely, 0-3 for 0*2 n and 0*25 for 0*4 N at 25®, are unaccountably high. 


Aquemis potanaium oleate with isO'Oetane solubilized therein 

Detergents in dilute aqueous and nou-aqueous solution solubilize otherwise 
insoluble substances. In spite of much speculation and conflicting opinions, no 
physical chemical evidence, apart from the X-ray measurements of Kiessig & 
Philippoff (1939), has been published regarding the actual mechanism of solubili- 
zation. 

In the first place, a series of investigations (Krkhnamurti 1929 ; Philippoff & 
Hess 1937; Hess, Kiessig & Philippoff 1938; Hess et aL 1939a; Hess, Philippoff & 
Kiessig 1939^^; Stauff 1939a, b) have independently shown that clear transparent 
unhydrolysed soap solutions and solutions of soap-like detergents give good X-ray 
diagrams. These X-ray diagrams demonstrate that the colloidal particles are 
highly organized in a manner somewhat similar to crystals of soaps or fatty adds. 
The soap molecules are arranged in planes or layers or lamellae. The soap mole- 
cules are in pairs standing end to end, and these pairs are laid parallel to each 
other normal to the layers. Hess and his collaborators regard these lamellar 
micelles as l>eing truly crystalline, whereas Stauff (1939a, 6) regards them as being 
liquid crystalline, in that the molecules may be free to rotate on their individual 
axes. 

Kiessig & Philippoff’s contribution (1939) was to show that the spacing, 49 A, 
corresponding to the double length of the sodium oleate molecule, is increased to 
H6 A when Ijenzene was solubilized therein. This indioated that a layer of benzene, 
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36 A thick, is sandwiched between the single layers of close-packod soap molecules 
separating the hydrocarbon ends. In addition, they fonnd layers of water 42 A 
thick sandwiched between the polar side of the soap layers making a total spacing 
of 127 A. Stauif’s ‘ Grossmizellen * are thus identical with the neutral or lamellar 
rather poorly conducting micelle proposed by one of us many years ago. In more 
dilute solutions in wliich colloid is still shown to be present by conductivity and by 
freezing-point these X-ray diagrams cease to appear, showing that smaller less 
organized niicelles, such as an ionic micelle, are the first to be formed. Nearly all 
authors now recognize that at least two kinds of colloidal particles or micelles are 
formed by any one colloidal electrolytes 

In Lester Smith’s (1932) studies of the solubilization of aniline or of a dye, he 
concluded that 'the solvent powers of soap solutions can only be accounted for by 
postulating adsorption of the organic solute on the colloidal soap particles'. 
Hartley and Lawrence, on the contrary, later suggested that dyes are dissolved in 
a liquid interior of globular micelles. We consider that, in addition to the Kiessig & 
Philippoff apparently proven cose, we may also have to postulate yet further 
mechanisms, such as colloidal j)articles containing both soap and solubilized 
material, to account for some of the large colloidal particles which become evident 
in the ultramicroscope when the soap is not too concentrated nor insufficiently 
loaded. Whether, then, the exterior is mostly soap or whether Lester Smith’s con- 
ception is a better descriptioii rornains an open question. 

Ward (1939, 1940), studying sodium dodecyl sulphate in water and aqueous 
alcohol and noting that alcohol is insoluble in paraffin, (jonoludes that it is sorbed 
on the exterior of the micelles to the extent of between one and four molecules of 
alcohol per equivalent of sulphate in the micelle. 

In any case, the results we now present establish the fact that the 
solubilized molecules do not exist as such; that is, they do not dissolve as 
free molecules, but are wholly taken up in colloid form, preferably in fjr on 
existing soap micelles. 

This was ])reviously shown by the fact that the volatile hydrocarbon dis- 
appears into the soaj) solution in large quantity without producing a liigh vapour 
pressure; and we now sIkjw similarly, and as a necessary corollary, that it 
dissolves in the soap solution without appreciably increasing the lowering of 
freezing-point. Conversely, the addition of the i.vo-octane cannot greatly alter 
the colloidal electrolyte. 

Table 2 gives values for solutions of the same potassium oloate as in table 1 , but 
where now i^o-octane was added in nearly saturation amount, about 0*7 g. to 1 soap. 
Since the vapour pressure of the hydrocarbon is well below saturation, no emulsion 
can be present, but only solubilized material (McBain & O’Connor 1940). The 
results are compared in figure 1 (points marked by crosses) with those for the 
solution without t^o-octane, and it is seen that the effect of the i^o-octane is 
u^ligible. Had the added w-octane remained in the form of ordinary separate 
independent molecules, each fully active osmotically, the value of g reckoned on the 
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soap alone would have been raised very greatly, namely, by no less than 0’98, 
whereas practically no effect is seen. Thus in the strongest soap solution the iso* 
octane alone, if in true solution, would have produced five times the observed 
lowering. 


Tablk 2. Freezing -POINT eowerino of potassium oleate solutions 

NEARGV SATURATED WITH SOLUBILIZED i«0*OCTANE 


w, KOI 

0 

9 

wK KOI 

6 

9 

0003335 

0-00fil49 

omu 

0*01275 

0*009452 

0*1996 

0'003404 

0>0(>0120 

0-4719 

0*01278 

0-009600 

0-2021 

0'00679ri 

0-007438 

0-2946 






iSodmm decyl sulphonate 




Results have already been published for the non -hydrolysing detergent, dodecyl 
sulphonic acid (see MirBain et al. 1939). Its sodium salt proved too insoluble to 
be investigated at 0°. Sodium decyl snlphonati^ is somewhat more soluble, and 
results for the available range of concentrations are given in table 3 and figure 3. 
The purified salt was kindly supplied by Professor H. V. Tartar. It is of interest 
to note that in the figure, the very dilute solutions almost coincide with the Debyo- 
Hiickel values, the most dilute giving a value within "•1% thereof. At ()*0l7m 
the value of g begins to fall rapidly. 


Table 3. Freezing-point lowering or sodium decyl sulphonate 


contj. 

0 

(J i 

coac. 

0 

9 

0001931 

0-007086 

0-987 

0*01083 

0-03853 

0-958 

0-003167 

0*01151 

0-982 

0-01654 

0-0540H 

0*936 

0004911 

0-01779 

0-975 ; 

0-01724 

0-05966 

0-931 

0*007126 

0-02574 

0-972 I 

I 0-01835 

0*06127 

0-899 
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Sodium decyl sulplmte 

The sulphate likewise does not hydrolyse, although it is more soluble and less 
stable if acidified. We are indebted to the research laboratories of the E. I. du 
Pont do Nemours and Go. for purified specimens of this and the dodecyl sulphate. 
The measurements are given in table 4 and figure 4. The somewhat high results 
must be attributed to remaining impurity, as shown also by analysis for sodiiim 
sulphate. The osmotic coefficnent falls rapidly above 0*026m. 


Table 4. FKEKZTNo-rorNT LowERiN<i of sodium decyl sulphate 


cone. 

0 

<7 

j cone. 

0 

9 

000155] 

0-0057 

1-00 

0-007614 

0-0280 

0-99 

0-002037 

0-0075 

0-99 1 

0-01118 

0-0417 

1-00 

0-002743 

0-0101 

0-99 ; 

0-0137] 

0-0506 

0-99 

0-003854 

0-0134 

0-97 

0-02461 

0-0895 

0-98 

0-005142 

0-0189 

0-99 i 

0-03705 

0-1232 

0-89 

0-005837 

0-0213 

0-98 

' 0-05016 

0-0363 

0-73 

0-006878 

0-0256 

1-00 
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Sodium dodecyl sulphate 

With the dodecyl sulphate the osmotic coefficient begins to leave the Debyo- 
Hiiokel slope well before its rapid descent at 0-005w. At 25'’, where it is very 
soluble, the conductivity at this concentration is still following the Debye-Onsager 
slope (McBain & Searles 1936 ). Insolubility prevents following it further. Our 
results are displayed in table 5 and figure 5. 
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Table 6. Febezing-point lowebing op sodhtm dodbcvl sulphate 


cone. 

d 

y 

0-0007519 

0-00276 

0-987 

0-001022 

0*00374 

0-984 

0-001231 

0*00450 

0-984 

0*001764 

0-00640 

0-976 

0-002093 

0-00753 

0-968 


cone. 

e 

9 

0-002637 

0-009115 

0-967 

0-002920 

0-01032 

0-962 

0-004039 

0-01420 

0*946 

0-004776 

0-01672 

0*942 

0-006486 

0-01798 

0*882 
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The bile salty sodium deoxychoUitey as a colloid/il electrolyte 

The bile salts, such as sodium deoxycholate, C 2 jjH 37 (OH) 2 .CO()NA, are sterol 
derivatives and colloidal electrolytes as has been shown also by the contem- 
poraneous work of Roepke & Mason (1940), who have given some data for the 
cholate, glycocholate and glycodeoxycholate. Our sodium deoxycholate was 
specially supplied by Riedel -de Ilaen. It was dried at lOS"" for 1 hr., losing 10% 
of its weight, presumably as water vapour. Our measurements of freezing-jioint 
extend from 0 003 up to 0*31m. The osmotic coefficient drops rapidly between 
0*007 and 0*07m, after which it continues to fall slowly without passing through a 
minimum. The results are shown in table 0 and figure 6. 


Table 0. KREKziNn-roiKT lowering of sodium deoxycholate 


cone. 

0 

9 

cone. 

e 

9 

0*002984 

0*0111 

1-00 

0-02794 

0-0660 

0-63 

0*003397 

0-0124 

0*98 

0-02959 

0*0672 

0-61 

0*003817 

0-0141 

0-99 

0-04054 

0-0824 

0*66 

0-004349 

0*0162 

1-00 

0-05772 

0-105 

0-49 

0*005638 

0-0208 

0-99 

0*07368 

0-124 

0*46 

0-007412 

0-0267 

0*97 

0*1024 

0-169 

0-42 

0-01029 

0*0362 

0*92 

0*1430 

0-208 

0-39 

0 01313 

0-0411 

0-84 

0-2128 

0-286 

0-36 

0-01556 

0-0456 

0*79 

0-3235 

0-409 

0-34 

0-02183 

0-0566 

0-68 

1 
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For comparison, the conductivity was carefully measured {(f. McBain et ah 
1939) at O'" C with a cell whose constant was 12*51 7. The values are given in table 7 
and plotted in the form of conductivity ratio in figiii’e 7, The equivalent conduc- 
tivity at infinite dilution would be 37 mhos by extrapolation, or 30 mhos if in more 
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dilute solutions the curve (dianges to tlio Dobye-Huckel slope. With increasing 
concentration the conductivity, (juite unlike that of a higher soa|) or the higher 
sulphates or sulphonates, merely falls steadily over the whole range of concen- 
tration, as shown in table 7. Similar behaviour was shown by Roepke & Mason 
for their three bile salts. This is in striking contrast to the behaviour of the 
osmotic coefficient which is like that of the soaps and sulphates and sulphonates. 


TaBLK 7. CONDOCTIVITV OF 80DITTM nKOXVCHOLATK AT O'" C 



oquiv. 

cone. 

conductanco 

002129 

34-90 

0*03284 

33-83 

003934 

33-18 

0*06789 

31-87 



equiv. 

cone. 

conductance 

0-07065 

30-77 

0-09926 

29-26 

0 1336 

27-72 

0-2949 

22-48 


Discussion 

The primary fact about all colloidal electrolytes is that, with suflicient increase 
in concentration, ions are gradually replaced by colloid particles. This substitution 
always takes place over a wide range of concentration. Thus, th(5 critical concen- 
tration for completion of the formation of micelles is ten or often many more times* 
greater than the ‘critical concentration for the initiation of micelle formation'. 
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The effect of substituting colloidal particles or micelles for ions is tisually greatly 
to reduce the equivalent conductivity and the lowering of freezing point, although 
in different degree. This is the most striking effect to be seen in all the figures of 
this paper. No other adequate explanation for it has yet been suggested. 

Different colloidal electrolytes differ quite markedly from each other in the 
relations of conductivity and osmotic behaviour in dilute solution. They differ also 
in comparison with the Debye- II liekel formulations for fully ionized electrolytes. 
It is, therefore, misleading to take any one, for example, such as the alkyl sulphates 
or Hulphonates studied by Lotterinoser, Hartley and many others, as typical. 
Indeed, as has been known for over 20 years, in each family, even within homo- 
logous series, such as the original soaps or the sulphonic acids, the behaviour 
changes gradually over the whole range from lower to higher members. The bile 
salts, and several groups of wetting agents, differ from both of these families, not 
so much as regards osmotic behaviour, but in respect to conductivity. Their con- 
ductivity undergoes no great diminution at any definite concentration, bxit falls 
off only slowly and gradually over the whole range. 

Even the dyes differ from each other. Methylene blue is so far unique in having 
a short range of conductivity rising to a value much git^ator than that at infinite 
dilution before it begins to fall off. However, the higher paraffin chain sulphonic 
acids exhil)it a conductivity (McBain et al. 1939) that in extreme dilution does not 
fall off with concentration according to the Debye-Onsager slope for strong 
electrolytes, but remains constant or horizontal above it before beginning the 
steep descent. A similar behaviour was reported by Tartar for related magnesium 
sulphonates. 

Hartley and collaborators (1937) quote their previous results with methylene 
blue, and their very different results with meta benzopurpurin whose conductivity 
simulates that of an ordinary strong electrolyte, and state explicitly: ‘This means 
that it may be impossible to obtain from conductivity measurements alone direct 
evidence of the formation of ionic micelles*. This cuveat has been overlooked in 
several other laboratories in recent studies. 

Bile-salt type 

Hence, we may discuss just two of these types. First, let us take the latest to be 
examined, namely, the bile salts. Figures 7 and 8, respectively, give our data for 
sodium dooxyoholate at 0° and those of Roepke & Mason (1940) for sodium glyeo- 
deoxyoholate at 25"", drawn on the same scale. It is seen that they are very similar 
in type and they resemble the cholate and glycocholate (Roepke & Mason 1940). 
For convenience in displaying the curves, g and equivalent conductivity ore both 
expressed as unity at infinite dilution. 

With the four bile salts, the ions rapidly disappear without much affecting the 
conductivity. Therefore, the colloidal particles must be small, highly charged 
micelles, not like those in ordinary concentrations of soap. It is impossible to 
determine without such further evidence as migration, on X-ray evidence, whether 
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the micelles are all of owe kind, produced from a mixture of ions, or whether there 
are present some ionic micelles composed essentially of anions. There can be no 
important concentration of ordinary ion-pairs or of molecules, for in such case the 
conductivity would be more affected than the osmotic behaviour. 



Ficjure 7 
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Higher soap arui htver hornolog(ms types 

F<ir the soapH, we have the new data for the oleates. Theye were collected in 
figure 2 for j)otaBfiiium oleate. In tliis, values of freezing-point lowering expressed 
as g and values of (jonductivity (McBain et aL 1919) (at 18'') expressed in terms of 
that at infinite dilution ar<5 plotted against the square root of molality, or weight 
normality. Both g arid condu<!tivity liave, therefore, the value of unity at infinite 
dilution. 

Figure 2 shows that the so-called critical concentration for the initiation of 
mioelles, if there be such a thing, comes near 0*0004 n, but that the lowering both 
in conductivity and in osmotic coefficient is not completed until about 0*06 ; that 

is, a range of concentration of 1 50-fold, during w'hich the pro])ortion of colloid pro- 
gressively increases. Next, it is see/i that both conductivity and osmotic activity 
are very greatly lowered, (kmductivity is much less lowered, only to one-third, 
whereas osmotic activity passes through a dofimte, although shallow, minimiim, 
rising again with further increase in cormentration by 12 and 50%, respectively. 
Tiiis is also unmistakable for the lower potassium soaps, data for which are appear- 
ing elsewhere. For the osmotic effect this must be due to hydration, whereas for 
conductivity McBain has ascribed it to progressive formation of highly conducting 
ionic micelles. Hartley and others formerly departed from the principle of Le 
(^hatelier and of mass action which wen^ relied uj)ori in more dilute solution, and 
assumed that dissociation of the associated ions now increases instead of decreasing 
with concentration. Ward (1939, 1940) queries this, and concurs in Hartley’s 
(1939) more recent attempt to explain it in terms of overlapping ionic atmospheres 
and changes in dielectrics constant of water extending to comparatively great 
distances from tiie micelles. 

McBain (1940) ])oirit8 out that the absolute concentration of ions must neces- 
sarily increase throughout, and that formation of the small icuiic micelles will 
likewise increase throughout, beginning at extreme dilution. Again, from the same 
principle, the formation of the large lamellar micelles of different formula, earlier 
given the unfortunate designation of ‘neutral ’ colloid, must increase relatively very 
fast as soon as its formation begins until it is fairly eoin})lete, even if of modified 
composition and size and, therefore, of shifting ecpiilibrium constant. 

Stauff’s lamellar colloidal particle is identical in properties and structure with 
McBain’s lamellar or ‘neutral’ micelle. Hartley’s ‘ionic micelle’ of a few years 
ago was similar in conductivity with McBain^s neutral micelle, but different from 
the latter in not being lamellar and not changing in size ai\d composition witli 
concentration. Ward (1939, 1940), using conductivity alone and ignoring the X-ray 
evidence for lamellar micelles from several other laboratories, retains a s})herical, 
poorly conducting or relatively neutral micelle like Hartley’s, with the properties of 
McBain’s lanmllar micelle. The radius of the sphere is fixed by the chain length 
which makes it inde|)endent not merely of concentration but of nature of solvent. 
McBain always regarded this lamellar micelle as the most important colloid present, 
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as it was necessary to account for the great lowering in both conductivity and 
osmotic coefficient. The highly conducting ionic micelle was brought in to obviate 
quantitative discrepancies between a whole group of physical chemical properties. 

Van Rysselberghe (1939), taking into account both otir conductivity and 
freezing-point data, has shown that the average compOHition of tlie micelle varies 
with concentration over an extremely wide range beginning with a simple ion -pair. 
Mrs M. E. L. McBain (1933) has shown that the diffusion of the oleato is quanti- 
tatively in accord with the interf)retation in terms of lamellar along with ionic 
micelles. This is likewise the case for her striking results for free lauryl sulphonic 
acid (1939). 

The enhanced (conductivity in very dilute solutions referred to above, where 
conductivity is greater than the Onsager limit for complete dissociation, for several 
types of colloidal elec^trolytes must be due to simple, highly conducting micelles, 
such as McBain’s ionic micelles, and not to ion-pairs or even groups of two anions 
with one cation. Comparison of conductivity and freezing-pomt or dew-y)oint 
lowering for the lower soaps (tiompare the following section) indicates (McBain 
1939) l^hat neutral ion -pairs are the first and most prominent products of asso(dation 
over a relatively wide range of concentration. There is no alternative to this con- 
clusion if there is only one jiroduct of association and if tlje (conductivity ratio 
a = 2g — 1 = van’t Hoff’s / — 1 , more especially w hen both a and g and i ai*e cor- 
rected for Debye-Hlickel effects. 

It has been repeatedly pointed out that the free electrical (charges on all micelles 
proposed by McBain, Hartley, Stauff, etc. are so far apart that they are practically 
independent and each has an independent ionic atmosphere (comparer Kirkwood 
1934). Hence the ionic strength is that of a uni-nnivalent olec^trolyte. Consonant 
with this is the repeatedly established fact (for example, McBain Searles 1936) 
that both conductivity and fnn^zing-point lowering or vapour-pres8im:c lowering 
are altered to the sarru^ extemt by additions of indifferent electrolytes as if they were 
measurtMl in th(^ presence of uni-univalent salts. For this reason, conductivity and 
thermodynamic j)ro|)ertie8 of colloidal electrolytes may be interpreted as if they 
neferrod to uni-univalent electrolytes. To avoid misunderstanding, it should be 
emphasized that the indifference of conductivity and osmotic ccxjfficjiciit of colloidal 
ele(Jtrolytes to added salts is only observed after the colloid is fairly compU^tely 
formed already. Indeed, like Powney & Addison (1937) and others, wo have found 
that in extreme dilution added salt has a great influence in forming colloid. Here 
added salts increase solubilizing action, whereas in less dilute solution they tend to 
dimihish it. 

Turning again to figure 2 for potassium oleate, it follows that sinixs the con- 
ductivity curve lies so much higher than the osmotic coefficient curve, the average 
compositions of the colloid must correspond to a high proportion of paired off 
positive and negative ions and yet the soap is fairly highly conducting. Were this to 
be referred to one kind of (JoUoid with that conductivity, the migration number so 
predicted would be far greater than that observed (Laing 1924). Therefore, we are 
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forced to place most of the neutral soap in the poorly conducting lamellar micelles 
and retain only a moderate proportion of highly conducting small ionic micelles 
consisting largely or wholly of associated ions of one kind. 

Only gradiial and small effects are observed with lotver hotnologues 

It is interesting to recall, in connexion with all this work, the data for the lower 
soaps for comparison with the other figmes in this paper. This is done in figure 0. 
Comparison of these with the impressive series of measurements by Lottermoser & 
Piischel (1933; sodium dodeoyl sulphate alone has also been carefully studied by 
Howell & Robinson 1936, and by Ward 1939, *940), for the salts of the higher 
alkyl sulphates, shows that it is for the highest homologues in the straight-chain 
Hulphonate^s and sulphates that there is the most abrupt drop in both conductivity 
and osmotic coefficient in rather dilute solution, whereas for the lower homologues 
in all cases the falling off is very gradual, becoming important only at really high con- 
centrations such as k/ 2 or higher. A so-called critical concentration is an extreme 
case confined to the highest homologuevS of a very few types of colloidal electrolytes. 
Bolam & Ho|)e (1941) point out that phenanthrene sulphonic acids and their 
derivatives resemble the lower homologues of the paraffin-chain derivatives. 



0 H) »o K) 10 

concentration 

Fioiiek 9 


Ward (1939, 1940) finds a gradual transition from colloidal electrolyte to normal 
electrolyte on addition of alcohol in progressively large quantities to aqueous 
sodium dodecyl sulphate. He states: ‘From 40 % of alcohol onwards there is no 
critical concentration ’ and concludes that 'the fraction of the ions which aggregate 
to micelles at the critical concentration is gradually decreased and falls to zero 
at about 40 % of alcohor. 
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iVn electrical detector of condensation in high-velocity steam 

By a. M. Binnie, M.A. at«i> J. R. Greex, B.K., D.Phie. 


(Commwnimted by 11. V. Southwell^ F.R.H. — Recrivad 1 September 1941) 


fPlatn 3| 


A now inothod has boeri th voloped for finding whcro condonsation in a ronvorgoiit-divorgont 
Bteaiii noz/U> tn^TnmoneeH. When a short length of fine wiro, inovnited on a rod, was traversed 
axially through the tiozzh', it was found that its roaistaneo altered sharply at a eertain point. 
The position of this point agreed closely with that of a small sudden pressure ris«^ iru the 
nozzle, which an earlier investigation had shown to indicate the beginning of condensation of 
the supersaturated steam. The mean t/Omperaturo of the wire upstream from this point was 
fotind (as prediet^sl by Griffith's theory) to bo nearly the same as that of tliti steam at 
entrance to the nozzle; it was greatly in excess of the temperature of the high-volooity 
steam passing the wire. 

The wire was heated electrically, ami the Nusselt number of heat transfer f.(> the steam was 
measured under tlie pre\’ailing suporsouio conditions. The Wilson lino, showing the position 
of condensation on the Mollier diagram, was determinetl, and is compared with the lino 
previously obtained for another nozzle of different shape. 


1. Introduction 

A recent invoBtigation (Binnie & Woods 1938) on the flow of steam through a 
convergent-divergent nozzle showed that the point of condensation was marked by 
a sharp rise in pressure. This method of detecting condensation can rarely be 
employed, and we have therefore sought for another which could be used in pipes 
and in turbine passages. It is well known that the various types of wind deflectors 
fitted to the bridges of ships and to the cockpits of aircraft become relatively in- 
effective when tlio air contains dnjps of moisture because these heavier particles are 
not easily diverted from ilusir course, A similar principle underlies the design of 
(centrifugal separators, and it has even been used in instruments for measuring 
wind-blown sand in the Sahara. It thus seemed probable that the action of flowing 
steam on the surface of a wire held in it would depend markedly on the presence or 
absence of moisture in the steam. 

According^, experiments were (tarried out on a modified form of the nozzle 
previously used. Being fitted with numerous pressure tappings, it served as a con- 
venient device for producing steam which at a known and well-defined point became 
wet . A fine w^iro supported by a rod was arranged to move along the nozzle axis, and 
its resistance (and hence its mean temperature) was determined. In addition to the 
main object of the work, tw<j subsidiary investigations were made: (a) the loss of 
heat from the wire at various temperatures was measured; {h) the pressure dis- 
tribution in the nozzle was examined as in the previous tests, and it was then possible 
to show how far friction losses and the position of the Wilson line depend on the form 
of the nozzle. 
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2. DESCRirTION OF THE APFABATUS 

The apparatus, shown in figure 1, was a modification of that used in the earlier 
work. The rectangular nozzle previously employed was too shallow to permit the 
introduction of a wire. New cheeks were therefore inserted to form a deeper nozzle 
which had a somewhat greater throat area. The divergent walls were straight and 
inclined at 2*0° to the axis, the throat was formed by circular arcm, and the constant 
depth was 2*22 cm. Figure 2 gives a plan of this nozzle and indicates also the pressure 
tappings in the base; the dimensions are shown in table 1 . 


steam 




In the earher work the steam pressures were read on inde|>endent mercury 
U-gaugee, each with its own air leak and a leak indicator consisting of a water 
U-gauge. This arrangement was replaced by a multiple gauge (figures, plate 3), in 
which the twenty -five pairs of mercury and water columns rose from common reser- 
voirs, supplied from tanks attached to the back of the gauge. The water reservoir was 
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Tablic 1. Nozzt.b dimensions 



distance 

mean I 


distance 

mean 


from 

Tneosured ; 


from 

measured 

tapping 

tapping 1 

width 1 

tapping 

tapping 1 

width 

nimi})or 

cm. 

cm. 1 

number 

om. 

ora. 

1 


4021 1 

17 

8*32 

2133 

2 

1*53 

2*931 i 

18 

8*74 

2161 

3 

240 

2*47« 

19 

9*16 

2*191 

4 

2-82 

2*299 i 

i 20 

9 58 

2*220 

5 

324 

2*159 ! 

21 

10*00 

2*261 


3417 

2*054 " 

22 

10-43 

2*281 

7 

410 

1*978 

23 

10*85 

2*311 

8 

4*52 

1*930 I 

24 

11*27 

2*341 

« 

4*94 

1*915 ! 

1 25 

12*54 

2*432 

10 

fr3() 

1*925 ; 

; 26 

13*81 

2*518 

n 

5*78 

1*953 ' 

1 27 

16*09 

2*607 

12 

6*21 

1*987 

28 

16*36 

2*698 

13 

9*03 

2*018 

1 29 

17*63 

2*789 

14 

705 

2*046 

1 30 

18*90 

2*877 

15 

7*47 

2*074 

31 

20*80 

3*013 

10 

7*89 

2*104 1 

1 throat 

5*04 

1*908 


divided into two parts; one served the leaks to which compressed air had to be 
admitted because the pressure to be measured approached or exceeded that of the 
atmosphere, wliile the other was connected to the leaks in the divergent part of the 
nozzle w^here the pressure was less than atmospheric. The pairs of columns at the ends 
of the row were left open so that they showed the levels in the mercury and water 
tanks, and thus gave the zeros for the other columns; the two mercury columns were 
also used as a level to set the scale on the gauge truly horizontal. The indications of 
the gauge were recorded by a 9 x 12 cm. plate camera with an exposure of sec., 
the readings from the plates being corrected for parallax. This method of obtaining 
the y)re88Ui*es proved most successful. Much time was saved during the tests and a 
jierrnanent record obtained. A total of 107 plates was usefully exposed. 

As before, the apparatus was supplied with steam from a boiler through 50 ft. of 
11 in. pipe, and the pressure at inlet to the nozzle was approximately atmospheric. 
In the earlier experiments the desuperheater and two throttling valves wore fitted 
close to the apparatus, and in the course of the discussion on the paj)er several 
speakers suggested that the age of the steam at entry might be a factor of importance. 
An additional desuperheater was therefore fitted 10 ft. from the boiler, the water 
being introduced into the pipe by a centrifugal pump, and this gave the desuper- 
heated steam at entry to the nozzle an age of about 1 sec. The boiler stop valve was 
also used for throttling purposes, but it was found that whatever arrangement of 
tlirottling and desuperheating was tried the pressure distribution in the nozzle was 
unaffected. 

The wire was carried on a tube, 1 in. outside diameter and ^ in. inside diameter, 
w'hich (as shown in figure 1) protruded into the nozzle from the downstream end. 
The front end of the tube was tapered, so that immediately behind the wire its 
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outside diameter was in. A ^ in. rod ran down the centre of the tube, and to its 
upstream end was brazed a conical cap, from which projected one of the prongs 
supporting the wire. The rod was insulated from the tube by beads spaced along its 
length, and its downstream end was fitted with a nut and terminal so that the rod 
could be tightened against bushes which at both ends insulated it from the tube. The 
second prpng supporting the wire was brazed to the tube. To avoid possible thermo- 
electric and electro -chemical efi’ects, all these fittings (apart from the bushes and the 
wire) were made of stainless steel. In addition to the rod, two fine copper galvano- 
meter leads were inserted into the tube. They were connected to the u})8tream ends 
of the rod and the tube, and in effect may bo considered as attached to the ends of the 
wire. The tube was traversed axially by means of a nut, and its position was shown 
by a scale and vernier. The travel of the wire was restricted to the divergent part of 
the nozzle, where the stream velocity was supersonic ; hence the flow upstream from 
the wire was unaffected by the presence of the wire and its su})port. 



In measuring the resistance of the wire it had to be borne in mind that the central 
rod (and to a lesser extent the tube) offered an appreciable resistance, wliich owing to 
temperature effects would vary in an incalculable manner. To avoid this difficulty 
the Kelvin double bridge (figure 4) was employed, in which and were fixed 

resistances with typical values 400, 20, 4000 and 2001^, and the resistance of the 
wire was about 0*4i^. To facilitate the measurements a special variable resistance 
was built, consisting of a single length of 16 i.w.g. Eureka wire with a resistance of 
1 l*32i3. Two sets of tappings were provided, the intervals between the studs on the 
left dial being twenty times those on the right. In this way (and hence t^) could 
be quickly determined without altering the current through the wire. The mirror 
galvanometer was connected through a potentiometer so that its sensitivity could 
be reduced when large currents were used. With this apparatus it was found possible 
to measure r, with an accuracy of about 0*1 %. 



A 42 i,w.o» niohrome wire was first tried as the resistance but it proved 

too fragile for the severe conditions in the nozzle. It was therefore replaced by a finer 
tungsten wire of 0*0514 mm» diameter, the ends of which were brazed to the steel 
prongs. Not only was its life satisfactory, but its temperature ooeffloient was 
17 times that of niohrome, and it was therefore used throughout the investigation. 
The length of each of the tungsten wires used was 0*30 in. correct to 0*01 in., which 
was the limit of the acciiracy of measurement because of the presence of a small 
blob of brazing material at the junctions with the prongs. The length/diameter 
ratio of the wires was about 160, so that end-effects may be ignored and the wire 
considered as a cylinder operating under uniform conditions throughout its length. 
It should be added that in all the tests the Reynolds number of the flow round the 
wire was far below the critical value for cylinders which is of order 10®. 

3. The wtbe as a pbtectob of condensation 

In these tests the procedure adopted was as follows. The rod was first screwed as 
far downstream as possible, and the wire was then outside the nozzle. When con- 
ditions had become steady, the inlet thermometer was read and a plate exposed. 
The wire was then traversed up the nozzle, resistance measurements being made at 
intervals. This sequence of operations usually occupied about 8 min., during which 
period the inlet temperature rarely altered by more than 1® C. 

The current through the wire was usually maintained at 80 mA, With larger 
currents the resistance and therefore the mean temperature of the wire began to 
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dse, to in figure 5. It 'wos thoi^ht ttadinriruble tn oomp^fidife 
uBiii^ at a temperature appreciably exceeding that wiili iwro- cnniettt. 

The onire was obtained during a test by keeping the wire in one posttioa in the 
supersaturated region, and measuring the resistance as the onrrent was inoreoeed. 

The results of six typical tests are displayed in figure 6, where the wire resigtanoe 
and the ratio of the observed pressures P to the initial joessures are plotted on 
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distance from tapping no. 1 (cm*) 

FiotntK 6. Kesistanoe and pressure in the nozzle. 


test uumlier 

ib./aq. in. abs. 


95 

9‘5 

101 

96 

9*6 

108 

66 

15*0 

126 

92 

9*5 

127 

91 

9*6 

136 

lie 

14*0 

158 


A. 


o 



140 A, M. BiBiai® 

a common baee. It will be seen that the region of oondexxsation oorreeponds to a 
well-marked fall in the wire resistance. In these experiments a reoompression wn^re 
was present near the downstream end of the nozzle, and apart from tests 88 and 1 16 
this occurred within the range of the wire measurements. In test 92 the resistance 



Fiockk 7. Ana1yBi(4 of test no. 02. Po = 9*5 Ib./sq. in. abs.; 121°0, 

# observed values ; + calculated values. 

curve in the region of the wave rose towards its initial value, and it is shown in the 
next paragraph that at the crest the steam was almost dry. .Again, in test 91 with 
a greater initial superheat, the steam at the foot of the wave was drier and therefore 
at the orest was probably superheated; thus the corresponding increase in the 
resistance was even more marked. On the other hand, in tests 95 and 96 the steam 
was very wet at the foot of the wave, the diTing process of reoompression was in- 
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sufficient to i^move all the moisture, and the rise in theresistanoe cutves was slight. 
Therefore good evidence exists for believing that the resistance drop was due to the 
presence of moisture. 

This conclusion was confirmed by a detailed analysis of test 92, the results of 
which are shown in figure 7. The temperature, velocity and dryness ooiresponding 
to a number of points on the observed pressure curve were approximately calculated, 
and reaonable curves drawn in. As far as the beginning of condensation the fnction 
corrections were determined by the method explained in § 6, and in close agreement 
with the earlier work the condensation rise was taken as isentropic. A similar friction 
correction was applied in the remaining expansion. Although the recompression 
process involved a gain in entropy, for 8implicity*s sake it also was assumed isen- 
tropic; the resulting dryness was therefore underestimated. From the evidence of 
figure 7 it seems difficult to believe that the drop in resistance depended mainly on 
any other factor than the dryness of the steam. It will be noticed that (as in all the 
tests) the portion E8 of the resistance curve was almost horizontal although the 
steam temperature was falling. This point is dealt with in the next section, where 
the question of the mean temperature taken up by an unheated conducting body is 
discussed. 



FiGtXRX 8. Ourrent-reBistanoe curves (test 133), 

+ in supersaturated steam, curve X. O in wet steam, curve Y, 

Several tests, of which that shown in figure 8 is typical, were made to determine 
whether the current-resistance curves for the wire were different in the super- 
saturated and the wet regions. Comparatively large currents were used. Curve X 
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shows the result obtained with the wire in supwsaturated steam : fc^ Y the wire was 
held in wet steam downstream from the condensation pressure rise, the flow through 
the nozzle being the same for both. The difference in form of the two curves is very 
marked. In X the increase of energy supply to the wire led to a steady rise in tern- 
j)erature, while in Y the temperature rise was greatly delayed. It appears that in Y 
about 1*0 A was required to dissipate the effects of moisture, whether in the form 
of impacts of droplets or of a film on the wire, and not until this current was exceeded 
was it possible for the wire temperature to rise. The evidence of curve A, supported 
by figure 7, suggests that in supersaturated steam these effects were in comparison 
negligible. 

One test was performed with steam initially so highly superheated that no con- 
densation took place in the nozzle. When the wire was traversed up the nozzle, the 
resistance was found to be almost constant throughout, although it was estimated 
that over the last cm. of its travel the wire was in superheated steam. No change was 
noticed as the wire passed from the supersaturated to the superheated region. 


4. Thb tkmpbrature taken up by the unhbatkd wire 

The conditions which obtain round the surface of an infinite circular cylinder 
placed transversely in a stream of fluid vary greatly from point to point. It is there- 
fons not to be expected that the mean temperature taken up by an unheated con- 
ducting cylinder can be closely predicted on theoretical grounds alone. Griffith, 
however, suggested in an unpublished paper that when compressibility effects are 
absent the temperature of the cylinder is related to the temperature T of the 
undisturbed stream by the formula 

(4*1) 

where g is the acceleration due to gravity, J the mechanical equivalent of heat, v the 
velocity in the undisturbed stream, and the specific heat (at constant pressure) 
of the fluid; depends on whether the boundary layer is laminar or turbulent. The 
dimensionless Prandtl number <r = rfc^jk, where and k are the viscosity and thermal 
(sonductivity of the fluid ; it is here restricted to values of order muty . Equation (4* 1 ) 
was experimentally verified by Hilton (unpublished), who used a high-speed wind 
tunnel and showed that the value of m was about 1-57. This held good until the Mach 
number M «= v/a (where a is the local velocity of sound) reached 0*59, where a dis- 
continuity was observed in the otherwise linear relation between v* and the tem- 
I>erature differencse. At this point the temperature of the cylinder suddenly rose, 
an effect which was attributed to the formation of a shook wave, which caused an 
increased amount of kinetic energy to be converted into heat. This explanation was 
ctmfirraed by later experiments (Hilton 1938). Meissner (1938) also measured the 
temperature of high-speed gas flows and mentioned the work of MiiUer {1920) on 
the temperature distribution in the divergent part of a Laval nozzle, but this latter 
reference cannot at present be followed up. 
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Now the wire in the nozzle could be regarded not merely as a detector but also as 
a resistance thermometer, and it was calibrated to an accuracy of about C by 
immersion in a well-stirred oil bath, the current being 40 mA. The relation between 
its temperature 7^ in degi ees centigrade and its resistance r in ohms was found to be 
linear and given by r = 0*2320 + 0^925 x 10 over the range 15-163^ C, and this 



inlet tKsmporature of steam ® C 


Fiotjum 9. Comparison of wire temperature with inlet steam temperature. 
O ftupersaturatcid, supersonic ; 4* superheated, subsonic ; 

A superheated and supersaturated, supersonio. 


result enabled the wire temperature graduations to be added to figure 7. In the same 
way it was possible to (Contrast the inlet steam temperature with the almost constant 
wire temperature observed in the nozzle upstream from the point of condensation. 
For twenty-five tests the oomparison is shown in figure 9, which indicates that apart 
&om a few scattered points the wire temperature exceeded the inlet steam tem- 
P^tnre. The eMlditional point marked ‘superheated and supersaturated, super- 
sonic’ was obtained from the test mentioned at the end of §3. Those marked ‘super- 
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heated , subaonio ’ were derived by making the pressure diflforence between the noezile 
inlet and outlet so small that no supersonic velocities were attained; they refer to 
single observations at definite positions in the nozzle. 

To analyse the observations it was necessary to calculate the values of <r over the 
working range. The values of were obtained from the formula given by Callenda^ 
(1920), k was taken from the observations of Milverton (1935) 7 from those of 

Hawkins, Solberg & Potter (1935). But much extrapolation was necessary, and the 
results (shown in figure 10) cannot be regarded as highly accurate. However, it is 
apparent that in conformity with Griffith’s assumption the value of <r was nearly 
unity, but unfortunately the form of {4’1) is such that the temperature difference 
(Tj — T) is very sensitive to small errors in the value of tr. The effects of variations 
in (T can be easily but crudely estimated from (4'1) if the simplifying assumptions 
are made that the flow was frictionless and was constant during the expansion. 
Then T may be obtained from the inlet temperature Tg by means of the equation 

rg-T = u*/2gJc,, (4-2) 

which, when substituted in (4'1), yields 

T, - r„ = (Tg- T) ((T- 1 )OT*. (4-3) 

Thus if (T > 1 the wire temperature will exceed the inlet temperature. For the super- 
heated, subsonic tests in figure 9 the pressures at the wire were higher than in the 
supersaturated, supersonic tests, thus <r and the values of (7j — Tg) obtained from 
(4' 3) were greater, as is borne out by the observations. 

Because of the doubtful accuracy of figure 10 detailed analysis was confined to 
test 116, in which (as shown in figure 6) the condensation pressure rise occurred far 
down, giving a long length of nozzle at nearly constant wire temperature. The 
conditions obtaining at four points in this region were calculated, and the results 
are given below in table 2. Friction corrections were inserted, and (4'3) was not used. 
The velocities were high not only actually but also relatively, as is indicated in line 4 
which shows the values of the Mach number M. A comparison between lines 5 and 7 
makes it clear that the temperature differences between the wire and the undisturbed 
stream were consequently very considerable. The wire temperatures suggested by 
Griffith’s theory with m == 1'67 are shown in line 0. These temperatures lay just 
below the initial steam temperature ISS^C, while the observed wire temperatures 
were just above it. It seems probable that these discrepancies were due to shock 
waves, for which no allowance could be made in the theory. It will be noticed that, 
in contrast with the preceding paragraph, the more refined method used here led 
Griffith’s theory to predict wire temperatures below the inlet temperature, but witii 
the prevailing large values of (3\ — Tg) and the uncertainty over cr it is perhaps 
surprising that such close agreement between theory and experiment was obtained. 

These dynamical effects seem to have been overlooked in the earlier disoussions 
(e.g. Martin 1918) on the temperature taken up by a thermometer bulb immersed 
in flowing supersaturated steam. No supercooling had been observed, as it was 
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I 

found that the thermometer temperature was about the same as that corresponding 
to the saturation pressure. This was attributed solely to the deposition of a film 
moisture on the bulb. Again, it has been suggested that one advantage of a Curtis 
wheel as the initial stage of a turbine is that although the steam may be supplied 
to the nozzles in a highly superheated state, its temperature has fallen greatly 
before it comes into contact with the blades and with the main body of the turbine 
case. Hence the temperature attained by these parts is much below that of the inlet 
steam. This conclusion is not supported by figure 9, and it should be added that the 
mean temperature taken up by an immersed body was shown by Meissner (1938) 
not to be dependent on its precise size. 



temperature C) 

FiatTKE 10. Prandtl numbers for steam. 
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Initial steam pressure 14*04 Ib./aq. in., temperature 166°C. 
Wire current 0*0S0 A. cr^ 1*005. 


1, Point 

A 

B 

C 

D 

2. Distance from tapping 1 (cm.) 

6*5 

9*0 

11*6 

14*1 

a. Velocity t? (ft./sec.) 

1840 

2030 

2130 

2230 

4. Mach number M 

1*23 

1*37 

1*46 

1*64 

5. Steam temperature (T®C) 

73 

66 

44 

34 

6. Wire temperature from (41) 

163 

151 

151 

161 

7. Observed wire temperatures (®C) 

167 

168 

167 

167 
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5, The liOSs of heat from the heated wire 

The heat transfer from a heated cylinder immersed in a flowing fluid takes place 

under conditions too complicated to permit of exact calculation. Some assistance 

can, however, be obtained from dimensional theory, and it is shown in text-books 

on fluid mechanics (e.g. Goldstein 1938) that (subject to certain restrictions) the 

Nusselt number Nu is probably a function of <r and the Reynolds number R if 

compressibility effects are negligibly small. But for the present experiments, in 

which the velocities were supersonic, an additional parameter, the Mach number AT, 

mxist be introduced. Now it was shown in the previous section that over the range 

of the experiments the variation of cr w^as small, hence the results can be analysed 

on the basis of the relation at i?/» 

Nu^f(R,My (5*1) 



Fiochk 11. Determination of Nuaaelt mnnbers. 


This method was applied by Hilpert ( 1932 , 1933) to experiments on air, for which tr 
is constant over a wide range of conditions; the velocities used were subsonic, so 
that the parameter M was omitted and the form of f{It) determined. The Nusselt 
number, which is dimensionless, is defined by 

Q = NukA{Ti-T)IL, (6-2) 

where Q is the quantity of heat transferred in unit time across an eirea A, (T, — T) 
is a. representative temperature difference, and L a representative Imgth which 
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here is the wire diameter i. Previous investigators of thie subject, who all used fluids 
at low velocity, took the temperature of the undisturbed stream as the datum T, 
But in the present experiments, in which the temperature difference between the 
unheated wire and the undisturbed stream was so large, it seemed more correct to 
use the temperature of the unheated wire as datum. The value of k employed in 
(5*2) was that of the undisturbed stream. 

In this way five curves, like that for supersaturated steam in figure 8, were 
analysed in an attempt to derive /(ii, M) for high-velocity conditions. They were 
obtained by measuring the current-resistance relation for the wire, while it was fixed 
in the supersaturated region with all other conditions constant; the steam pressures 
were read photographically in the usual manner. To estimate Nu^ the energy input 
Q was plotted against the wire temperature. The results are shown in figure 1 1 , from 
which it will be seen that the observations lay on straight lines, and from the slope 
of these Nu was calculated with the aid of (5*2). Finally, in table 3 the resulting 
values of Nu are given together with those of R, M and cr. The available information 
is too scanty to allow the form of the unknown function to be determined. Moreover, 
Nu could not be estimated with precision, and the values shown in column 2 are not 
correct in the third figure. Thus the table is best summarized by stating that over 
the small ranges of M and R which could be investigated the value of Nu was about 
15. This may be compared with Hilpert’s curve, which shows that Nu =12 for 
R — 500. Again, the difference is due probably to shock waves, which may be ex- 
pected to improve the heat conduction from the wire to the passing steam. 


Table 3. Values oe Nusselt kumbers 


test 

Nu 

Af 

R 

cr 

117 

15-4 

1-66 

434 

0-985 

llBa 

16-6 

1-66 

453 

0-990 

1186 

151 

1-48 

499 

0-996 

118c 

15-9 

1-36 

546 

1-006 

1336 

U-7 

1-20 

560 

0-994 


Figure 1 2 has been drawn up to emphasize how the behaviour of the wire depended 
on the fluid in which it was immersed. The straight line A is taken from figure 11, 
while B is typical of several which (as mentioned in the second paragraph of § 4) 
were obtained with superheated steam at subsonic velocities. A plate was exposed 
before the wire was moved from the position where the current-resistance curve 
was read, but, since the velocities were no longer supersonic, it was doubtful whether 
the pressure at the wire was the same as that shown on the photograph. Conse- 
quently, these results were not subjected to the analysis explained in the preceding 
paragraphs, but it can be asserted that the steam condition was superheated. These 
lines were all straight with slopes very similar to those obtained with supersaturated 
steam. Curves C and D are for wet steam. The former is for steam so wet that the 
temperature of the wire barely increased. For the other, in which the wetness was 
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less, the moisture was soon evaporated, when the curve turned over to become 
approximately parallel to the straight lines representing superheated and super- 
saturated steam. 



Fiuobi: 12. Nusselt numbers for superheated, supersaturated and wet steam. A, testno. 133&, 
supwrsaUttated ; B, test no. 128, supwirheated ; C, test no. 132, wetness 6-7 %; D, teat no. I33c, 
wetness 8-7 %. 


6. Dbtbeminahon of the losses in the nozzle 

AND THE rOSmON OF THE WlLSON UNB 

For use in the preceding sections it was necessary to calculate from the observed 
pressure distributions the velocities and temperatures in the supersaturated region 
in the nozzle. As a first step the loss of heat drop had to be determined. This quantity, 
while called for convenience a friction loss, includes not only the Motion loss but 
also the discrepancies arising from the Reynolds theory, which assumes the flow 
to be one-dimensional and takes no account of the curvature of the stream 
lines. In the earlier work the loss was ascertained by a laborious trial and error 
method, but an improved procedure, which permits of direct calculation, has 
since been devised. 
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Consider the expansion firom an initial pressure to a tapping, where the ptessnre 
giyen by the Reynolds theory on the assumption of isentropio expansion is pi and 
where the observed pressure ispj. Let {Hg—Hi) and be the oorreia^nding 

isentropio and actual heat drops. Then, if (1 — K*) is the fractional loss of heat drop, 

(6-1) 

It is shown in the Appendix that K may be calculated from the known values of 
Pj and p'l by means of the equation 

+ = 0 . ( 6 - 2 ) 

The numerous observations at each tapping were meaned, and were inserted 

in turn into (6-2), the necessary properties of steam being taken from the tables of 
Callendar & Egerton (1939). The results are shown in figure 13 under the title 
nozzle 2, and a mean straight line has been drawn through the plotted points. Two 
departures from this line are apparent. Near the throat a hump occurs, which can 
be attributed to the curvature of the stream-lines in that region, a factor ignored 



FiaxJEK 13. Loss of heat drop due to friction, O nozzle no. 1 ; -f nozzle no. 2, 

by the Reynolds theory. Farther downstream there are traces of a wave, which was 
noticed when the mean values of pj /pq were plotted ; a similar wave had been observed 
in the previous experiments. From the mean straight line the velocities and tem- 
peratures were deduced, which were required in the preceding sections. The existence 
of the hump was not important because no results in that region were wanted. For 
purposes of comparison the results of the earlier work were recalculated with the 
new steam tables and are plotted on the same figure under the title nozzle 1 . They 
are of the same general form, but the loss was greater, this being no doubt due to the 
smaller hydraulic mean depth and to the greater angle of divergence. In order to 
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make possible the prediction of the pressxire at a given tapping in another 
nozzle operating under s|>ecified entry conditions, the analysis was extended to 
include the gain of entropy during the expansion. It is proved in the Appendix 
that this entropy increase 

1*09876 log + 0-084520 log pI/Pj. (0*3) 

This expression was evaluated for the two nozzles, and the results are plotted in 
figure 14, where the hump again appears but in an inverted form. If in the design 
stage it is desired to estimate the pressure at a tapping in a new nozzle, the probable 
values of K and can be obtained from figures 13 and 14, and the corre- 

sponding point plotted on the H-<f> chart. 



distance from tapping no. 1 (cm.) 


Fiouke 14. IncreiiHo of entropy due to friction. O noz^le no, 1 ; + nozzle no. 2, 


To show the Wilson line on the H-<1> chart the pressures at the beginning of con- 
densation were read for thirty -one tests divided into three sets, each at approxi- 
mately constant inlet pressure, and the necessary friction corrections were applied 
as explained above. For purposes of comparison the observations with nozzle 1 
were recalculated with the new steam tables and the new method for finding the 
friction correction. The results are to be found in figure 15, where Fahrenheit units 
have been reverted to in order that comparison may more easily be made with 
publislied charts. Three points are shown for each test, corresponding to the steam 
conditions A at inlet, B after isentropic expansion to the pressure observed at the 
beginning of condensation, and C after the friction correction had been applied to JS. 
For each test the points A and B are shown by the same symbol, to which a drole 
has been added to indicate C. The points C form the Wilson line, the position of 
which is seen to depend as much on the initial steam conditions as on 1dhe shape of 
the nozzle. But it is worthy of note that the points B all lie in a very narrow band. 
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Thk result may be due to friction at the walls of the nozzle, which violates the 
assumption (made in the calculations) of uniformity of conditions over cross- 
sections. 

total heat (B.th.u./lb.) 




temperature 

Fiourk 15. The Wilson lino. 


7. Conclusions 

(1) The work described in the preceding sections showed that, without the use of 
very refined methods of resistance measurement, the wire detected the appearance 
of moisture brought about by the change from the supersaturated to the wet state. 
The wire also indicated the removal of moisture during the process of recompression, 
and (as expected) it proved insensitive to the difference between superheated and 
supersaturated steam. No examination was made of the change direct from the 
superheated to the wet state, whether caused by loss of heat to the surroundings or 
by slowly doing work. Our intention of carrying out experiments on this subject 
(together with further research on different wires) was frustrated by the outbreak 
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of war, but it seema improbable that the results would have been inoondstmt with 
those previously obtained. It appears that the presence of moisture can be easily 
detected by determining the resistance-current relation for the wire. Jf the steam 
is not wet, the resistance (and hence the temperature) of the wire immediately begins 
to rise as the current is increased; moisture in the steam shows itself by markedly 
delaying the rise in the resistance. 

(2) The temperature taken up by the unheated wire was found to be greatly in 
excess of that of the supersaturated steam in which it was immersed. As predicted 
by Griffith's theory, the wire temperature was nearly the same as the steam tem- 
perature at entrance to the nozzle. The small excess of observed over theoretical 
temperature was attribiited to the presence of shock waves. 

(3) Over the small range of Mach numbers (exc^eeding unity) and of Reynolds 
numbers which could be investigated, the Nusselt number of heat transfer from the 
heated wire to the surrounding steam was about 15. 

(4) The position of the Wilson line was compared with that determined for the 
different nozzle used in the earlier work : it depended as much on the steam conditions 
at inlet as on the shape of the nozzle. 

The authors wish to express their indebtedness to the Metropolitan- Vickers 
Electrical Co., Ltd., for the loan of the condenser; to the Hamworthy Engineering 
Co., Ltd., and to James Beresford and Son, Ltd., for the loan of pumps; to Mr V. 
Belfield, M.A., who carried out all the photographic work; to Mr S, Munday, who 
constructed the nozzle and the wire supports; and to Mr B. Canning for his skilful 
operation of the boiler. 


Appendix. Determination op the friction loss in the nozzle 

Throughout the main part of this paper use was made (except where otherwise 
stated) of the steam tables of Callendar & Egerton (1939) and of charts plotted from 
them. But for the purpose of determining the friction loss by the new method it was 
necessary to employ characteristic equations for steam, and these are not given in 
the tables mentioned above. An approximate method of determining the correction 
was, however, legitimate, and the equation 

H = p(F--0-0123)/2-24364-464, (A. 1) 

given by Callendar (1930) for superheated and supersaturated steam was employed. 
U is the total heat per lb. in lb. g.h.xt,, p the pressure in lb,/sq. in., and V the specific 
volume in cu.ft./lb. The second term inside the bracket may here be ignored because 
the experiments were carried out with steam of large specific volume. As in §6 
let the suffixes 0 and 1 refer to isentropio expansion from the inlet to the tapping, 
with primes to indicate the actual conditions obtaining at that tapping. In adffition, 
suppose A to be the sectional area of the nozzle, and the suffix x to refer to a cross- 
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section near the inlet where the isentropio and obseawed pressures are indistingiiish- 
able. Now from (6- 1 ) the mean velocities v are related by 

= K, (A. 2) 

and the mass discharge m under both isentropio and actual conditions is 



m^A,vJV,^AxVxlVx^Axv'JV'x, 

(A. 3) 

BO that 

V'llVx = A. 

(A. 4) 

From (A. 1) 

and 

Ho-Hi-(poKo-piFi)/2-2436;j 

(A. 5) 

and on substituting (A. 5) and (A. 4) in (0*1) we obtain 



Po^/Pi - 1 ) + -Po^oIPx H = 0- (A. 6) 


But the index of isentropio expansion is 1-30 and hence 

(A. 6) becomes 

miPoiPi?'^^- n+Kpiipi-iPo/pir^^’‘ = o, ( 6 - 26 w) 

which is the required result. 

To obtain the corresponding increase of entropy (j> we employ the Oallendar 
equation 

<f> = l-098761og(r/373-l)-0-25366 log (p/14-689)-2-4<!p/7T+ 1-76300, 

(A. 7) 

where T is the absolute temperature in degrees centigrade, and 

c = 0-4213(373-lT)“/». 

Then the required increase of entropy is 

- l-098761og(Ti/?l)-0.25356log{p;/p)-2-4(cipl/Ti-CiPi/7i)/7. (A.8) 

Callendar’a equation of state is 

F = l-07067’/p-c+0-01602, (A.9) 

in which the last two terms are so small in comparison with V for low-pressure 
steam that they may be neglected. Hence from (A. 9) and (A. 4) 

n/Tx « Pi V'JpxVx = Kp'xipx. (A. 10) 

Then with the aid of (A. 9) and (A. 10), (A. 8) becomes 

^i-^i « l-098761og A-f O-8462Olog(pi/Pi)-O-3071(c;-Ci*)/Fi. (A. 11) 

A representative value of the last term is 3 % of (<!>[— ^i), and this may be ignored. 
Thus (A. 1 1) reduces to 

“* l*O98701og A -f 0-84520 logpi/p„ (6-36t«) 

as stated in $ 6. 
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Precipitation in single crystals of silver-rich and copper-rich 
alloys of the silver-copper system 

By F. W. Jones,* Ph.D., P. Leech, f M.Sc. and C. Sykes,* D,So. 

{Communicated by N, F. Mott, FM.8. — Received 31 December 1941. 

Retdsed 13 May 1942) 

(Plates 4, 6) 

The ootiwe of precipitation at different temperatiiree in ailvor-rich and copper-rich single 
crystals of silver-copper alloys of various compositions has been studied by X-ray methods. 
Precipitation is continuous at the higher temperatures when the degree of aupersaturation 
is low and tliscontinuous when the temperature is low and the suporsaturation is lugh. The 
experimental results are considered in relation to the various theories of the precipitation 
process, 

1. Introduction 

X-ray photographs of many age-hardening alloys taJren during the precipitation 
process show that the change in composition of the solid solution is continuous, 
i.e. there is a gradual movement of the X-ray lines of the solid solution, from posi- 
tions corresponding to the lattice spacing of the original composition to new 
positions corresponding to the spacing of the equilibrium composition. This has 
been called ‘continuous precipitation’. On the other hand, several investigators 
(Ageew, Hanson & Sachs 1930; Cohen 1937) have established that in polyurystal- 
line silver-copper alloys ‘disoointinuous precipitation’ occurs, 'nuoughout Hie 

* Nationa] Physical Laboratory, 
t Mceon Metropolitan-Viokots Reasaxoh Department. 








p^aiticais (xf the X-iay lines oonesppgEMljing 
lui^iqrole^ sedation remain onehanged, but the Hues deoreaee in intenahi^r, 
whilst a new set of lines appears corresponding to the spacing of ihie stalde sohd 
solution, and these increase in intensity. This suggests that the change m oom- 
position of the solid solution is discontinuous, a result which is somewhat difficult 
to explain. . One possible interpretation is that an alloy in an intermediate stage ' 
in the precipitation process consists partly of crystals in which precipitation is 
complete and partly of crystals in which precipitation has not commenced. This 
hypothesis can be tested by experiments on single crystals. 

Work with single crystals also makes possible the study of orientation relation- 
ships, recrystallization phenomena and other effects such as those observed by 
Preston (1938) with aluminium-copper alloys. It cannot be tacitly assumed, 
however, that results obtained on single crystals also hold good for polycrystalline 
specimens, since several instances have been reported of differences in behaviour 
during precipitation (Schmid & Siebel 1934). In spite of this, the more detailed 
information obtainable from X-ray photographs of single crystals suggests that 
the results may be of considerable interest in 8tad3nng the mechanism of the 
precipitation process. 

Ageew et al. (1930) have published back-reflexion photographs of a single crystal 
of a silver-copper alloy containing 5 % copper which showed that recrystaliization 
occurred as a consequence of the strains set up by precipitation. Wiest (1932, 
1933) has also taken photographs of single crystals of copper-silver alloys con- 
taining 6, 7 and 10 % of silver, but apart from stating that precipitation was 
continuous, unlike the discontinuous precipitation observed with polyorystalline 
material, he gives few details of the effects observed in his photographs. 

The present paper records the results of an X-ray examination of single crystals 
of silver-copper and copper-silver alloys during ageing at various temperatures. 

2. ExpmiMRNTAn 
A. Materials 

The alloys of which it was desired to grow single crystals were obtained in the 
form of wire about 1 mra. diameter. They were prepared from high-purity con- 
stituents. The silver contained 99'0 % silver by weight and the copper 99*98 %. 
The crystals as grown were about 1*26 mm. diameter and 10 cm. long. For use 
as X-ray specimens they were out into pieces about 12 mm. long, a length of about 
1 min. at the centre of the piece being examined by X-rays. During the production 
of the single crystals some segregation occurred, so that the composition of any 
particular piece was not necessarily that of the original material. The compositions 
of the individual pieces were determined by measuring the lattice parameter after 
a long solution heat treatment and using the lattice parameter-composition curves 
previpuidy determined by X*;ray workers (Ageew, Hanson Sc, Sachs 1930; Ageew St 
Sa<;du 1930; Schmid Sc, Siebel 1933 ; Owen Sc, Rogers 1935)- 

tSt. A. 
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to VACUUl 
pump 


B. Growth of the single crystals 

The single crystals were prepared by the Bridgman method by lowering through 
a furnace having a region SO-IOC" C above the melting-point. The apparatus is 
shown diagrammatically in figure 1. The crucible (6?) is a 0 mm. diameter rod of 
Aoheson graphite having an axial hole 1*25 mm. 
diameter (closed at the bottom end) down which the 
alloy wire is pushed. The crucible is suspended on 
a 0*1 mm. diameter tungsten wire which is wound 
round a drum {E)y the drum being rotated by an 
electric clock mechanism inside the vacuum cham- 
ber The 8j>ecimen is lowered through the silica 
tube (*S^) at about 10 cm. an hour. At {L), {M) and 
{N) are ground -joints sealed with Apiezon Sealing 
Compound Q, The system is evacuated by an oil 
diffusion pump and rotary backing pump. 

At first attempts were made to carry out the 
solution heat treatment in tlie same furnace, im- 
mediately after solidification of the crystal. The 
furnace was wound to have a region CD at the 
solution temperature, just below the region AB in 
which the alloy had been melted. After cooling 
through the region BC the specimen was held in the 
region CD for several hours and then crucible and 
specimen were quenched. This method was not 
satisfactory, as the presence of the crucible gave 
rise to a quenching rate which was too slow for the 
silver-rich alloys and precipitation occurred. Further- 
more, if the badly quenched crystal was subsequently 
reheated for requenohing, the crystal broke up. 

The following method was found to be successful and was adopted. The specimen 
was lowered in the crucible right through the furnace. This produced a ‘crystar 
in which some precipitation had taken place, but the orientation of the matrix 
was the same throughout and the specimen could be reheated without disturbing 
the continuity of the crystal. 

The specimen so prepared was carefully removed from the graphite crucible 
and heat-treated as described in § C. 



Fioube 1 


C. Heat treatment 

High-angle X-ray spots on back-reffexion photograplis of crystals quenched 
after heat treatment for 10 hr. in vacuo at 780^ C were not very sharp. Cr 3 nstal 8 
were then annealed for 100 hr. at 780® C in hydrogen (to prevent oxidation end 
preferential evaporation of one constituent); the hydrogen was then removed by 
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evacuation and the specimen quenched by the admission of water into the evaou*' 
ated furnace tube (Bosenhain 1908). This treatment gave satisfactory photographs, 
and according to Sohxnid & Siebel (X933) should be more than sufficient to ensure 
that the alloy is a homogeneous solid solution. 

Ageing was carried out in tubular resistance furnaces, the furnace temperature 
beir^ maintained constant to ± C by an automatic temperature regulator of 
the platinum-resistance type. During ageing, speoimens were sealed into evacuated 
pyrex tubes. Where ageing times were less than 10 min. the pyrex tube containing 
the specimen was immersed in a bath of molten tin. 

D. X~ray apparatus 

The X-ray rotation photographs were taken in a cylindrical camera 3 in. in 
diameter, with the beam glancing one side of the specimen, which was wider than 
the beam. Usually the axis of rotation was the axis of the cylinchical crystal 
rather than any particular crystallographic duection, but some rotation and 
oscillation photographs have been taken with particular crystallographic directions 
as axes. In some cases lattice spacing measurements were made on the crystals 
by the back-reflexion method. The distance between specimen and film was found 
from the position of the lines of a calibration substaiice (usually silver, of wliioh a 
small quantity, in the form of fine powder, was coated on the surface of the single 
crystal). 

All rotation photographs have been taken with copper Kct, radiation ; for some 
of the back -reflexion photographs cobalt or nickel radiation was used. All photo- 
graphs were taken with the specimen at room temperature (19 ± 2^ C). 


3. Experimental results 
A, Silver^rich alloys 

(a) Ageing at 300® C. Figures 2-5 (plate 4) illustrate the changes which 
occur during ageing of a single crystal containing 7*3 % copjyer by weight. Re- 
flexions from one side of the specimen only appear on the photographs. 6, the 
Bragg angle, increases from left to right. The spots may be identified by means of 
figure 6, on which the values of (jff®-f are given for the solid solution (at 

the top) and the precipitate (at the bottom). After 8 min. (figure 3) some pre- 
cipitation has taken place. Some parts of the single crystal have retained the 
original orientation and lattice spacing, whilst other regions have broken up into 
material of somewhat different orientation and a larger lattice spacing than that 
of the single crystal. As far as can be ascertained from measurement of the films, 
this materal is the solid solution composition stable at 300° C. From the width of 
the lines of the stable composition it may be estimated that these regions are not 
amaiier than 150 A, i.e. about 40 atomic distances linear dimensions. The high- 
angle spots on the photograph show smears on one side, indicating the presence 
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of some material having lattice spacings intermediate between those of the un- 
stable and stable solid solutions. If this effect was present on photographs of 
polycrystaUine specimens, it is unlikely that it could be observed with any cer- 
tainty. It may be due to strain — either tensile strain in the unstable or com- 
pressive strain in the stable solid solution — but as the smears appear to lie only 
between the lines of the stable and unstable solid solutions, we think a more likely 
explanation is that there is some material present which has compositions inter- 
mediate between those of the stable and unstable solid solutions. If this is so, 
besides those regions in which precipitation has not commenced and those in which 
precipitation is complete, there are some regions in which precipitation is in an 
intermediate stage. This material has the same orientation as the original single 
crystal, so it seems that a region of the crystal retains its orientation, the matrix 
composition changing gradually, until it approaches the stable solid solution 
composition, i.e. precipitation is almost complete in the region when crystal 
fragmentation* takes place. It appears possible, therefore, that even in this alloy 
true 'discontinuous precipitation' does not take place, but there is at any one 
time only a small amount of material in the transition stage. 

After 90 min. (figure 4) precipitation is nearly complete. All the original single 
crystal spots have disappeared. It is noticeable that there is some preferential 
orientation in the stable solid solution. There is as yet no trace of the precipitated 
copper. The precipitate lines can, however, be seen long before precipitation is 
complete if monochromatic radiation is used (Cox & Sykes 1940). 

Further, long annealing at the ageing temperature results in the matrix slowly 
returning to its original orientation (compare figures 2-5). Figure 5 shows a 
photograph of the crystal after 1 month at 300^ C. On the original photograph 
lines of the precipitated copper can be readily seen, and these show that the 
orientation of the precipitate was random. If there were any preferred orientation 
of the precipitate, it should be more easily detected on a photograph taken with 
the crystal rotating about the axis (001), or some other crystallographic direction 
of low Miller indices. A photograph was thei^fore taken of the crystal after heat 
treatment for 1 month at 300° C, the specimen being rotated about the (001 ) 
axis. The photograph showed continuous lines of the copper precipitate; the 
intensities of the lines appeared to be constant along their length, so that the 
preferential orientation of the precipitate, if any, is very slight. 

Ros^ilts witli a crystal containing 4*7 % copper were very similar to those 
obtained with the crystal containing 7-3 % copper. The precipitation process in 
the 7*3 % copper alloy was about four times faster than in the 4‘7 % copper alloy. 
The origmal orientation of the 4*7 % copper crystal was the same as that of the 
7*3 % copper crystal. Comparison of the photographs showed that the type of 
preferential orientation of the matrix in the two crystals was the some after pre- 
cipitation. For the 4*7 % copper crystal this orientation was determined as follows. 
The crystal was orientated so that the axis of rotation was perpendicular to the 

♦ Reftftrred to subsequently as ^ftagmentation*. 
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(001) plane and the position of the (100) and (010) normals determined by two 
10® oscillation photographs. The crystal was then aged for 4 hr. at 300® C and 
replaced in the goniometer so that its orientation was the same as before ageing. 
Figures 6 and 7 (plate 4) show rotation photographs of the crystal before and 
after ageing. A series of 10® oscillation photographs was then taken and pole 
figures were- plotted for indices (100), (110), (111) and (311). The pole figure found 
for (100) is shown in figure 8. All pole figures correspond to that obtained by giving 
the crystal rotations of between 35 and 66® about the normals to the three cube 
faces as axes. This is in good agreement with the result obtained by Barrett, 
Kaiser & Mehl (1935), i.e. a rotation of 42 + 6° about the same axes. 



We can suggest no hypothesis which would account for this rotation. 

(6) Ageing at 560® C. Practically no breaking up of the single crystal takes 
place when a 4*7 % copper alloy is aged at 660® C. Figures 9 and 10 (plate 4) show 
photographs of the crystal as quenched and after precipitation is complete (20 min. 
at 650® C). Figiire 10 shows one or two extra spots, due to some of the matrix 
having a different orientation, whilst there ai*e also faint spots in positions corre- 
sponding to a precipitate of copper, having the same orientation as the matrix. 
They are too faint to be repmducible on figure 10, but can be clearly seen on the 
original photograph. 

The change in spacing appears to be continuous at 650° C. This is best illustrated 
by the back-reflexion photographs shown in figures 11-13 (plate 4). Figure 11 
is the crystal as quenched, figure 12 after 5 min. at 660® C and figure 13 after 
20 min. The continuous lines are due to pure silver, used as a calibration substance. 
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(c) Pr^ipitaiitm during coding. In experimentB in ^hioh precipitation occurred 
during cooling, the orientation of the matrix always remained the same, i.e. there 
was no fragmentation at any of the cooling rates used (quenching to cooling at 
30® 0/hr.). At a rate of 30® C/hr. the precipitate showed some preference for the 
orientation of the matrix, hut it was estimated that more than half of it was 
randomly oriented. The ageing experiments at 300 and 550® C suggest that the 
orientation of the material precipitated at low temperatures is random, at high 
temperatures the same as that of the matrix. Thus the precipitate obtained on 
cooling is to be expected to be partly that of the matrix, partly random. This is 
in agreement with the work of Barrett ^aL ( 1935 )* They found that the necessary 
conditions for development of Widmanst&tten figures were slow cooling at high 
temperatures, followed by rapid cooling through lower temperatures. For the 
formation of Widmanstatten figures it is necessary that the orientation of the 
matrix and precipitate should be related. 

B. Copper-rich alloys 

{a) Precipitation at 380 and 500® C. The results obtained with copper-rich 
alloys vary with the composition of the alloy and the ageing temperature. At 
380® C the ageing of a 5*3 % silver alloy proceeds similarly to silver-rich alloys 
aged at 300® C. Figures 14-1(5 (plate 5), as quenched, and aged 18 hr. and 0 weeks 
n58pectively, illustrate the changes which take place in the alloy during pre- 
cipitation. The precipitation is largely discontinuous and is accompanied by 
fragmentation. As long as the original X-ray spots of the solid solution are sharp 
enough to measure, the spacing is the same as that of the quenched alloy, within 
the limits of experimental error. Unlike the case of the silver-rich alloys, the 
orientation of the matrix after fragmentation is random, the crystal size being 
large enough to produce 'spotty’ X-ray lines, whioh are also quite sharp, indicating 
that the fragmentation has relieved much of the strain caused by precipitation 
(see figure 15). As soon os the lines of the stable matrix are strong enough to 
measure, the spacing is that of the solid solution in equilibrium at the ageing 
temperature. As with the silver-rich alloys, during precipitation there appears to 
be a small amount of material present which has lattice spaoings and hence com- 
positions intermediate between those of the original and the stable solid solutions. 
This was shown by back -reflexion photographs taken with nickel radiation, whioh 
gave very high resolution. 

The precipitate can be seen quite early in the precipitation process. The lines 
are just visible after 18 hr. at 380® C, although precipitation takes about 70 hr, to 
complete. Maximum hardness in polycrystalline specimens of these alloys is 
attained at about the time precipitation reaches completion (Cox & Sykes X 940 ). 
After 50 hr. ageing at 380® C the average size of the precipitate crystals, estimated 
from the breadth of the X-ray lines, was about 200 A. This method of estimation 
gives a lower limit for the estimation of crystal size, since broadening due to strain 
and composition variations is neglected. The fact that the lines are somewhat 
spotty suggests that the crystals ore actually very much larger than this. 
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When a coTstal oontaming 5^2 % silver is aged at 500"^ C the spaoiikg (and hence 
the composition of the matrix) of the single crystal changes oontiiiao;iBly^ aa 
table 1 shows. After 8 min. at 600® C, very faint spots due to precipitated silver 
can be seen on the photographs^ the precipitate having the same orientation as 
the matrix. As precipitation proceeds these spots slowly increase in intensity (see 
figure 18, aged 20 min. and figure 19, aged 2 hr.). When the matrix iEragments at 
the end of the precipitation process, the precipitate follows suit. The close relation- 
ship which is retained between the orientations of the matrix and the precipitate 
during fragmentation is very striking. When there is a particularly intense spot 
on one of the matrix lines a spot is also observed on the precipitate line of the same 
Miller indices, oorre8i)onding to the same crystal orientation. This is shown in 
figure 20 (aged 36 hr.) and figure 21 (aged 15 days). 

Table 1 

time at 500° C 0 i hr. 1 hr. 2 hr. 6 hr. oquilibrixuii 

spacing (A) 3‘627o 3-6244 3-615o 3-613, 8-613i 

From the width of the precipitate spots, it may be estimated that 100 A is a 
lower limit to the average size of the precipitate crystals after J hr. at 500® C. 
After 1 hr., when precipitation is about half complete (according to the lattice 
constant measurements), the lower limit is about 200 A. It is about the same when 
precipitation is nearly complete, after 2 hr. Those figures are in reasonable agree- 
ment with the size given by Cox & Sykes (1940) for poly crystalline material. 
From the ‘spottinesa’ of the precipitate lines after firagmentation, it appears that 
the size of some of the precipitate crystals must be of the order of 10'"® cm. linear 
dimensions. This gives an estimate of the distance which some of the silver atoms 
must travel before precipitation is complete. 

Even at 600° C there is evidence that considerable strains are present during the 
precipitation process. That the silver-rich precipitate is under compressive strain is 
illustrated by comparison of the distances between the silver line + A® + = 27 

and the knife edge on figures 19 and 21. In figure 21, the Koc doublet is resolved 
indicating that strains have been removed by the long anneal at 500® C. Back- 
reflexion photographs have been taken using the specimens treated for 2 hr. at 
600® C and 360 hr. at 500® C, and the lattice spacing of the precipitate determined. 
The difference in spacing is about 1 part in 200, corresponding to a hydrostatic 
pressure of 100 tons/sq. in. 

In this crystal it seems that the strains become so large when precipitation is 
complete that the matrix collapses and fragmentation takas place. 

Unlike the silver-rich alloys, the copper-rich alloys showed no tendency to return 
to the same orientation as the original single crystal after long ageing. 

Another crystal containing 4*0 % silver precipitated continuously when aged at 
380® C. The photographs were similar to figures 18-21 (plate 5), but fragmentation 
commenced well before precipitation was complete. At 600® C precipitation was 
continuous, with no fragmentatiem, in a crystal containing 4*1 % silver. The results 
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at 880 and 600° C are summarized in table 2 below. It will be noted from this table 
that fragmentation may occur when the precipitation is continuous. 


wt. % of Ag temp. 


5-3 380 

5*2 500 

4*0 380 

4*1 500 


Tablb 2 

precipitation 

discontinuous 

continuous 

continuous 

continuous 


fragmentation 

*» 

no fragmentation 


(6) Precipitation on Cyooling. Like the silver-rich crystals, crystals of copper-rich 
alloys showed no fragmentation when precipitation ocoprred during cooling at a 
constant rate. The amount of randomly orientated precipitate was, however, much 
smaller with copper-rich alloys than silver-rich alloys (see figure 17, plate 6, which 
shows a copper-silver alloy containing 5*2 % silver cooled from 780 at 30“^ C/hr.). 
Much of the precipitate has the same orientation as the matrix. 


C. Sundry ohservaiiona on silver-rich and copper-rich crystals 

(а) Pre-j[rrecipitation phenomena. In an aluminium -copper alloy containing 4 % 
copper, Preston (1938) has shown by means of Laue photographs of single crystals 
that the initial stage of precipitation is the formation of plates of copper-rich atoms 
on the solid solution lattice. Barrett & Geisler (1940) have reported similar effects 
in an aluminium-silver alloy contaiixing 20 % silver. 

A aeries of Laue photographs was taken of a single crystal of a copper-silver alloy 
containing 4 % silver, aged for various periods of time at 400*^ C. No changes in 
the photographs were observed which might have been attributed to plate formation 
in the early stages of precipitation. The photographs showed some diffuse streaks 
which were found to be identical with those given by a single crystal of pure 
copper, and these streaks remained unchanged throughout the course of pre- 
cipitation. Such streaks have been the subject of several pajxers in Proc. Roy. 
80 c. (1941). 

Precipitation was continuous, and the crystal broke up as precipitation neared 
completion. 

(б) Inflmn>ce of qucMhing rate. Copper-rich alloys are not particularly sensitive 
to variations in the quenching rate, but silver-rich alloys require fast quenching. 
Crystals of silver-rich alloys quenched in carbon crucibles showed smears on one 
side of the high-angle X-ray lines (even after long solution treatments at 780® C), 
indicating the presence of material having a lower copper content than the rest 
of the crystal. One crystal quenched in air showed two sets of spots having different 
spacings. The lack of reproducibility of the hardness-time curves of these alloys 
observed by Ageew et al. (1930) is probably to be attributed to the sensitivity of 
these alloys to variations in the quenching rate. Sykes, Swindells & Blears (un- 
published work) also found that the specifio-heat temperature curve of a silver- 
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copper alloy containing 7 J % copper, in the quenched condition, wag not repro- 
ducible, and that if the quenching rate was reduced by oil quenching, the curve was 
considerably modified. 

The Rosenhain method of quenching which was used in the experiments 
described usually gave sharp high-angle spots, free from smearing, on the X-ray 
photographs. 

(c) Break-up of the single crystal. It appears that if breaking up of the single 
crystals is to be prevented, it is necessary to avoid much precipitation taking place 
at low temperatures. A silver-rich single crystal which had been quenched broke 
up on reheating to 780° C in 1 hr., presumably due to precipitation having taken 
place on the way up. No break-up occurred when a quenched crystal was rajudly 
reheated to 780° C by immersing in a bath of molten tin. When crystals are cooled 
from 780° C to room temperature in a few hours, at a roughly uniform rate, it 
appears that most of the precipitation takes place at liigh temperatures, and no 
fragmentation occurs. Such crystals may be put into a furnace and reheated to 
780° C without breaking up. Ageew et al, (1930) also found that a crystal which had 
been very slowly cooled broke up on rapid reheating to 780° C. 

The copper-rich alloys are more sluggish than the silver-rich alloys. Quenched 
copper-rich crystals may be heated from room temperature to 780° C in an hour 
without fragmentation taking place. It is probable that at this heating rate there 
is not sufficient time for appreciable precipitation to occur at low temperatures. 

{d) Experiments with polycrystalline specimens. We have attempted to determine 
by X-ray examination the type of precipitation occurring at relatively high tem- 
peratures in polyorystalline silver-rich and copper-rich alloys which had been 
cold worked and recrystallized. Precipitation was discontinuous in a silver-rich 
alloy, containing 5 % copper aged at 550° C, and in a copper-rich alloy containing 
6 % silver aged at 600° C. At higher temperatures, or with smaller supersaturations, 
precipitation may be continuous, but the spacing change accompanying precipita- 
tion is so small that it is difficult to decide with any certainty the type of pre- 
cipitation. 

A copper-rich single crystal containing 4* 1 % silver, in which precipitation was 
continuous at 500° C, with no break-up of the single crystal, was drawn down from 
1'25 mm. diameter to 0*5 mm. The polycrystalline specimen obtained in this way 
was given a solution heat treatment and then aged at 600° C. Precipitation was 
discontinuous and about four times as rapid as in the single crystal. 

Wiest & Dehlinger {1934) and Bumm & Dehlinger (1936) working with copper- 
silver alloys, and Schmid & Siebel (1934) (magnesium-aluminium alloys) have also 
found differences in behaviour between oast single crystals and material which 
has been cold worked and recrystallized. Jones & Leech (1941) found variations 
in the specific-heat temperature curve on copper-beryllium alloys according to the 
method of preparation. 
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4. Discussion of thk msults 
A. Omeral 

Probably the simplest theory of precipitation from a supersaturated solid 
solution is as follows ; 

Diffusion of the solute atoms occurs by interchange of atoms. At some places 
in the solid solution groups of atoms (or nuclei) will be formed, and these will grow 
as more precipitate atoms diffuse towards them through the solid solution, which 
will finally reach its equilibrium concentration. 

Becker (1937, 1938, 1940) has attempted to calculate the effect on the course of 
the precipitation process of the surface energy of the nuclei which must be formed 
first. He found that s\ich nuclei will be unstable and will redissolve unless they are 
larger than a certain minimum size depending on the degree of supersaturation of 
the solid solution. According to Becker the rate of nucleus formation is pro- 
portional to exp ^ ’ where Q is the diffusion activation energy and A is 

the free energy increase when a nucleus of the minimum stable size is formed. To a 
first approximation A is proportional to l/(zla)^, where a is the solute concentration 
and Aa the degree of supersaturation. Thus, bearing in mind that in a given alloy 
the degree of supersaturation increases with a reduction in the ageing temperature, 
Becker’s theory gives a qualitative explanation of the fact that at a given tem- 
perature the rate of precipitation increases with degree of supersaturation. 

Once a nucleus of precipitate large enough to be stable has been formed, it will 
grow^ by taking up atoms from the surrounding matrix. Our conception of pre- 
cipitation, following nucleation in an alloy for which Becker’s assumptions hold, 
is then represented in figure 22 which shows the concentration (c) of precipitate 
atoms in the alloy as a function of the distance from the 
nucleus at A. is the mid-point between two nuclei. 

(It is of course realized that ‘concentration’ has little 
meaning when applied to groups of only a few atoms.) 

The line (1) is at the concentration of the original super- 
saturated alloy. Curves (2), (3) and (4) represent 
successive stages of the precipitation process. The 
horizontal line (4) which represents complete precipita- 
tion is at the equilibrium concentration of the solid 
solution. When the nucleus is large enough to be stable 
the degree of supersaturation required to enable atoms 
to cross the matrix -precipitate interface at A is probably quite small, so that the 
matrix concentration at the interface will be close to the equilibrium concentration. 
Besides ‘ negative diffusion ’ across the interface normal diffusion will proceed, caused 
by the concentration gradient between A and B bringing more precipitate atoms up 
to the interface. The shape of the concentration-distance curve will depend on the 
distances between nuclei and on the relative rates of negative and normal diffusion. 
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Thte deeoription of precipitation agrees qualitatively with the results of the 
X-ray photographs of the copper-silver and silver-copper single crystals when 
precipitation takes place at high temperatures. The lattice spacing measure- 
ments indicate that the concentration of the solute decreases as precipitation 
proceeds. 

On the other hand, Becker's treatment of the problem leads to no obvious 
explanation for the other type of precipitation — discontinuous precipitation — 
which is observed in the silver-copper system. In this connexion it may be noted 
that Becker assumed that the crystal structures and lattice parameters of the solid 
solution and precipitate were the same, and that the energy of the nu(!lei could be 
expressed solely in terms of the number of pairs of like and unlike atoms. In 
general the crystal structure and atomic volume of the precipitate wiU not both be 
the same as those of the matrix. Consequently there will usually be misfitting at 
the precipitate-matrix interface, and tlie surface energy will be similar to that of 
the usual grain botmdary rather than the case considered by Becker. The energy 
of the nucleus should therefore include a further term to allow for the elastic 
energy due to the different atomic volumes of precipitate and matrix. It seems 
highly probable that this elastic energy term has a very important influence on 
the course of precipitation in many alloy systems. Mott & Nabarro (1940) and 
Nabarro (1940 a, 6) have estimated the elastic energy of a nucleus of precipitate 
when the atomic volumes of precipitate and solvent are different, and their results 
will be considered in relation to the experimental results described in this paper, 

B. Orimtation relationships and W idmamsidtten patterns 

As mentioned above, Becker assumed that the crystal structures and lattice 
parameters of precipitate and matrix were the same. In actual cases where they 
are different, it is to bo expected that the fit between the matrix and precipitate 
which has its equilibrium structure and spacing will be bett^or for some planes of 
contact than for others, so that the energy of the precipitate-matrix interface will 
vary with the plane of contact. This assumption has been used, by Mehl and bis 
oo-workers (1932, 1935, 1939) to provide a reasonable explanation for the Wid- 
manst^ltten patterns which are observed in aluminium-copper and aluminium- 
silver alloys. They suggest that the precipitate takes the form of plates, suitably 
orientated in order to minimize the surface energy. At relatively high temperatures 
and with a low degree of supersaturation the results of Barrett aZ. (1935) and the 
experiments with single crystals described in this paper show that in both silver- 
rich and copper-rich alloys of the silver-oopper system, the orientations of the 
precipitate and matrix are the same. As the structures are the same the misfit will 
be equally bad on all planes of contact of the matrix-precipitate interface. Thus 
in this system it is difficult to see why the plates of precipitate should have any 
particularly favoured orientation. It is a fact that in alloys of the silver-copper 
system Widmonst&tten patterns are much less readily developed than in the two 
aluminium alloys mentioned above. It is possible that the orientation of the 
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precipitate is not determined by considerations of good fit, since in all cases where 
the orientation of the precipitate has been investigated it either retains the same 
orientation as the solid solution, or where there is a change of structure, it takes 
up the orientation most closely related to that of the solid solution. 

C. The effect of different atomic sizes of solvent and solute: 
discontinuous and continuous preci'piiatian 

In § 4 A we have mentioned various conditions which may govern the formation 
of nuclei of i)recipitate. In some cases stable nuclei are formed on the solid solution 
lattice, e.g. the copper-rich plates observed by Preston (1938) in aluminium- 
copper alloys. The resulting precipitate in this case has the composition CuAlj 
and so has a mean atomic volume much nearer that of aluminium than that of 
copper. Similar effects are not observed in the silver-copper alloys. 

According to Nabarro (1940a) the atomic sizes of silver and copper are so different 
that it is unlikely that any stalile nucleus can be formed and remain on the parent 
lattice, since its elastic energy under such circumstances would be greater than the 
chemical energy of precipitation ; any nucleus Avill either break away immediately 
from the parent lattice or redissolve. It seems likely that the nuclei will form at 
faults or irregularities in the lattice, such as the boundaries between crystals or 
between the mosaic crystallites. 

The subsequent growth of such nuclei has been considered by Nabarro (19406). 
He first calculated the elastic energies of various shapes of precipitate and found 
that the plate-like forms have the lowest elastic energy. A plate which has broken 
away from the matrix will have a high surface energy, due to the misfitting of the 
precipitate and matrix at the common interface. The shape of the precipitate will 
therefore be a compromise between a thin plate of low elastic energy and a sphere 
of low surface energy. A further factor tends to thicken the plates. The number of 
atoms reaching unit surface area of the edges and surfaces of the plates will be the 
same, so that as the plate grows the ratio of its thickness to its breadth should 
increase. In his treatment Nabarro finds that the dynamical equilibrium ratio of 
the thickness to the breadth of a large grain is proportional to the supersaturation, 
so the higher the degree of supersaturation, the greater will be the strain. 

These considerations may be utilized to suggest an explanation of the fact that 
in certain circumstances precipitation is discontmuous and in others continuous, 

Disc^mtinwni^ precipitation. The exjwrimental results concerning discontinuous 
precipitation are summarized below : 

(1) A crystal in which discontinuous precipitation is taking place is composed 
largely of regions in which precipitation either has not commenced or is complete, 
with few regions in which precipitation is in an intermediate stage, 

(2) Discontinuous precipitation occurs when the degree of supersaturation is 
high and the temperature is low. 

( 3 ) In all silver-rich and copper-rich single crystals examined, if precipitation 
is discontinuous, fragmentation occurred simultaneously with precipitation. 
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(4) From a survey of the literature on the subjeot, Dehlinger (1939) has pointed 
out that discontinuous precipitation occurs only in alloy systems ‘where there is 
a large difference between the atomic sizes of the solvent and precipitate. 

Thus it is seen in (2) and (4) that discontinuous precipitation occurs when, 
according to the theoretical work of Nabarro, large strains ore likely to be produced 
during the^ precipitation process, and It seems possible that the elastic energy 
associated with the growing nuclei may reach such a high value that the matrix 
in the neighbourhood of the precipitate collapses under the strain. In the resulting 
conglomeration of distorted crystallites there should be many places suitable for 
the formation of further nuclei of precipitate, so that precipitation may become 
catastrophic in the region. Once precipitation commences in a region, therefore, 
it will proceed very rapidly to completion in that region. 

The interpretation is in accordance with all the experimental results tabulated 
above. It follows, as a consequence of this suggested mechanism for discontinuous 
precipitation, that in aU alloy systems where precipitation of this type occurs, it 
should be accompanied by collapse of the matrix and hence a fragmentation of 
the solid solution. 

Continuous precipitation. Continuous precipitation occurs when the degree of 
supersaturation is low, and therefore according to Nabarro the strain associated with 
the growing nuclei is likely to be small. Experimentally it is found that fragmenta- 
tion either does not occur in discontinuous precipitation or if it does take place, then 
it commences only tow ards the end of the precipitation process. This result is thus in 
agreement with the hyiwthesis that fragmentation is associated with high strain. 

The strains produced by precipitation under low degrees of supersaturaretion a 
kept small since the precipitate can take up a plate-like form which has a low' 
elastic energy (Nabarro 1940), 

There are, however, some difficulties confronting the viewpoint that plate 
formation is the sole mechanism by which strain is relieved when continuous 
precipitation occurs with no break-up of the single crystals. 

The copper-rich solid solution contains about 1*4 times as many atoms per unit 
volume as the silver-rich solid solution, so that if the elastic energy is to be kept 
low, atoms must be moved during precipitation by some other means than merely 
place-changing. The orientation of the precipitate is the same as that of the matrix. 
It might be expected that w'hen the precipitate breaks away from the matrix and 
shifting of the atoms occurred, the orientation was likely to be upset. Furthermore, 
unless the plate of precipitate extends right across the crystal (or possibly across 
the mosaic crystallite in the case of a single crystal) some fragmentation is likely 
in order to relieve the elastic strains which will be high in the neighbourhood of the 
edges of the plate. In an alloy containing 4-0 % silver no fragmentation was 
observed, although it was held at the ageing temperature (500® C) for a long period 
after precipitation was complete. 

It seems probable, therefore, that diffusion of vacant lattice sites or interstitial 
atoms may also play a port in the removal of elastic strains. The number of lattice 
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defects (vacant sites or interstitial atoms) in equilibrium increases with tem- 
perature, 80 that it is to be expected that the relief of elastic strain by this means 
would become more effective as the temperature increases, and precipitation should 
tend to become continuous. Although the results given in table 2 appear to agree 
with this deduction, it should be noted that comparison has not been made at two 
different temperaturt^s of two alloys having the same degree of supersaturation 
at their respective ageing temj)eratures. It is therefore possible that the differences 
in l)ehaviour may be due to the different supersaturations. 

The experimental results do not permit an estimate to be made of the relative 
importance of plate formation and diffusion of lattice defects as mechanisms for 
reducing elastic strains. 

We are much indebted to Professor N. F. Mott, F.R.S., for frequent discussions 
on the problem wliich have helped us considerably. Our thanks are also due to the 
Metropolitan- Vickers Electrical Co., Ltd., and in particular to Dr A. P. M. Fleming, 
C.B.E., Director of Research and Education Departments, for providing the 
necessary facilities for the work. 
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On nuclear energy levels 

By K. M. Gvogekheimbk 

{Communicated by P. A. M. Dirac, F.lt.S., Received 11 March 1942 — 
Revised 24 June 1942) 


Tlie formula for the energy levelH of the rigid rotator haa been applied to nuclei. Two kinds 
of nuclear rotation are dlHcuHsod: the rotation of the whole nucleus leads to an relation 
for the energy levels of different nuclei; the rotation oi’ound the nucleus leads to an 
relation. Both relations are based on the assumption of equal density of different nuclei. 
Examples for both relations have been found. 

The existence of simple rational relations between the excitation levels of a nucleus, 
predicted by the rotator formula ami empirically known in some heavy nuclei, has been 
confirmed in other nuclei. 

The value of the rotation constant has been determined: ^^*064 MeV. 

The system of rotator levels apj^ears to be relevant to the interpretation of the observed 
nuclear levels. 

The transition probabilities in a system of rotator levels is discussed. Nuclear excitation 
levels are compared with X-ray levels. 

From the level system (^an bo concluded that the nuclear radii fulfil the relation r 
with 2'03i 10“^* cm. This value is in conformity with values foimd by other methods. 

Twenty years ago, Ellis (1922) suggested, for the first time, a system of discrete 
nuclear energy levels for describing the origin of a system of y-rays. He discussed 
the applicability of the combination rule for these rays and wrote: ‘The general 
results lend support to the view that stationary states exist in the nucleus and it 
is hoped that by investigating the gamma-rays of other radioactive bodies some 
general principles in the arrangement of nuclear levels may be found.’ The 
assumption of the existence of discrete nuclear excitation levels was confirmed 
later on by the observation of the fine structure of a-rays and of corresponding 
well-defined y-rays. Measurements of the energy release in artificial nuclear 
reactions indicated the occasional excitation of nuclei in these reactions and pro- 
vided more data for nuclear levels. But the hope of finding some general principles 
for the values of nuclear levels has not been fulfilled up to now. 

The quantum mechanical prediction of nuclear energy levels is not jKjssible as 
long as the law of interaction between the particles which constitute the nucleus 
is not known. On the assumption of an exponential law, levels of light nuclei 
have been calculated by Feenberg and Wigner and others, and general considerations 
on the symmetry of the Hamiltonian allowed some inferences as to the possible 
grouping and spacing of energy levels (cf. Wigner & Feenberg 1941). It is not 
possible to say that these predictions have so far been fulfilled (cf. Margenau 1941 ). 

Bohr & Kalckor (1937) showed that vibrations of the whole nucleus should 
vary as where A is the atomic weight, and that at least the lowest known 
levels do not correspond to vibrations of this kind. Vibrations of the surface should 
lead to higher energy levels than vibrations of the whole nucleus; they should 
vary as ^4"*, and are expected to possess energies of more than 1 MeV even for 
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the heaviest nuclei. But empirically the variation is apparently more rapid than 
and the energy of the lowest nuclear levels which are known is of the 
order 10* eV. 

Apart from vibrations, there is the possibility that rotational motions may 
cause nuclear energy levels. Terms due to the rotation of the whole nucleus should 
vary as Teller & Wheeler (1938) discussed theoretically the* level system due 
to nuclear rotation, but came to the conclusion that no low-lying levels of this 
kind could be expected in nuclei. Still, the order of values, computed by them for 
lead, would correspond quite well with the order of terms known in radioactive 
nuclei, e.g. 

A principal reason, ho wever, for taking up again the discussion of the rotational 
formula is the following: It is known that the nuclear forces of attraction arise 
quite suddenly near the nucleus, and the curve describing the potential must be 
rather steep, Now% the virial theorem of Clausius, which holds also in quantum 
mechanics, gives, for stationary states, a relation between the mean kinetic 
energy T and the mean potential energy V = 6V”, depending upon the power of 
the mean distance r of the particles 

T^lnV, ( 1 ) 

The total energy E of the system can be exj)re8sed in terms of the mean kinetic 
energy of the system 

JS;=:-“T-i-F-(l-h2/n)y. (2) 

The higher the power n, the more will the total energy consist mainly of the 
kinetic energy. In paiiicular, if the system becomes excited by increasing the 
total energy by a finite amount, the potential energy will only change by the 
fraction 2 /n of T. In the limit n — 00, tho energy of excitation consists only of 
kinetic energy, and since then the mean distance does not vary at all, the condition 
for a rigid rotator is fulfilled. The steeper the potential curve at a given distance, 
the better the approximation by the formula of the rigid rotator. 

On the other hand, even in the case of molecules, with forces of attraction much 
smaller than in nuclei, the formula of the rigid rotator is a very good approximation 
for representing the closely spaced molecular energy levels. Therefore in nuclei 
with their strong forces of attraction, rotational motions may very well occur. 
It remains a question of empirical research to find out whether examples can be 
found where nuclear levels obey the rotator formula. 

The two kinds of dotation 

In non-relativistic quantum mechanics the eigenvalues E of the rigid rotator 
are given by 

Er^BxK{K^l) ( 3 ) 

with B * fflftl * (4) 
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where 2nh is Planck’s constant, / is the moment of ihertia, r is the radius of the 
rotator and M is the rotating mass* If tlm whole nucleus rotates and has spherical 
symmetry, the moment of inertia is 

I ^ ()-4ifr2 (5) 

where A is the mass number and is the mass which corresponds to unit atomic 
weight. 

Prom considerationa of binding energies and of cross-sections it seems to be 
a good approximation to suppose that the volume of nuclei increases proportionally 
to the mass number A, i.o. to the number of particles in the nucleus. Then 

t^A\. ( 6 ) 

Under this condition, (4) assumes the form 

• (7) 

with = (8) 

and the eigenvalues of the energy are obtained by inserting (7) and (8) into (3) 

(9) 

Apart from the rotation of the whole nucjleus, there is another possible origin 
of rotational energy levcds, namely, the rotation of a single, or a few, particles 
around the nucleus. The closest approach of an additional particle is equal to the 
radius of the compound nucleus. Also during the rotation, the rotating particles 
have to remain within the range of attraction, which falls off very quickly with 
the distance. The radius of rotation, therefore, may be considered to be the same 
as the radius of the comj)ound nucleus. In this case, the rotation of a single 
particle around the nucleus obeys the formula (3) with 


5 = 

(10) 

The rotation of several fjarticles leads to 


B = ^ 

(11) 

and thus to the energy levels 


E^B^A*K{K + l)a-K 

(12) 


where a is the number of particles rotating around the nucleus. 

Given the radius, the eigenvalues of the energy would be determined by (8), 
(8) and (9) or (12). Conversely, the empirical determination of B would provide 
knowledge of the radius. The question of the size of nuclear radii will be discussed 
in the last section. Various methods for the determination of the nuclear radii do 
not yet appear to have arrived at an exact and unambiguous result. Therefore, 
for the present, it has to be investigated, whether the value of Bq or of any B may 
he determined empirically by the analysis of nuclear levels or nuclear spectra. 


Vol. i8i. A. 
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The detekmination of Bq 

The best cases to be analysed are those M'^here many levels are known and 
carefully measured. This condition is fulfilled for some heavy radioactive bodies, 
o.g, The magnetic analysis of Rosenblum (1937) of the fine structure 

of a-rays of ^®’RaAc indicated levels of which can be arranged into two 

series with similar values of B (cf. table 1) (Ouggenheinier 1940). 


Table 1. AcX 
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The values of are calculated l)y rexjresenting the empirical values of the energy 
levels by the rotator formula with least square deviations. If only the intense 
rays are used, one obtains for the two series B — 1*41)35 ^ = 1 • 5945 k V and as 

mean value B = 1-544 kV. 

If one inserts this value into (7), one obtains 

iio - 5-064 MoV. (13) 

The second example was found in ^®Mg with levels at 2-3, 4-0 and 5-0 MeV (May 
& Vaidyanathan 1936). The last two levels show at once the simple rational 
relation which is to be expected for rotator terms. The ratio 4 : 5 corresponds to 
levels with K ^ H and K - 9. This leads to B — 55-5 kV and with (7) to B^ = 5-06(j 
MeV, which is very similar to the value - 5-0()4 MeV found with ^a^AcX. 

The third value 2-3 MoV in ^^Mg compares with 2-33 MeV with X = 6 in (9). 
Thus all three values correspond to levels which are to be expected by the analysis 
of the levels of ^^^AcX. 

A second possibility of determining or of testing (13) is provided by the 
A~ ^ relation (11). This relation is to be applied particularly to high levels and to 
large level spacing. 

Rutherford & Lewis (1933) have already emphasized the existence of simple 
numerical relations within the level system of ^*^RaC'. They give for twelve 
excitation levels the formula 1414 + jp426-h9l82 kV. The last value corresponds 
exactly to a level with X ^ 10 with (9) and (13). The two first values which 
represent also the most intense a-ray and a y-ray, show the ratio 10 : 3. 

If one takes as the laigest common factor X, the unit for which the deviations 
of corresponding multiples show least square deviations from the exx)erim6ntal 
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values, one obtains jF = 141-45 value should be in a simple rational 

relation to B = “* according to (10). Inserting (13) and A ~ 214, one obtains 

141 - 58 . 

Another nucleus whose levels have been carefully measured is ^ThC" (Rosen- 
blum 1937). Some level distances revealed by a*rays and y-rays show, apart from 
small level -spacings, definite multiples of 1 44 k V, namely, y287 = ay327 — ay40 
-2xl44kV; y432 ay472-ay40 = 3 x 144 kV; 577 = y6]7 -ay40-4 x 144 kV. 
According to (10) and (13), B = i:?(,208 144-2 kV. 

Burcham & Smith (1938) found with {da) reactions, in four levels at 0-83, 
2*95, 3-77 and 4-49 MeV, nearly within the ratio 1 : 4 : 5 ; 6. The unit is 750 kV. 
With (10) and (13) and A - 17, one finds B ^ ^766 kV, and corresponding 

levels at 0-77, 3-07, 3-83 and 4-60 MeV. 

According to the scheme of rotator levels, the energies of y-rays of a nucleus 
should show rational proportions, if they arise from this system. The level scheme 
derived from y-rays alone cannot provide the same certainty as the levels found 
in nuclear reactions, but the differences of the energies should lead to simple 
numerical relations with the value of B in (9) or (1 1), if the nucleus is spherically 
symmetrical. 

Among recent measurements may be mentioned four hard y-rays with 6-1, 6-5, 
7-7 and 8*2 MeV in ^^Si (Plain, Herb, Hudson & Warren 1940). The values are 
nearly in the ratio 11:12:14:15. The largest common factor =« 548 kV 
compares with B = ^^28 * 549 k V. 

In ®2Br three y-rays have been reported (Roberts, Downing & Deutsoh 1941) 
with 0-547, 0*787 and 1*35 MeV. They show practically the ratio 2:3:5. The 
largest common factor F == 268-4, and B = ^^82 * — 268-3 kV. 

All these examples can be considered as evidence in favour (1) of the occurrence 
of rational relations between energy levels of a nucleus, (2a) of the applicability 
of the l relation (7), or (26) of the applicability of the A^ relation (10) which 
both follow from the assumption of equal miclear density, (3) of the value (13) 
of B^ (which has been found originally by the relation alone). 

On this basis, it is possible to attempt the interpretation of the levels themselves 
and to attribute to thorn certain quantum numbers. 


Interpretation of nuolear levels 

With the value (13) Bo — S-OO^MeV, the level scheme of figure 1 has been 
constructed. 

The abscissa gives the atomic weight between 8 and 238 on a logarithmic scale, 
the ordinate shows the energy between 20 kV and 20 MeV, also on a logarithmic 
scale. 

The relation (9) and the A^ relation (12) give the two systems of parallel 
straight lines and show the theoretical position of the levels. 

The black dots signify the nuclear levels which have been determined empirically. 


12-2 



174 K, M. Guggenheimer 

Ono sees at once that the theoretical level system covers the whole region of 
observed values. Thus, it follows that this system is at least relevant to the 
interpretation of the observed levels. Also the spacing of the empirical and of the 
theoretical levels is of the same order of magnitude. Moreover, the distance of the 
empirical values from the lines is generally small compared with the theoretical 
level distance (which is to be taken parallel to the ordinate). 

The interpretation is straightforward. On the right-hand side, the multiples of 
the rotator constant B are indicated. The series with a = 1, called al, leads to the 
multiples 2, (S, 12, 20 of B \ the series a2 leads to 1, 3, 6, 10, 16, 21; the series a3 
to 2/3, 2, 4, 20/3, 10, 14; the series a4 leads to 1^, 3, 6, 7^, 10^, 14, 18, 22J. 
The level with a= 1, iT— 1 is called in short alKi> According to (11), aliil 
coincides with \ also a2K2 with a4K3; and al ^"2 with a2ir3 {a2iL4 with 

a3iir6 and a3K6 with a4Kl), 

On the other hand, the multiples 7, 8, 9, 11, 13, ... could not be interpreted as 
levels within this scheme where, apart from the rotation of the whole nucleus, 
only the four series al, a2, a3 and a4 are considered to occur. 

For the levels derived from nuclear reactions, in general only values have been 
inserted in figure 1 which have been measured or confirmed since 1936, on the 
assumption that they represent the best known data. The bibliography of earlier 
measurements of these values will be found in the papers quoted.* Not all values 
are already exactly determined; their interpretation here is only a first attempt. 

Apart from these 75 levels, 43 levels known from a-ray fine structure have 
been indicated in figure ) . 

Most levtds lie between a4AM and alA’'4. 

The largest number of dots, more than a dozen, belongs to the line 6B, which 
corresponds U) the simple formula al A2 or a2K3 (efi figure 1 and equations (10) 
and (12)). 

The next most frequent case is the level 2B, al Al with at least six dots. The 
levels 3B, 4B and 5B are occupied with similar frequency, four or five dots. 

In the value 0-55 Me V lies on the crossing of two lines; the two higher 
values show the spacing between 2B and 3B. 

The three levels found for A = 20 near al Al were measured by three different 
processes. The value 1*35 MeV has been observed in with (dp) reaction, the 
value i'4MeV in with inelastic proton scattering, ami 1-5 MeV in a (dn) 
reaction. It is y>os8ible that all three measurements correspond to the same level. 

♦ Referenw^a to exfwriniental points. *Be; Richards 1941 ; Hmith & Murrell 1939. “B : Bon- 
ner A Brubaker 1936. Pollard, Davidson & Schultz 1940. Holloway & Moore 1940. 

Bennett et al. 1941, Humphrt^ys & Watson 1941. »N: Holloway A; Moor© 1940; 
Bennett et al. 1941. “O: Stephens et al. 1937. I’O: Burcham A Smith 1938. *®F: Bower 
A Burcham 1939, *®N©: Powell et al. 1940; Homier 1940. *We: Murrell A Smith 1939; 
Pollard A Watson 1940. "Ne: Schultz A Watson 1940. Murrell A Smith 1939* 

«Mg: McMillan A Lawrence 1935. »*Mg: May A Vaidyanathaa 1936; Humphreys A Pollard 
1941. *’AI: Wilkins A Kuerti 1940. ®*P: Szolay 1939. •♦S; Pollard 1939. *‘A: Davidson 

1940. **Ca: Pollard A Brasofield 1936. **So: Davidson 1939. Pollard 1938. •W: David- 
son 1939. “V: Davidson A Pollard 1938. *^00 and ’•As: Davidson 1940. Alpha-rays: 
Rutherford A Lewis 1933; Lewis A Bowden 1934. 
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The three highest levels of ^’0 lie on three consecutive lines, and the four levels 
measured by Bower & Buroham (1939) in (dp) with 0*7, 1*0, 1*35 and 1*9 MeV 
lie on, or near, four consecutive levels (I, 1|, 2, 3) of the relation {12)» 

There are several nuclei where all measured levels seem to belong to the same 
a series, even to consecutive levels of the series, e.g, tiie three levels of the two 
levels of *®Ca and the two of (a2). The two levels of lie on two consecutive 
linos of the a4 series. 
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Fiouke 1. • energy levels; O y-rays. 
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The cases where all observed levels of a nucleus lie on consecutive lines of the 
relation, or belong to the same a series, may be considered as evidence in 
favour of the theoretical level system. 

The crossing of two lines may be connected with an increased probability of the 
excitation of the corresponding energy. The following crossing points are marked 
by dots which represent observations: Kl with a4Kl ; with a4K2\ K4 with 
al-fiTl ; K5 with a4^4; K6 with a^KZ and with a2K2 ^ alK2. 

The highest nucUsar excitation observed up to the present is 17'5MeV (cf. 
figure 1). It lies on the lino 21 B and is therefore interpreted as a2K^ level. 
Empirically, it is a deuteron -resonance level in (Bennett, Bonner, Hudspeth 
& Watt 1941), and the interpretation hero is in agreement with this fact. 

The highest level observed in the a-ray fine structure of heavy nuclei is 2*880 MeV 
in RaC. It lies above the line 20B. The highest y-ray of the heavy radioactive 
nuclei has been found to be 3 2 MeV in Th D, whi(!h Avould lie on the line 22 JB, 
a4^9. 

The position of the lowest nuclear levels is of particular interest. Theoretically, 
the lowest level is at 2*770 kV in The lowest observed level in a-radioactive 
nuclei is 31 kV in ^^^AcX. It corresponds to a Ki level. The lowest y-rays reported 
in the list of Seaborg (1940) are 54 kV in A = 65, 46 kV in A == 78; 37 and 49 kV 
in ^ 80 and 29 and 46 kV in ^4 ^ 83, Three of these lines correspond to the 

energy of the K2 level (53 kV in *4 = 78, 51 in A «= 80 and 48 in -4 =» 83); these 
lines can also be due to transitions to K3-K2. But the other three lines can, 
within the level scheme, only be attributed to the transitions a2-Kl. (Within 
this scheme, they cannot represent the level Kl, because then, the next higher 
rays would possess twice as much energy.) 

The smallest energy released by nuclei, has been reported in (Collar, 

Cork & Smith 1941), namely, a y-ray with 17 kV, whereas 14*4 kV corresponds 
there to K 2-K I . 

It is noteworthy that nuclear rotation leads to such low-lying levels at these 
atomic weights. 

In ’Li, a level is known to lie at 0*5 MeV (Wilson 1941). If this level is due to 
rotation of the whole nucleus, the nucleus must be rather flat (perhaps a centred 
hexagon). 

The level system of ^^^ThC' is of special interest. The transition to the first 
excitation level of 40 kV is more frequent than to the ground level. The value 
of 40 kV is too small to be part of the A~^ system (12), But there are combinations 
of energies of this system {B ^ 144*2 kV) with the first value, which are excited 
and irradiated simultaneously. Here the interpretation is that the excitation of 
the rotation of the whole nucleus can simultaneously occur with a rotation around 
the nucleus, and more often the de-excitation occurs separately. 

Multiple excitation is also indicated by the formula of Rutherford & Lewis for 
the levels of 2**RaC'. 

Resonance levels corre8]>ond generally to such high energies of excitation that 
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the probability of multiple excitation is rather great. Thus, these levels are less 
favourable for the determination of the fundamental level system. 

The occurrence of multiple excitation forms an essential part in Bohr’s theory 
of the compound nucleus (Bohr 1936). In fact, the level density found in resonance 
levels is much higher than the level density observed with nuclear reactions, viz. 
the differences of the released energies. Thibaud & Comparat (1939) found, in 
fourteen resonance levels between 11*64 and 14*16 MeV, Stuldinger (1939) in the 
same nucleus nineteen resonance levels between 14*64 and 17*45 MeV. Fiinfer (1939) 
reported twenty-two resonance levels in between 12*67 and 16* 68 MeV ; also in 
and ^Oa, eleven, thirteen and sixteen resonance levels have been found, 
Bohr’s idea of multiple nuclear excitation can be applied also to the system 
of rotator levels. As mentioned in the case of the rotation of the whole 

nucleus can be excited simultaneously with the rotation of a group of particles 
around the nucleus. If one restricts the permission of multiple excitation and if 
only a double excitation of this kind is allowed, namely, the combination of the 
excitation of a level of the A ^ series together with one of the four a series of the 
^4 “I relation, then one obtains already at least the same level density as the 
observed one (even if the rotator levels remain 2K 4- 1-folcl degenerate). 


Mn/riPOLK HAOIATION 

The selection rule, which is valid for transitions between rotat/or levels of 
molecules, cannot be expected to hold in nuclei. The observed values of the rotation 
constant B of diatomic molecules lie between 

4*631 X 10 « eV (I2) and 7*545 x 10 ^ eV (Hg), 

whereas for nuclei the value Bq = 5*064 x 10® eV has been adopted. 

The emission j)robability of photons depends upon the energy and the multipole 
order, according to the formula (Segre; cf. Helmholtz 1941) 

where A is the decay constant, hw the energy, rj a constant of the order 1 and x is 
of the order of the nuclear radius. The emission probability itusreascs with the 
energy of the photons, and decreases with the multiple order of the emitted light. 
But in a system of rotator levels, the multipole order increases with the energy 
according to 

E == B[K{K + 1 ) - ( A" - Z) (/f ^ / 4- 1 )] « i?[(2A 4- 1 ) / - PI (15) 

It depends, therefore, apart from the nuclear charge, upon the values of B and 
of A, whether the transition to the ground level or to the neighbouring level or to 
an intermediate level will be the most probable. 

The occurrence of y-radiation of high multipole order (up to 2®) has been 
observed (cf. Helmnolz 1941). 
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NxTCIiEAR LEVELS AK0 X-RAY LEVELS 

In figure I, a line has been drawn at the lower right-hand corner, which connects 
the points A ^ 92, E 20 kV, and A «= 238, E ^ 1 15-3 kV. it indicates the region 
of the X-ray X-level. 

According to (9), from ***Rb on, nuclear levels should lie lower than the X-ray 
jftT-level of the same atom. The occurrence of nuclear energy levels below the X-ray 
X -level is established in heavy radioactive bodies (cf. figure 1). 

It is easily seen in figure 1, that, for example, the energy of 115*3 kV of the 
uranium X-ray X-level should be sufficient for the excitation t)f the nuclear level 
X 1 of A == 26. This nucleus should show a selective absorption of radiation of this 
energy, and the absorption of this energy should be larger in this nucleus than in 
nuclei of smaller or higher atomic weight. Again, a nucleus with the atomic weight 
A == 50, should show a similar selective absorption owing to the nuclear level K2, 
The excitation of a nuclear level with X > 1 should give rise to the emission of 
secondary rays of greater wave-length. 

Systematic absorption measurements of this kind would provide a simple method 
for testing the position, in particular, of the lowest nuclear energy levels. 


NtrOLEAR RADII 

The A ^^ relation (12) as well as the A ’ * relation (9) are based on the assumption 
of equal nuclear density, r = Ahg, Equation (8), together with the 

empirical value (13) of Xg = 5*064 MeV, allows the evaluation of rg. With 
2nfi. = 6*6242 x 10"®’ erg see. and Mq — 1-660 x 10“®^ g., one obtains 

rg==. 2*031 X 10-1® cm. (jq) 

This value, derived from the analysis of nuclear levels, is in remarkable agree- 
ment with the value 2*05 x lo-^® cm. deduced by Bethe (1937) by the theory of 
a-decay under the assumption that a-i)articles are not pre-existent in the nucleus. 
With this assumption he was led to correct the value 1*4 x 10 cm., assumed 
by Gamow (1931/7). 

Recently, proton -proton, neutron -proton and neutron-deuteron scattering 
experiments have been described with a range of forces between 1*73 x 10“^® and 
2*8 X 10“^® cm. (e.g, Breit, Thaxton & Eisenbud 1939; Rarita & Schwinger 1941 ; 
Buckingham & Massey 1941). 

Kuerti & Wilkins (1940) measured the scattering of protons in aluminium and 
found as the limit of the validity of the Coulomb law a radius of 6*8 x 10“^® cm., 
whereas (6) and (16) lead to r == 6*09 x 10-^® cm. 

Placzek & Bethe {1940) remarked that the formula for Fraunhofer scattering 
can be applied to nuclei. By this method Present (1941) computed from recent 
scattering experiments of Wakatuki (1940) with neutrons, radii for iron 
rp0 = 7*4 X 10"^® cm. and for lead rp^, ~ 11*3 x 10*“'® cm. whereas with (16) one has 
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to expect rotator radiiofironrpe *,7*6 X 10 ''^*cm.anddfleadrp|^=e 11*7 x 10*^^ cm. 
The scattering values of small angles seem to lead to even higher vahies of the radii. 

Barschall & Ladenburg (1942) measured the total cross-sections for the elastic 
and inelastic scattering of 2*5 MeV neutrons in several nuclei (cf. table 2). The 
de Broglie wave-length of these neutrons is 1*82 x cm. Even for light nuclei, 
the empirical values of the cross-sections q are larger than A^/tt == l'()5 x lO"*®* cm.® 
(ef. Peierls 1940). 

One can define an effective scattering radius by the formula 

= (17) 

The differences between the scattering radii, derived from the observations of 
Barschall &; Ladenburg, and the geometrical radii (16) are on the average 
2'0 X 10“^® cm. Thus, the scattering radii can approximately be written in the form 

»'g = ^ + »'o = '''oM* + l)- (1^) 

and are practically equal to the sum of the radii of the nucleus and the neutron. 
The cross-sections calculated with (18), (17), (16) are inserted in table 2. 


Table 2. Cros8-.skction8 




c 

Al 

Fe 

Cu 

Zn 

Pb 


X 10 -« 

1-6 ±0-3 

2-4 ±0*3 

3-1 ±0-3 

2-7 ±0-3 

30 + 0-3 

6-0 ±0-7 


X 10-*« 

1-40 

2-07 

3-02 

3-24 

3-27 

618 


cm.® 


(With a value = 1*47 x cm., the differences between the scattering radii 
and the geometrical radii would be on the average greater than 4 x cm.) 

Pollard, Schultz <& Brubacker (1938) found for the reaction radii of neon, 
aluminium and argon values which correspond at least to = ] '94 x 10 cm. 
Weisskopf & Ewing (1940) computed a value = 1*3 x 10”^® cm. for the reaction 
radii. It is the value of the sticking probability which makes this method rather 
uncertain (cf. Dunlap & Little 1941).*** 

Weizsilcker (1935) deduced with his semi-empirical formula for packing fractions 
and isobaric shift, a value 1*4 x 10“^® cm. Bethe showed (1937) that the 
semi-empirical formula can be adapted to the larger radius ^ 2-05 x 10“^® cm. 

Krishnan & Nahum (1942) measured cross -sections and excitation functions of {(Ip) and 
(dn) reactions of heavy nuclei. Owing to the uncertainty of the sticking probability, the 
absolute values of the cross-sections seem to bo compatible with ro = 2*0 x 10"^* cm. as well 
as with 1*47 x 10“^* cm. The cross-sections of the {dp) reactions have been found to be 
much larger than those of the (dn) reactions. The Opponheimer- Phillips process provides 
a fitting factor, if x 10~^® cm. or even somewhat higher. On the other hand, the 

observed facts oau be interpreted and are compatible with fo=s2-0 x om., and /’p> jT,*, 
where Fp and Fp are the emission probabilities of a proton or of a neutron. It also should 
be kept in mind that calculations of penetrabilities become increasingly less reliable as the 
bombarding energy approaches values which are comparable with the height of the barrier 
(of. Volkoff 1940), 
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Ation (1939) found that with very simple assumptions for the surface energy and 
binding energies, the isotopic shift leads to a value 2*05 x cm. (cf. also 
Jordan 1937), 

Nuclear radii have been calculated by using tlie maximum energies of ^-rays. 
The nuclei with Z ^ N in particular, show a remarkable regularity and lead 
to an A ^ relation of the form (6). Under the assumption of uniform distribution 
of the nuclear charge, a value ^ 1*47 x 10 ^^^ cm. has been derived for the 
*Cbulomb-radii’ (Wigrier 1937; Bothe 1938; Stephens 1940; Elliot & King 1941 )• 

The charge emission causes in the remaining nucleus the change of the Coulomb 
field, and it is generally supposed that this change is the only alteration of the 
energy of interaction (at least in the series Z = 1). On the other hand, the 

energy release allows the calculation of the change of the total energy in the 
nucleus. If this change of the total energy consists only of, and is equal to, the 
change of the y)otential energy, the radii can be calculated with the result mentioned 
above. 

Btit equation (1 ) shows, as a result of the viiial theorem, that the change of the 
total energy is generally not at ail equal to the change of ttie potential energy. 
The same is true in quantum mechanics. The equality of the change of the 
eigenvalue of the energy with the change of the potential energy, treated as a 
perturbation, would be only a first'order approximation. The second-order 
af»proximation cannot be carried out as long as the exact law of interaction in 
nuclei and tlie eigenfunctions are not known. The inference from the change of 
the total energy to the radius is therefore rather hyf)othetical. If, for example, 
the rotator radius — 2*03 x 10^^® cm. is correct, it can bo concluded that the 
ratio between the change of the total energy and of the potential energy is 
AEz l* 4 d V for the ground state. Thus, the large radius is not incompatible with 
the observed values of the energy releases in /?-radiation. 

Nordheim k Yost (1937) mentioned already that the large radius dues not affect 
essentially the consequences of Fermi’s theory of /?-decay. 

In table 3 the values of calculated with different methods, are asse/nbled: 


a-decay radius 
Scattering raditLs 
Keoction radius 
Semi-oinpirioal radius 


Coulomb radius 


Table 3. Nttclear kadii 


Gamow 193 1/7 
ry = 1*4 X JO ** cm. 


U^isskopf & Ewing 1940 
= 1-3 X 10 mu. 
Weizstiokor 1935 
^0 S ^ *4 X 10”^® cm. 


Wigner 1937, Bethe 1938 
ry=l- 47 x 10-*»cm. 
if dE:^AV 


Bothe 1937 
ry = 2*05 X cm. 

Barsohall k Ladenburg 1942 
ro> 2 X 10“^^ cm, 

Pollard et al, 1938 
ry- 1*94 X 10”^* cm, 
Jordan 1937 
/•y=2 ]4x 10"^^ cm. 

Aten 1939 
ry = 2 - 05 x 

ry— 2'03 X 10*"^® cm, 
if dJS;=rI.4dF 
ry= 2 * 03 xx 10-i»oni. 


Rotator radius 
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On nudear energy levels 

The rotator radius agrees well with the a-decay radius, with the recent deter- 
minations of the scattering radius and of the semi-empirioal radius of binding 
energies and isobaric shift of stability. It is compatible with the reaction radius 
and with the Coulomb radius. 

Improvements of the det/ermination of nuclear rotation levels would allow one 
to detemiine the nuclear radii with the same spectroscopic exactitude as the radii 
of diatomic molocniles. 

The value of is not identical with the radius of a single particle. If the particles 
of a nucleus are distributed like most densely packed spheres, the radius of each 
of these spheres is O-^Orp. With other distributions, the radius of the particles comes 
out even smaller than this value. 

The value (10) of can be considered as evidence in favour of the interpretation 
of the level system (9) and (12) as due to nu(deai* rotation (cf. table 3). 

I wish to express my gratitude to the Provost and Fellows of King's College, 
Cambridge, for the award of a studentship during the tenure of which this inves- 
tigation was carried out. I also should like to thank Professor Dirac; for his kind 
interest in this work. 1 am indebted to him for friendly discussions and also to 
Dr Feather for giving me valuable information about the reliability of some of 
the experimental results. 
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A new method of determining half-value periods from 
observations with a single Geiger counter 

By a, G. Ward, Emtnambei Collejge, Cambridge^ 

(Communicated by J. D, Cockcroft^ F,R.S. — Received, 10 April 1942) 

A coinoideiico circuit is described which makes possible the determination of half- value 
periods between 10~^sec. and 1 sec. using a single Goigor counter. This arrangen:ient has 
been used to determine the half- value periods of actinium A, thorium A and radium 0' 
with the following results; Ac A (1-83 + 0-04) x 10 * sec., ThA (1-58 + 0-08) x sec., 

KaC' (1*48 ± O'OO) x 10~* sec. A discussion of the limitations of the metho<l and of possible 
sources of error is given. 

Introouction 

The method of determining half-value periods described in this paper is based 
on the analysis of the distribution in time of the impulses recorded in a single 
Geiger counter. This analysis is made possible by the use of an electrical circuit 
with a variable resolving time, developed for this work by Dr J. V . Dunworth in 
the Cavendish Laboratory. f The half- value periods of actinium A, thorium A and 
radium C have been measured by this method. The values obtained are as follows : 

Ac A (1*83 ± 0*()4) X 10~* sec., ThA (1*58 ± 0-08) x 10”"^ sec., 

RaC' (1-48 ± 0*06) x 10”* sec. 

The periods of thorium A and actinium A were determined by Moseley & Fajans 
(1911) using a rotating disk method. The half- value period of radium C' has been 
determined by Rotblat (1939, 1941) (see also Dunworth 1939). It will be seen that 
the half- value periods reported in this paper agree reasonably well with previous 
values. Although, up to the present time, the experimental technique now to be 
described has been tested only in the determination of half-value j^eriods of 
elements of the naturally radioactive series, it has many other applications in 
the field of nuclear physics. J It will clearly be of use in the search for new radio- 

* Editorial note. The first draft of this paper was prepareni by Mr Wai'd, to whom all the 
experimental observations are due. Mr Word’s present duties have, however, made it im- 
possible for him to devote further time t-o the final revision of the paper, and this I have 
undertaken on his behalf. I also took the opportunity of quoting Mr Ward’s final results in 
a recent review article of my own (Feather 1941). — N. Feather. 

t The present experiment was started in the Cavendish Laboratory by Mr T. B. Soheffier 
in January 1939 but hod to be abandoned by him before any real success had betjn attained. 
The experimental work carried out by the writer was completed in April 1940. 

X Since the work described in this paper was completed, two papers by Driscoll, Hodge 
ik, Kiiark {1940) and Roberts (1941) have been publisliod which describe circuits having the 
same principles of ojwation as that onxployed by the writer. Tlie circuit described by Kolierts, 
in particular, very closely resembles the one described in this paper, but the writer feels that, 
in spite of this, the present circuit hoe merits which justify its description in detail. In the 
papers cpioted the new circuits are discussed in relation to the study of the behaviour of 
Geiger counters, but Rol>ert8 (1941) also refers to possible applications to the measurement 
of half- value periods of radioactive substances. 

[ 183 ] 



184 


A, G. Ward 


activities with half-value periods of this order produced by the decay of longer- 
lived parent substances, and it should also prove useful in the investigation of y-ray 
transitions of comparatively long lifetime (1 see. >r> 10“* sec.). 

Method of anai^ysing ooiisroiDEKOE counting rates 

The electrical circuit, which is described more fully later in the paper, has the 
property of reconling a ‘ coincidence ' whenever any impulse in the Geiger counter 
occurs within a time interval T of the preceding iinputse. It can also be used to 
count the total number of impulses ocouning in the counter in a given time. 

When the impulses produced in the Geiger counter are randomly distributed in 
time, and the electrical resolving time of the associated circuit is T, it can be 
shown that the coincidence counting rate Co is given by the equation 

(i) 

where n is the average number of impulses per unit time. The coincidence counting 
rate is here understood as tlu? average number of times per second that an impulse 
follows the last preceding impulse within a time interval less than T sec. 

Suppose now that a small amount of actinon gas, for example, is introduced 
into such a counter. Then, because successive disintfjgrations ocjcur, the impulses 
will no longer be distributed at random. The total counting rate will be the sum 
of the * natural eifeot- ’ of the counter and the effect produced by the decay of the 
actinon, actinium A and the succeeding members of tliis radioactive series. If all 
the radioactive atoms disintegrating in the counter are recorded, and if the average 
time interval between disintegrations is large compared with the half-value period 
of actinium A (the shortest-lived member of the series), then it is evident that each 
impulse due to the disintegration of an atom of actinon will be followed by an 
impulse due to the disintegration of the daughter atom actinium A, and that the 
separation in time of such a pair of impulses will be much less than the average 
time interval betweem recorded impulses in general. The coincidence rate C can 
now be shown to be 

C =- {w^ + %) [1 +%[1 (ii) 

where is the number of ‘random* impulses per unit time and is the number 
of pairs of correlated impulses per unit time, the correlation being expressed by 
the probability = (1 that the second impulse of a pair follows the first 

within a time T. Hero A is the characteristic radioactive decay constant concerned. 
It should be noted that the total counting rate in this case is + 2n^ , The precise 
significance of the counting rates and % in our present example has now to 
be discussed* 

In the first place the correlation in time between the impulses produced by the 
decay of actiniurn B and successive members of the radioactive series is not 
considered in this analysis. Since the half-value periods of these substances are 
very much longer than the resolving times T of interest for the determination of 
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the period of actinium A, they are considered as contributing ‘random' counts, 
included, with the natural effect of the counter, in the value of Again, there 
are two reasons why some of the ‘correlated' disintegrations of actinon and 
actinium A contribute to rather than to . The first reason is that the efficiency 
of the Geiger counter is not exactly 100%, the second that there is a finite time r 
in which the counter is insensitive to a further impulse after each impulse which 
it records. If e is the efficiency of the counter, only a fraction e of the disintegrations 
of actinon are counted, and a similar fraction of the disintegrations of actinium A 
would be counted, if the second effect were negligible. If tliis were the case, a 
fraction of the correlated disintegration pairs An-^^AcA-> AcB would be 
recorded, and a fraction e:( 1 — e) of the disintegrations of each body would give rise 
to unoorrelated impulses counted in If the finite recovery time r is not 
negligible, as we have just assumed, a further fraption e^{l of the disintegra- 
tions of actiniinn A fail to be recorded, only of the total number of ‘ correlated ’ 

f)air8 go to make up the observed rate % , and an additional fraction 1 — of the 

disintegrations of actinon — over and above the fraction e(l— e) previously trans- 
ferred — inust be regarded as contributing to . The effect of the finite recovery 
time is not, of course, confined to the correlated disintegrations ; its general effect 
on the coincidence rate can he represented by interpreting T in equation (ii) as 
a time measured from a zero r sec. after the occurrence of each impulse recorded - 
after the redistribution already made between % and . 

For the purposes of discussion the actinon series has been used to illustrate the 
application of equation (ii) in the analysis of coincidence observations. It will be 
realized that similar, but in each case distinct, considerations hold when equation (ii) 
is used in the determination of the half-value periods of thorium A and radium C. 

In general, for the determination of the period of a radioactive substance, the 
following procedure is carried out. Values of (J arc obtained for different know n 
values of T. The single counting rate + is also measured. From these 
measurements, with the help of equation (ii), A is determined. The half-value 
period is then 0‘693/A. From an inspection of equation (ii) it can bo seen that a 
determination of A is simplest when A is greater than («„ + ///,), and when is kept 
os small as possible. 


Design of Geiger counters and of the coincident circuit 

The Geiger counters used in these experiments w^ere made of small dimensions. 
This was necessary to keep the value of (equation (ii)) as small as possible, since 
a small counter has a small natural effect and, at the counting rates used, the 
natural effect contributes appreciably to A small counter is also relatively 
insensitive to the y-rays from radioactive sources in the vicinity. In addition, 
some evidence was obtained in the course of these experiments which showed that 
small counters have a shorter recovery time (r) than larger counters of the same 
construction. 
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The counters were of the type recommended by Curran & Petrzilka (1939), 
having a brass cylinder and a 50 /e tungsten wire, and were filled with a mixture 
of 90 % argon and 10% alcohol to a pressure of 12 cm. of mercury. Figure la 
shows the detailed construction of the counters. The brass cylinder is a sliding fit 
in the pyrex glass tube and glass end-pieces keep the tungsten wire central and 
enclose the counting volume. The method of attaching a spring to keep the central 
wire taut is shown in the figure. Wire leads to the counter case and the central 
wire come through constrictions in the glass tube atid vacuum seals are made with 
solder and sealing wax. 
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Two diflferent methods were used to introduce the radioactive material into the 
counting volume. Figure lb illustrates the arrangement used to introduce radon 
and thoron into the counters. The emanating source was placed in a receptacle 
fitting into tlie side tube with a ground-glass joint, and the entrance of the radio- 
active gas into the part of the tube containing the Geiger counter was controlled 
by a tap. When the tap was open, the radioactive gas diffused into the counter 
proper tlirough the small hole in the glass end-piece used to centre the tungsten 
wire. 

Figure Ic shows the arrangement used in measuring the half-value period of 
actinium A. The emanating source was placed in a cylindrical container which was 
introduced into the long side tube through a ground-glass joint. A small piece of 
soft iron was attached to the source container, and enabled it to be moved along 
the tube by means of an external magnet. When the source container was at the 
end of the side tube farthest from the counter, the actinon gas atoms decayed 
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before they had time to diffuse along the tube as far as the counter. With the 
source moved closer to the counter, the actinon atoms were able to diffuse into 
the counter through a small hole drilled in the brass wall of the counter. This hole 
did not face directly down the side tul>e but was arranged in such a way that 
particles arising from disintegrations in the side tube would have small chance of 
passing through the hole into the counting volume. It was shown experimentally 
that the number of actinon atoms diffusing into the counter was reduced to about 
60% by moving the source 1 cm. farther away. This is in reasonable agreement 
with the value calculated from the rate of diffusion of the actinon atoms and their 
known halfdife (3*9 sec.). 

a 
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The electrical circuit used for the experiments described in this paper is shown 
in figure 2. For the sake of simplicity the valves are shown as triodes. Figure 2a 
shows a multivibrator circuit and Geiger counter which operates in a manner 
suggested by Getting (1938). This circuit is very sensitive to small voltage changes 
on the grid of the first valve, if the bias of the second valve is correctly adjusted. 
Two purposes are served by the use of this circuit. The voltage ptdse on the plate 
of the second valve is almost independent of the size and length of the pulse of 
applied voltage, and the changes in voltage on the plate and grid of the first valve 
can be utilized to provide a quenching action for the counter. The arrangements 
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shown for quenohing the counter are similar to those suggested by Getting (1938) 
except that a larger range of useful operating voltage is achieved by applying 
quenching voltage both to the case and to the wire of the Geiger counter. 

A single impulse in the Geiger counter produces a rectangular pulse of negative 
voltage at the plate of the second valve. The length of this puls© (see figure 3a) 
can be altered by varying the values of C and B (figure 2a). Pulse lengths between 
and 10"^ sec. have been \ised in these experiments, the values being measured 
by visual observations on an oscillograph. These are the values of the time interval, 
T, for which the Geiger counter is rendered useless for counting by the quenohing 
voltage. 



Fkicrk 3 


It was not possible to use pulse lengths shorter than 10 sec., since then a single 
impulse in the Geiger counter would trip the multivibrator circuit more than once. 

The reotangxilar pulses of negative voltage from the second valve in figure 2a are 
fed into the second part of the electrical circuit, figure 26, by two separate paths. 
The resistance-capacity coupling used has a small time constant and alters the 
rectangular pulse to the shape shown by the dotted line in figure 3a. 

The two upper valves in figure 26 have a common plate resistance and form a 
modified Rossi coincidence pair. The cathode potential of this pair of valves is 
maintainfHi at about 100 V positive with respect to ground by the potential 
dividers Bj. The control giud of the second valve of this pair is connected 
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through a megohm resistance to the plate of the thyratron {Th). The voltage pulse 
represented by the dotted line, figure 3a, is fed to the grid of the thyratron and 
the grid of the first valve of the Rossi circuit. The voltage changes occurring 
across the plate resistance of the Rossi (urouit are shown in figure 36, The initial 
short pulse is caused by the first valve of the Rossi pair being rendered non- 
conducting by the negative part of the input pulse. The second positive part of 
this input pulse strikes the thyratron and the consequent fall of the plate potential 
below 100 V is communicated to the grid of the second valve of the Rossi pair 
and this valve is made non-conducting. This valve remains non-conducting for a 
length of time T determined by the time necessary to charge the plate of the 
thyratron up to 100 V, and thus time T is determined by the value of the resistance 
and capacity in the plate (drcuit of the thyratron. 

The output voltage changes occurring at the plates of the Rossi pair when two 
impulses are recorded within a time 7' are shown in figure 3c. The second impulse 
is recorded as a coincidence by tlie large voltage change which occurs at the plates 
of the Rossi pair. It should be noted that the second valve of the Rossi circuit 
is again held non-conducting for a length of time 7^ after the second impulse, and 
the circuit will again record a coincidence if another impulse falls within this time. 
Thus the electrical circuit fulfils the condition stated j>revioiisly : it rc^cjords a 
coincidence every time an impulse follows the preceding impulse within a time 7\ 

The output from the plates of the Rossi pair is fed through a discriminator 
valve into a scale of eight and mec^hanical recorder. The resolving time of the scale 
of eight circuit was shown experimentally to be less than 10"^ sec.; thus the 
correction for counting losses was dependent only on the recovery time of the 
mechanical recorder and on tliat of the Geiger counter and its associated multi- 
vibrator circuit. Corrections for loss in the mechanical circuit were avoided by 
using a scale of sixty-four when fast counting rates were required. With a reciovery 
time of 10“* sec. for the Geiger counter, losses in the counting of randomly occurring 
impulses for this reason were always less than 1 % . 

Two methods were used to measure the resolving times T of the coincidence 
circuit obtained with different settings of the variable resistance and capacities 
of figure 26. For resolving times between 1*0 and 0*02 sec. a neon stabilizer was 
used as a pulse generator and synchronized with the 50 cycle a.c. By this means 
pulses were obtained with a frequency of 50 ])er sec. or any submultiplo of 
50 i^T sec. The resolving time 7^ equal to the titne between succeeding pulses 
could then be easily determined by finding the values of capacity and resistances 
in the plate circuit of the thyratron for which the circuit recorded each pulse as 
a coincidence. For resolving times less than 0*02 sec. the resolving time was 
determined by measuring the chance coincidence rate for a known single counting 
rate when the impulses had a random distribution in time. 

By observing the coincidence rate at various single counting rates for a fixed 
value of T (plate resistance and capacity constant) the validity of equation (i) was 
proved. This test also showed that the coincidence circuit was behaving correctly 
and that no appreciable number of ‘spurious’ coincidences was being recorded. 
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Such ' spurious * coincidences were found when the pulse length of the multivibrator 
was made leas than 10 * sec. 

It may be pointed out that the electrical circuit which has just been described 
can also be used for investigations of the behaviour of a Geiger counter (of. 
Roberts 1941 ). It would be of interest to t(5st one of the fast counters described by 
Neher (1938) with this coincidence circuit. These counters are said to have a 
recovery time of 10"® sec. If it is possible to use a multivibrator pulse length of 
this order of magnitude the range of half- value periods which could be investigated 
by the present method would be greatly increased. The writer feels that the 
possibility of utilizing resolving times of this order is rather remote, ainoe it would 
appear probable that the collection time of ions in a counter is of the order 
of 10"* sec. 


Experimental results and their analysis 

The following procedure was used to determine the half-value period of 
actinium A. The natural effect of the counter was first measured with the source 
at the end of the side tube (figure 2c) remote from the counter. The emanating 
source was then moved to a predetermined position close to the counter, so chosen 
that a suitable counting rate was obtained from the emanation, in diffusion -decay 
equilibrium within the counter. Alternate readings were then taken of the total 
counting rate (which increased with time due to the growth of actinium B together 
with succeeding members of the acjtinium series) and of the ‘ coincidence ' rate (at 
various resolving times). At the end of this sequence of observations the emanating 
source was again moved back to the end of the side tube. Since acfcinon itself has 
a short half- value period (3'0 sec.), it disappears rapidly when the source is removed ; 
after a short time, therefore, the observed counting rati^ was due only to actinium B 
and the succeeding members of the series and to the natural effect as previously 
determined. When these experiments were made the equipment available did not 
allow of simultaneous detenninations of the total counting rate and the coincidence 
rate ; clearly if this had been fjossible it would have been preferable to the procedure 
of alkjrnafce determinations actually adopted. 

Tables 1 and 2 contain the analysis of one set of observations used in the 
determination of the half- value period of actinium A. The time in minutes recorded 
in column 1 (tables 1 and 2) is the time which had elapsed ainoe the emanating 
source was brought near to the counter. Column II, table 1, gives the total 
counting rate (in min.“i) observed during the 229 min. for which the source 
remained in position, as well as the corresponding rate for the next 21 min. after 
the source had been removed. In column V the natural effect (54 has 

been subtracted from these latter rates and column VI represents their correction 
to the time of removal of the source {t tm 229 min.). We take the average of these 
corrected rates (709 + 6 min,”'^) as the steady equilibrium counting rate due to 
actinium B and subsequent products (equilibrium can be regarded as virtually 
complete after 229 min.), and from this value we obtain the counting rate due to 
these products at any time during their growth to equilibrium (column III). 
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Table 1 


(For explanation see text) 


I 

II 


III 


IV 

I tl 


V 

VI 

10 

750 ± 

10 

85 


665 

229 Actinivun source remAOved 

28 

951 ± 

11 

257 


694 

231 748 ± 

19 

694 

707 

45 

1081 + 

12 

384 


697 

233 768 ± 

20 

714 

740 

63 

I173± 

12 

479 


694 

235 740 ± 

19 

686 

729 

83 

1215 + 

12 

553 


662 

238 684 ± 

13 

630 

702 

114 

1329± 

13 

625 


704 

242 646 ± 

13 

592 

705 

167 

1346± 

13 

676 


670 

246 588 ± 

12 

534 

683 

184 

1387 ± 

13 

691 


696 

250 562 ± 

12 

508 

696 

222 

J:175± 

U 

701 


674 










Tablk 2 








(F 

or 

explanation 

see text) 




1 

ir 


III IV V 


VI 

VII 

19 

340 

±6-5 


10 

801 59 


280 

339 

37 

280 

±6 

4 

X 

l(»-» 101(5 41(> 


226 

268 

54 

183-4 

+ 4-8 

2 

X 

I0-» 112 

:2 28*4 


155-5 

184 

73 

139-2 

+ 3-7 

1-41 K 

10 » IIS 

!7 23*4 


122-4 

145*8 

92 

452 

± 7 


M) 

1207 158 


280 

438 

103 

86-4 

+ 0-8 

7 

X 

10-‘ 1291 140 


69-6 

84-2 

127 

67-1 

+ 2 

4-4 

X 

10 > 1332 10 0 


45-6 

55-6 

144 

26-1 

±1‘3 

2 2 

X 

I0-- 1351 5-3 


24*0 

29-3 

193 

459 

±8 


H) 

> 1380 194 


280 

474 

202 

312 

±6 

4 

X 

10 » 1384 88 


226 

314 

211 

54-4 

±2-6 

4-4 

X 

10-- 1387 11-0 


45-8 

56-8 


Column IV, which gives the difference between the entries in columns II and III, 
is then the calculated counting rate due to actinon and actinium A, together with 
the natural effect and the additional y-ray background from the emanating source 
in its near position. It is some confirmation of the basis of our calculations that 
the values in column IV are approximately constant, showing no regular trend as 
t increases, and we take the mean (084 + 5 min.” as the effective counting rate 
due to actinon, actinium A and the background effect over this part of the 
experiment. Table 2 contains the coincidence counting rates together with their 
analysis. Columns II and III give the observed coincidence rates (min."‘) and 
the corresponding resolving times (sec.). Values of the total counting rate + 2n(,), 
interpolated with the aid of table 1, an? given in column IV. The analysis has 
been carried out as follows: for the largest value of the resolving time (in this 
case T = 0*01 sec.), AT may be regarded as large and os negligibly small, to 
a first approximation. Then equation (ii) becomes 

and a knowledge of the coincidence counting rate, C\ and of the total rate {n^ + 2n^) 
allows first values of and % to l>e calculated. These values are then used to 
obtain values of A from the coincidence observations at shorter resolving times, 
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using equation {ii) in its complete form, A better approximation to values of 
and % may then be obtained from the observations at large resolving times, and 
a better approximation to A by the use of the corrected values of and 
Eventually, after micoessive approximations, values of A, and are obtained 
giving good agreement with all the observations. With the results given in tables 1 
and 2 we obtain as best values, % 285 mm.“^ and A = 3*78 x 10* sec.“^. The 

extent of the agreement reached with these values of the constants is shown in 
columns V-VII, table 2. Column V gives the calculated values of 

and column VI the corresponding values of 

[ ] „g-<nrt+n6+A)r~-n6(l-<c-'^?’)/Aj 

The sum of these two vahuss, given in column VII, is the calculated coincidence 
rate, to be compared with the observed rate of column II. The contributions of 
columns V and VI to the calculated rate may be thought of as the contributions 
of the chance and true coincidences, respectively. It will be seen that the agreement 
is reasonable and that chance coincidences represent only a small fraction of the 
observed coincidence rate in most cases. From the results of tables 1 and 2, and 
of two similar experiments, the final value for the half-value period of actinium A 
was determined as (1*83 + 004) x 10"* sec. The probable error in this value is in 
part due to uncertainties of the order of 1 % in the coincidence resolving times, T. 

It is of some interest to compart? the calculated value of with the total 
counting rate due to the disintegrations of actinon and actinium A recorded in 
the counter. The single counting rate observed in the presence of the source, 
excluding the effect produced by actinium B and subsequent products, is 
630 (684 — 54) min.“^ (table 1, column IV). But 2?t^, the rate due to the paired 
(‘coincident’) disintegration of actinon and actinium A, is 2 x 285 = 570 min.“^ 
At this rate of counting, on the average?, actinon -actinium A disintegration pairs 
of less than 10“^ sec. separation occur 11 times per min. (10^* sec. was the time 
for which the counter was kept out of action by the quenching voltage), and thus 
only 49 single counts t>er minute (630-670-11) remain unexplained in tins 
analysis. Some of these must certainly have been caused by the decay of actinon 
and actinium A atoms outside the counter — the a-particles from these dis- 
integrations penetrating the counting volume through the hole allowing entrance 
to the actinon gas — and there is the additional y-ray effect due to the emanating 
source in the near position. It is easy to believe that in one or other way the 
whole discrepancy can be explained; if so we must conclude that practically 
100% of the atoms of actinon and actinium A disintegrating inside the counter 
are recorded. Some estimate of the efficiency of the counter in recording fi 
disintegrations can now lye made from the contribution to the total counting 
rate assigned to actinium B and subsequent products in equilibrium (i= 229 min., 
table 1). This equilibrium counting rate of 709 min.*"^ is to be ascribed to the 
disintegration of the active deposit in equilibrium with an amoimt of emanation 
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producing 296(2854-11) disintegrations per min. Leaving out of accoimt the 
branching at actinium C, and neglecting the difiference between secular and transient 
equilibrium, we thus have a counting rate of 413 min.“^ (709 “-296) representing 
the 592 disintegrations per minute due to actinium B and actinium C", if 100 % 
efficiency be assumed for the counting of the a disintegrations of actinium C. 
Thus an efficiency of about 70% for the registration of the /ff disintegrations of 
atoms situated on the negatively charged counter wall is to be deduced from the 
observations (the active deposit will form on the counter wall as in tlie normal 
method of collecting the deposit by the method of recoil). 

For the determinations of the half-value periods of thorium A and radium C' 
the ooimter construction shown in figure 26 was used. An old preparation of 
radiothorium containing a small amount of radium was employed as the emanating 
source. In the determination of the half-value period of thorium A the strength 
of this source was adjusted to give about 50 im 7 )ulse 8 per min. due to, the 
Tn J^^Th A Ji,. disintegrations taking place inside the counter. The ‘contamination^ 
due to the presence of radium in the source then amounted to about 40 impulses 
per min. if the radon was allowed to grow to equilibrium. By periodically pumping 
out and refilling the counter, however, observations were made with a much 
smaller ‘contamination' effect than this. The ‘natural’ effect of the counter was 
about 8 impulses per min. with this arrangement. For these measurements with 
thorium A the time for which the counter was kept out of action by the multi- 
vibrator was increased to about 10“"^ sec.: this had the advantage of largely 
suppressing unwanted coincidences due to the RaC A disintegrations 

arising from the (’ontamination, whilst not seriously affecting the main deter- 
mination, because of the generally small counting rates which had necessarily to 
be employed with this relatively long-lived body (half-value period ~10^^ sec.). 
In order to obtain reasonable statistical accuracy at these small rates, observations 
were extended over a total period of about 2 weeks. After final analysis of the 
results (such a scattored body of data obviously cannot be presented here in concise 
form), the half-value period of thorium A was calculated as (1-58 + 0*08) x 10“^ sec. 

The determination of the half-value period of radium C' was carried out in the 
following way. A much larger amount of the same emanating material was placed 
in the side tube of the arrangement of figure 26 and the radon was allowed to 
accumulate over the preparation for some days. Then the tap communicating 
with the rest of the apparatus was opened for about 30 sec., allowing some radon 
to difiFuse into the counting volume. A relatively large amount of thoron was 
admitted to the counter by this procedure, but it rapidly decayed (half-value 
period 54 see.) leaving effectively pure radon. This was left in the counter overnight, 
by which time the residual activity due to thorium active deposit had further 
diminished in relation to the activity due to the corresponding members of the 
radium series, and observations were then taken of the total counting rate and 
of the coincidence rate corresponding to various resolving times. Because, in this 
cose, the radio-element of short life under investigation is not the first member of 
the active deposit series, but the fourth, a much larger ratio of total counting rate 
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to true ooinoidence rate was necessary than with thorium A and actinium A. Also, 
the true coincidences were now those between a /?-parti(;le (that of radium C) and 
an a-particle (from radium C'), rather than between two a-particles. For both 
reasons the general efficiency of the coincidence method was less than before* 

A second set of exj>eriments leading to the half-value period of radium 0' was 
therefore carried out os follows. The radon was introduced into the counter, as 
previously described, but it was ])umped out again, and the counter flushed and 
refilled, as soon as the active deposit had grown to equilibrium. Observations were 
then taken of the total counting rate, and of the coincidence rate at various re- 
solving times, as the active deposit decayed. It can be seen that the periods of 
successive members of the radium series are such that the contribution of the 
RaC'>RaC'->di8integrations to the total counting rate is appreciably greater in 
this case than in the last, provided, of course, that the natural effect of the counter 
is small compared with the total counting rate employed. In sj)itc of the added 
compli(5ation of the need to cakmlate the amount of radium C present at any time 
after the beginning of the experiment,* this type of experiment, using a decaying 
rather than an effectively steady source, gave the best results for the half-value 
period of radium C'. A representative set of results, belonging to one experiment 
with a decaying source, is given, with explanatory notes in table 3. The final 
value for the half- value period of radium C' deduced from several such experiments 
was (1*48 ± O'OO) X 10*^^ sec. In these experiments the time duiing which the 
counter was extinguished was about sec. Since this time is of the same order 
as the half-value period of the body under investigation, and was not known 
accurately, it is not possible to deduce, from observations similar to those 
recorded in table 3, any precise information concerning the efficiency of the 
counter in resj)ect of a and /? disintegrations taking placje within it, as was done 
in the earlier exptmment on actinium A. 


DrscnssiON 

From the examples studied, it appears that the method of measuring half- value 
|>eriod8 described in this paper should be capable of good results over the range of 
periods from 10 * to 1 sec. 

The sliortest period which can be measured is limited by the recovery time of 
the Geiger counter; in the present experiments recovery times shorter than 
10“* sec. were not achieved. It is probable that tlie natun? of the discharge process 
is such that a natural lower limit will be set at about this point. 

The longest ^miod which can be measured is limited by the natural effect of 
the counter. The natural effect is a function of counter size and of the cleanliness 
of the constructional materials used. Counters have been reported having ‘naturals ' 
of no more than 3 or 4 impulses per min. : the counter used in the experiments 

* A further complication, thougli not a serious one, arose from the fact that it was never 
possible to remove more than about 91^ % of the radon by simple pumping. A small correction 
iiad thus to be made for the residue. 
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TABIiE 3 


1 

II 

III 

IV 

V 

VI 

VII 

VIII 

IX 

11-5 

10 

21 

170-7 ± 1 
152-1 ± 1 

140-5 

24-4 ±0-3 

4 X 10* 

21-7 

6-02 

18-5 

24-5 

25 

30 

132-2 ± 1 

122-2 

8-86 ±0*16 

10 * 

19-6 

1-21 

7-48 

8*69 

35 

40 

n2'7± 1 

103-3 

9-08 ±0-17 

l-flx 10* 

17-05 

1 27 

8-73 

lO-O 

46 

52 

92-4 ± 0-6 

83-3 

19-20 ±0-23 

10 “ 

14-0 

4-86 

13-9 

18-8 

68 

65 

74-5 + 0*0 

65-4 

10- 19 + 0-15 

4x 10 * 

11-05 

1-28 

9-33 

10-6 

72 

79 

56-9 + 0-5 

49-0 

3-52 ± 0-09 

10 * 

8-38 

0-19 

3-16 

3*35 

86 

92 

42-6 + 0-4 

37-8 

7-30 + 0-14 

10* 

6-39 

1 02 

0-33 

7^35 

98 

105 

33-3 ±0-4 

29 0 

2-96 + 0 (18 

2x 10-* 

4-80 

0-13 

2-92 

3*05 


112 25 r>± 0 H 

208 6-23 ±0-15 

= 24*0 8oe. * at zero time. A = 4080 soc.~^ 

Column T : TiiiK? in inimitos from removal of radon from oountor. 

Column 11 : Total counting rate {soo.~*). 

Column 111: Total counting rate (na4*2nj,) by interpolation from column II. 

Column IV : Observed (ioincidonoo rate (sec.-^). 

Column V : Resolving time T (sec.)* 

Column VI: Calculated value nj, (allowance for decay from zero time) (soc.™^). 

Column VII : (n„ + n,) [ 1 - e kt)ia 

Column VIII: n, [1 

Column IX: Calculated coincidence rate (sec.-^). Column VIT 4- column VIIL 

on thorium A and radium (T had a natural effect of 8 per min. initially, but the 
introduction of radon resulted in a small increase of this rate, due to the residual 
activity of the radium D, E and F which remained after the shortlived bodies 
had decayed. Even witii half-value periods of sec. long periods of counting 
are necessary, particularly for the determination of coincidence rates at small 
resolving times, and this represents another aspect of the limiting factor. It does 
not appear likely that the coincidence method using a single counter will he at 
aU satisfactory for half-value periods greater than 1 sec. 

Returning to the consideration of the use of the method for the shortest half- 
value i>eriod8 capable of study, it must be admitted that there may well be several 
sources of inaccuracy in the final determinations. When the half-value period is 
of the same order of magnitude as the pulse length, it is evident that many true 
coincidences will be missed — the second of a pair of correlated disintegrations 
occurring whilst the multivibrator circuit is still tripped and the counter quenched. 
This would be of minor importance, since it could b<5 allowed for completely, if 
entirely dependable quenching could always be obtained, but, particularly when 
a-partioles are in question, it is doubtful whether this is the cose. Since the 
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starting voltage of the counter is smaller for a-particles than for ^-particles, it is 
difficult to arrange for conditions of quenching and recovery which are equally 
good for the two kinds of particle. If the counter is not completely quenched 
whilst the multivibrator circuit is tripped, it may continue to discharge when the 
full voltage is restored, and a * spurious’ coincidence may result. When the circuit 
was tested for chance coincidences, using a y-ray source, no evidence of such 
spurious coincidences was obtained until the counter voltage was raised con- 
siderably above the starting voltage for /?-particle counting. In the experiments 
with radium already described, the voltage applied to the counter was just 
sufficient to bring the operating point on to the ‘plateau’ (for counting). The 
close agreement of the results of these experiments with those which Dunworth 
and Rotblat obtained, under conditions in which no similar errors could arise, 
seems to indicate that this precaution had the desired effect of reducing these 
errors, in the present experiments, to negligible proportions. Since the uncertainty 
on this point remains, the limits of error here set in the radium C' determination 
are wider than the limits calculated from a purely statistical treatment of the 
observations. 

A final point of discussion of present results concerns the efficiencies which have 
been deduced relative to the recording of a and /i disintegrations taking place 
within the counters. We liave to explain why 100% ^ disintegrations and 

70% of all the /? disintegrations are recorded. There is no difficulty in this ex- 
planation in the former case. For atoms situated on the counter wire (or on the 
wall) it is almost c.ertain that either the a-particle or the recoil atom will traverse 
the effective volume of the counter~and the number of ion-pairs produced in 
the small counter will not be very different in the two events. Also, an a-particle 
entering the wire (or the wall) will probably produce a number of secondary 
electrons wluch will make detection more certain. In the case of ^ disintegrations 
the position is not so clear-cut, but it is again obvious from the experiments that 
a considerable proportion of disintegrations resulting in the projection of the 
^-particle into the metal support are registered, along with those disintegrations 
in which the y^-particle is emitted directly into the counter. It seems unlikely that 
conditions are favourable to an efficiency of fi recoil high enough to explain the 
observations, but when the production of secondary electrons, and ‘reflexion’ of 
tlie original /^-particle, are taken into account there is notliing essentially surprising 
in the 70% efficiency of recording actually found. 

The experimental work described in this paper was carried out at the Cavendish 
Laboratory, Cambridge. Although the work was abruptly tenninated, the writer 
feels that it opens up many possibilities of further investigations. He wishes to 
express his indebtedness for scholarships to the Royal Commissioners for the 
Exhibition of 1851 and to Emmanuel College, Cambridge. He also wishes to 
acknowledge his deep indebtedness to Dr N. Feather, who suggested the problem 
and devoted much of his time to helpful discussion of experimental technique 
and results. 



A new method of determining half -value periods 


197 


References 

Curran & Petrzilka 1939 Proc, Catnb, Phil. Soc. 35. 309. 

Driscoll, Hodge & Ruark 1940 iJcv. Sci. Inetrum. 11 , 241. 

IXinworth 1939 Nature, Land., 144 , 152. 

Feather 1941 Meports on progresa in physics, 7, 66. 

Getting ,1938 Phys. Bev. 53, 103. 

Moseley &> Fajana 1911 Phil. Mag. 22, 629. 

Neher 1938 Procedures in experimental physics, p. 266. Now York: Prentice Hall. 
Roberts 1941 Rev. Sci. Instrvm. 12, 71. 

Rotblat 1939 Na/tAvre, Land., 144 , 248. 

Rotblat 1941 Proc. Roy. Soc, A, 177, 260. 


Flame spectra in the photographic infra-red 

By a. G. Gaydon 

Lemrhulme Resexirdi FelUnv, Ch^mic/xl Technology Department, 
Imperial College, London, S.W 

{Comrnunicaied by R. H. Fowler, F.R.S. — Received 24 June 1942) 

[Plates 6, 71 

The spectra of the flames of hydrogen, methane and carbon monoxide burning with 
oxygen and with nitn^us oxide have been photographed in the region 6000-10,000 A. All 
flames in which water is a final product show a system of emission bands from the red to the 
for infra-red, the bands increasing in strength to longer wave-lengths. Outstanding heads 
have been observed at AA 6166, 6467, 6919, 7164, 8097, 8916, 9277 and 9669. It is shown that 
these bands are due to the vi brat ion -rotation spectrum of H,0. The top of a flame of oxygen 
burning in hydrogen is coloured red by the emission of tliese bands. In the hydrogen flame 
the bands are probably excited mainly thermally, but the strength of these same HgO barids 
in the flame of moist carbon monoxide indicates that in this flame the excitation is a result 
of tlie combustion processes ; this agrees with earlier theories on the formation of vibrationally 
activated molecules of OO, in this flame. In the hydrogen — ^nitrous -oxide flame new baud 
structure in the infra-red is provisionally assigned to an extension of the ammonia a baud. 
The methane — ^nitrotis-oxide flame also shows the ammonia a band, and in additioTi strong 
emission of the red system of CN. 


Introduction 

The spectra of most ordinary flames have been investigated, at least qualita- 
tively, in the visible and near ultra-violet regions of the spectrum, that is, roughly 
from 2000 to 7000 A, The spectra of the more common flames (hydrogen, carbon 
monoxide, methane) have also been studied in the far infra-red beyond 1 p 
(10,000 A), but the region between 7000 and 10,000 A appears to have been almost 
entirely neglected. This is, no doubt, largely because of the fact that flames are 
regarded as relatively feeble sources of light, and plates sensitized to the infra-red 
are relatively slow. 

It has been shown by Kitagawa ( 1936 ) that the flame of oxygen burning in 
hydrogen emits some faint bands in the visible region, principally in the red. These 
bands were tentatively attributed to the vibrabioq-rotation spectrum of tlie water 
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molecule. This assignment of the bands is shown, by the present work, to be 
correct, but did not at the time appear very convincing to the author. If the bands, 
which were also observed by the author in an ordinary oxy-hydrogen flame, were 
really due to the vibration-rotation spectrum of water, then it seemed that addi- 
tional stronger bands should be observed in the photographic infra-red. Fortunately 
a large aperture spectrograph giving reasonable disj)ersion with high light-gathering 
power was available, and so it was decided to atteraf)t a study of the spectrum of 
the oxy-hydrogen flame in the near infra-rod with a view to checking whether the 
bands reported by Kitagawa in the visible were connected with the known vibra- 
tion-rotation spectrum of water in the far infra-red. 

It was at once found that the emission from the oxy-hydrogen flame was un- 
ex pectodly strong in the photographic infra-red, and satisfactory plates showing 
new band structure could bo obtained with exposures of only a few minutes even 
down t/o 10,000 A. The investigation of a number of other flame spectra, including 
flames maintained by nitrous oxide, was then undertaken, and the results are 
presented here. The spectra of the various flames used were also photographed in 
the visible region, and some new features of flames maintained by nitrous oxide 
are also pointed out. 


Expkkimental 

Most of tlie flames whose spectra are described here were of f)re -mixed gases 
burning at an ordinary blow-pipe jet; it may be assumed that all flames were of 
this type unless stated to the contrary. For flames of one gas in another (e.g. 
oxygen burning in hydrogen) a burner consisting of two vertical concentric quartz 
tubes of internal diameters 3 and 30 mm. was used. The base of the larger tube 
was closed by a metal fitting, through the centre of which the smaller tube could 
be slid, and through whicli three holes were drilled for the entry of the gas sup- 
porting the combustion. When the supporting gas was itself inflammable (e.g. 
hydrogen) the excess was burnt at the top of the larger tube; when the supporting 
gas was not inflammabhj a steel cap with a small hole through it was fitted over 
the top of the outer tube to reduce back draughts of air. 

The large aperture glass prism spectrograph was used for most of the work. 
This instrument has a focal ratio of about I : 4 and the dispersion, in the adjust- 
ment used, which was slightly off miminum deviation to increase the dispersion, 
varied from 90 A/mm. at 0000 to 300 A/mm. at 10,000 A. The instrument was 
found to be transparent to about 10,000 A; a few lines of the comparison spectrum 
were observed beyond this, but only weakly, although some of the photographic 
plates used were believed to be sensitive even further into the infra-red. 

For some of the investigations a grating-on-prism spectrograph giving a disper- 
sion of about 25 A/mm. was used. This instrument was only suitable for wave- 
lengths shorter than 8000 A. Some observations were also made on a large Littrow 
type gloss prism spectrograph; this gave a dispersion of 18 A/mrn. at 7160 A, but 
long exposures were required and some difficulty was experienced with temperature 
control, although one useful spectrogram (plate 7, x) was obtained. 
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The ordinary iron arc was not found to be a suitable compariBon Bj^ectrum for 
the infra-red when working with small dispersion, continua from the hot poles and 
band structure tending to obscures the line spectrum. For the region 6000-8600 A 
a neon glow lamp was used for most of the work. This was a rather faint but very 
simple and reliable source for use as a comparison spectrum. For work further into 
the infra-rad a barium arc (barium nitrate on carbon poles) was selected after 
various trials. This source gave a relatively small number of very strong lines in 
the infra-red and was not marred by continuous emission. Wave-lengths measured 
by Harrison (1939) were used. This barium arc appears to be suitable as a com- 
parison spectrum, when working with small di8]:)ersion, for all wave-lengths 
between 6800 and 10,000 A. 

A large variety of photograpliic plates were used U) cover the region 5000- 
10,000 A. The types used are indicated in the description of the spectrograms 
re])roduced. In some cases plates were sensitized before use by bathing in 
ammonia (60 sec. in 4 %). Caustic hydroquinone developer was used; this gave 
high contrast. 

The oxy-hvdkogkn elame 

It is well known that the oxy-hydrogen hame shows strong OH bands in the 
near ultra-violet and a weak continuum throughout the visible, tlio origin of this 
continuum being the subject of investigations at present being conducted by the 
author, in addition, it has also been found that there are a number of weak bands 
at the red end of the visible sj)ectrum; these appear to be identical w ith the bands 
observed in the flame of oxygen burning in hydrogen and described by Kitagaw a 
(1936); Kitagawa’s measurements, which are probably more accurate than those 
of the author, are reproduced in table 1. 

Table 1. Visible emlsston bands obsekved by Kitagawa in 

THE FLAME OF OXYGEN BURNING IN UVDROGEN 



/ 

A 

I 

A 

/ 

A 

/ 

5683*3 

2 

5923*8 

4 

6220-0 

5 

6490*4 

9 

5715*3 

1 

6948*8 

6 

6265*1 

7 

6616*8 

10 

6806*9 

3 

6988*8 

6 

6321*6 

7 

6574*5 

8 

5861*6 

3 

6165*7 

7 

6377*1 

7 

6628*6 

7 

5880*2 

6 

61HL5 

4 

6457*6 

8 

6922*0* 

2 

6900*2 

6 

6202*6 

7 

6468*0 

9 




* The autiior’H inenHuroment of the head of tluH band is 6919*0, and the intensity (using 
suitable plates) appears greater than 2. 

These bands, as obtained by the author in the flame of oxygen burning in 
hydrogen are shown in plate 6, 6, and as obtained in the oxy-hydrogen flame in 
plate 7, i. The bands at 6165 and 6467 appear outstanding as heads of groups. 

By focusing an end-on image of a powerful oxy-hydrogen flame on to the slit 
of the large aperture spectrograph it was possible to recx)rd the spectrum in the 
region 7000-10,000 A satisfactorily with exposures of from J to 10 min., the 
exposme times m the region 9000-10,000 A being about the same as that required 



200 A. G. Gaydon 

for tile barium arc compariHon, a striking demonstration of the strength of the 
infra-red emission from the flame. Spectrograms of the oxy-hydrogen flame are 
reproduced in plate 7, strips a-A. The wave-lengths and intensities of the out- 
standing features of the hands are collected in table 2. 


Table 2. Bands in the oxy-hydrogen flame 


A 

I 

A 

I 

A 

I 

6919-0 

2h 

8974 

3 

9440 

3 

71 64-5 

6H 

9129 

1 

94Sr> 

3 

7290 

5 

9183 

4 

9559 

4 

8097 

HH 

9277 

10// 

9610 

4 

8916 

1 H 

9333 

7 

9669 

1 H 


H 

- ontstiindiiig head, dogradt^d to long( 

A. 



Even with the small dispersion of the large aperture instrument it can be seen 
that the bands possess a fine structure, and are not all identical in apjiearance, the 
7164 band jjossessing a much sharper heatl than the 1S097 band. The intensity 
estimates are based on inspection of spectra on various types of plate, but are not 
in any sense quantitative as it w^as necessary to use several types of plate to cover 
the region and their sensitivity changed rapidly with wave-length; in particular, 
all the plates used had very low" sensitivity at 7000 A, and this made an estimate 
of the strength of the 6019 A band difficult. 

A photograjih of the 7164 band was obtained on the largo Littrow type spectro- 
graph (plate 7, ;r) and this shows the rotational structure of the band partially 
resolved. Table 3 gives the wave-lengths, wave numbers (in cm. in vacuo) and 
intensities (visual estimates) of the individual lines of this band. These measure- 
ments should \ye reliable to better than 0*5 A or I cm. 


Table 3. The .structure of the 7164 A band 


A 

V 

7 

A 

V 

1 

A 

p 

/ 

7151-6 

13979-1 

0 

7252-9 

13783-8 

4 

7345-0 

13610*9 

1 

7155-9 

970*6 

0 

7257-6 

774*8 

1 

7349-6 

602*4 

5 

7159-3 

964-0 

0 

7262-2 

766-1 

2 

7354-1 

594*1 

2 

7164-5 

953-9 

head 

7265-2 

760-4 

2 

7358-6 

585-8 

2 

7170-3 

942-5 

1 

7272-3 

747-1 

0 

7363*1 

677*6 

1 

7174-6 

936-1 

3 

7277-3 

737-6 

3 

7365*4 

673*3 

3d 

7177-5 

928 4 

3 

7288-9 

715-7 

2 

7367*0 

570*3 

2d 

7181-9 

920-1 

2 

7292-3 

709-4 

1 d 

7373*4 

658*6 

2d 

7184-6 

914-7 

2 

7295-1 

704-1 

3d 

7383-8 

539-5 

4 

7187*1 

909-9 

2 

7300-0 

694-8 

2 

7389-2 

529*5 

3 

7194*0 

896-7 

Id 

7304*3 

686-7 

4 

7401*0 

607*9 

5 

7201-4 

882*4 

2d 

7310-2 

675*7 

2 

7409*2 

493-1 

0 

7206-7 

872-2 

3d 

7317-8 

661-5 

5 

7420*0 

473*4 

2 

7211-9 

862*1 

2d 

7322-8 

662-3 

2 

7424*3 

466*5 

2 

7218-6 

849-2 

2 

7327-9 

642-7 

3 

7439*5 

438*0 

3 

7228-7 

829-9 

2 

7330-3 

638 3 

2d 

7461*2 

399*0 

3d 

7235-6 

816-7 

3d 

7333*7 

631-9 

3 

7480*4 

364-6 

2d 

7245*2 

798*5 

2d 

7341*5 

617*5 

2 

7502*1 

325*9 

Id 


d=!=difFii»et (probably blend of more than one lino). 
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Flame spectra in the photographic infra-red 

In addition to these bands and the faint continuous background, the only 
regular features of the spectrum were the lines of sodium and potassium (5890, 
5896 ; 7666, 7699), but the presence of these elements was not likely to be connected 
with the observed bands. Occasionally dust from the air introduced the calcium 
oxide bands into the visible spectrum, but a check experiment in which calcium 
salts were deliberately introduced indicated that the infra-red band spectrum w'as 
not associated with calcium. The strong occurrence of the bands in the flame of 
oxygen burning in hydrogen (i.e. in the absence of nitrogen) appears to limit the 
emitter to a molecule consisting of oxygen and hydrogen only. It will now be 
shown that the bands art^ indeed due to the vibration -rotation spectrum of water. 


The vibration -rotation spectrum of water 

Water vapour shows strong absorption in the infra-red, and with sufficient 
thickness, e.g. atmospheric absorption, the bands of this vibration -rotation spectrum 
can be followed right up to the middle of the visible spectrum. The bands have 
been studied by a number of investigators, and Mecke and colleagues (Mecke 1933 ; 
Baumann & Mecke 1933 ; Freudenberg & Mecke 1933 ) have published detailed 
measurements and analyses of these absorption bands. 

Comparison of the flame bands with the absorption bands shows at once that 
the bands lie in the same regions of the spectrum, but tliat they are not identical 
in detail. This is undoubtedly because of the big difference in temperature between 
the two sources, the absorption measurements being made at atmospheric tempera* 
ture, while that of the flame exceeds 2000 "^ C. In absorption the strongest lines 
are those with low rotational energy near the origin of the band, the strong line 
structure being centred around the origin and not extending to form definite heads. 
In emission the very high temperature favours lines of much higher rotational 
energy, and consequently the band extends farther from the origin in both direc- 
tions and the lines of the multiple R branches are able to reach a turning point 
and form a head on the short wave-length side. In table 4 the heads of the flame 
bands axe compared with the origins of the absorption bands and with the shortest 
wave-length lines of appreciable intensity observed by Mecke ; it may be noted that 
for some bands Mecke records very weak lines extending beyond the head of the 
flame bands, and that, especially for the 7 1 64 band, weak lines in this region are also 
observed in emission; these lines belong presumably to weaker satellite branches. 

The intensities of the emission and absorption bands are qualitatively in close 
agreement. The very weak absorption band with origin at 7957 A has not been 
observed in emission; the absorption band at 6324 A is very weak, but the high 
sensitivity of the photographic plates in this region favours its observation in 
emission; the other absorption bands observed by Mecke with origins at 6952, 
5924 and 6722 are probably present in emission, as indicated by Kitagawa’s 
measurements, but the structure is too complex to assign individual heads to these 
bands. The moderately strong emission head at 9669 A does not appear to corre- 
spond to any observed absorption band; all the absorption bands involve the 
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ground vibrational level (0, 0, 0), and it is likely that, in emission, transitions will 
take place to other vibrational levels; the 9669 band falls approximately into the 
position expected for the heads of the transitions (1, 3, 0) to (0, 1, 0), (1, 3, 1) to 
(0, 1, 1) and (1, 1, 2) to (0, 0, 0). It is probable that the apparent doubling of 
many of the band heads is due to the sufJerposition of these* transitions to higher 
vibrational levels, each absorption band being replaced in emission by a sort of 
sequence. 

Table 4. Comparison of HgO bands in emission and absorption 




shortest A 

upf)er 

vibrational 

A of' heads 

A of origins 

lines in 

<juantum nurnbors 

in omission 

(Mocko) 

absorption 



v's 

61()6 

6324 

— . 

3 

1 

1 

64.57 

6524 

6475*2 

1 

3 

I 

6919-0 

6994 

6937*7 

3 

1 

0 

7164-5 

7227 

7177*1 

1 

3 

0 

8097 

8227 

8126-8 

1 

2 

1 

8916 

0060 

8930-3 

3 

0 

0 

9277 

9420 

9307*3 

1 

2 

0 


For thej 7164 band, the measurements of the partially resolved rotational fine 
structure enable a more detailed comparison to be made with the 7227 absorption 
band. In the region of the origin there is no agreemont, as is to bo expected on 
account of the different temperatures of tl\e sources. Near the head of the band it 
Is, however, possible to identify a number of lines, as indicated in table 5. It will 
be seen that the agreement is well within the aceiuacy of the author^s measure- 
ments, and indeed is suiiiciently systematic to indicate that the present measure- 
ments are about 0*2 A too high. It is also possible to establish a measure of correla- 
tion between the lines in emission and absorption at the long wave-length end of 
the band, and to form most of the strong lines at the long wave end of the emission 
band into an extension of Meekers P branch. Also it is possible to extrapolate the 
lines of the E branches, observed in absorption, to the turning point corresponding 
to the head of the band ; this gives a value of 7162 ± 3 A, which agrees well with 
the observed head at 7164*5 A. 

Table 5. Comparison of lines of 7164 band in emission and absorption 


omission 

absorption 

Ji-JK 

7177*5 

7177375 


7184*6 

7184*636 


7187*1 

7187*016 

4-1-3, 

7194*0 

7193*776 

4_.-3_, 

7201*4 

7201*205 

3-a-2-, 

7206*7 

7206*433 

2 -.~l-i 


It is thus clear that the new emission bands in the oxy-hydrogen flame form 
part of the vibration -rotation spectrum of water. It may be noted that the 
strangest band with head at 9277 A, which with the 9669 band extends to about 
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0»0t) A* bort^sponds to the band at 0*94 recorded by Bailey & Lih (1939) iiiji 
thermopile measurements on flame spectra, thus linking the bands observed photo- 
graphically with the known infra-red emission of water vapour in flames^ 


The FtAME ojr oxygen burning in hydrogen 

The flame of oxygen burning in hydrogen has a bright blue base, and is sur- 
rounded by a rod mantle. This red mantle is very definite and it is surprising that 
there does not appear to be any record of its being observed before* The mantle is 
particularly strong when the supply of hydrogen is reduced, so that it is only in alight 
excess of that required for the complete combustion of the oxygen; the reason for 
this is probably that a fast flow of hydrogen, which has a high thermal conductivity, 
cools the flame. In these experiments the mantle was observed to extend for from 
1 to 3 cm. above the main blue flame, the red dying out gradually without any 
sharp edge. A spectrogram of the flame, taken on a long range spectrum plate, 
is shown in plate 0, a. It will be seen that the blue base of the flame shows a con- 
tinuum throughout the blue part of the syiectrum which dies out about half-way 
up the flame. The new water emission bands extend, however, throughout the 
whole length of the flame, decreasing in intensity with height. The red mantle is 
obviously produced by this emission of the vibration-rotation spectrum of water* 

This water- vapour emission appears to be largely thermal in character for flames 
of oxygen and hydrogen. This is indicated by the effect of excess hydrogen in 
cooling the flame and so inducing the red mantle, an effect which can less readily 
be explained if the excitation were chemical. The red glow extends for over a 
centimetre, and as the rate of flow of gas in most of the experiments was only 
around 50 cm./sec. it would be necessary to assume a life of over ^ sec. for the 
vibrationally excited molecules if the emission were attributed to chemical causes. 
There does not appear to be any evidence from measurements of supersonic 
dispersion that water vapour possesses any relaxation time comparable with this. 

The flame of hydrogen burning in oxygen is also blue, but does not show the 
red mantle nearly so clearly. Photographs of the 9[)ectrum of the flame do reveal, 
however, that the emission of the new water bands in the phonographic infra-red 
extends slightly above the blue continuum. 


The hydrogen—nitrotts-oxiob fiame 

The visible and ultra-violet spectra of flames of hydrogen burning with nitrous 
oxide have been described by Dixon A Higgins (1926) and Fowler & Badaim (1931). 
With pre-mixed gases the flame lias a non-luminous outer cone, which shows the 
OH bands, and a brightly luminous yellow cap to the inner cone. The spectrum 
of this yellow cap shows bands in the ultra-violet due to NO (y system) and NH, 
and in the visible a complex many-line structure which was identiflied by Fowler 
Jk Badami with the ammonia a band (Rimmer 1923) which is probably emitted 
by the rodioal NHg . This structure may be seen in plate 7 , y* It may be noted that, 
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in the plate, sttucturea at about 6300 and 6330 A are very outstanding. These 
appear to vary somewhat in intensity from plate to plate, and the explanation 
of this is not obvious. The structures do not appear to coincide with any lines or 
bands which might be expected as impurities. It may be that the structures are 
not of the same origin as the rest of the a band, or that for some reason they are 
particularly sensitive to changes in the temperature of the flame. 

As the proportion of nitrous oxide in the pre-mixed flame is increased the yellow 
cap to the inner cone becomes less noticeable, and the whole flame assumes a 
greyish green colour. The spectrum of the flame then appears to be continuous. 
The colour of the flame closely resembles that of the air (or so-called oxygen) 
afterglow. As already stated, a study is at present being made of the cause and 
nature of continuous s|>ectra in flames. 

In the infra-red the flame, in the condition when the yellow cap to the inner 
cone is prominent, shows strongly the new bands attributed to water at 7164, 
6697, 8916, 9277 and 9669 A, as may bo seen from strips Z, m, n and p of the plate. 
In addition the inner cone shows some other structure, apparently with open 
rotational spacing, which is strongest in the nearer infra-red, extending to perhaps 
8400 A, but is absent, or at any rate weak beyond this. The most obvious feature 
is an apparent head, degraded to the violet, at 7360 A. A series of lines or maxima 
of intensity at about AA 7099, 7166, 7207, 7241, 7274, 7304, 7329 close up to form 
this head at 7350 (see strip 1), There is also band structure between 8200 and 
8270 A super]) 08 ed on the new water band (see strip m) and other weak band 
structure throughout this region. It seems likely that it is due to an extension 
of the ammonia a band. 

With excess of nitrous oxide, when the flame is greyish green in colour, these 
bands in the infra-red, like the ammonia a band in the visible, are replaced by con- 
tinuous spectrum. See strips q and r compared with rn and n. The new water 
bands are definitely weaker under this condition, and the bands at 7164 and 8097 
were barely observed against the continuous spectrum, but the stronger bands at 
8916, 9277 and 9669 A were still easily recognisable despite the continuum, 
which extended even to these long wave-lengths (see plate 7, r). 

The flame of nitrous oxide burning in hydrogen also showed this continuum, 
and the infra-red bands due to water, but the ammonia a band was not observed. 
The flame of hydrogen burning in nitrous oxide showed only continuous emission. 


The carbon-monoxide — oxygen elamb 

The visible and ultra-violet spectrum of the carbon monoxide flame was studied 
by Weston ( 1925 ) and later by Kondratjew ( 1930 ) and the author ( 1940 ). The 
blue flame shows strong emission consisting of numerous elose bands, which are 
so merged as to appear almost continuous ; the emission is strongest in the blue and 
violet, but extends weakly from the red to for in the ultra-violet (2500 A). The 
OH bands are very persistent and can only be eliminated, in the case of the flAme 
at atmospheric pressure, by the most careful drying. 
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With carbon monoxide which has been stored in sted cylinders weak iron lines 
and FeO bands are observed in the s|>ectrum, the latter being sometimes so strong 
as to cause the flame to become yellow and resemble a luminous 'carbon-deposition’ 
tj^ of flame. The iron (in the form of the carbonyl) can be removed by psbssing 
the gas through a heated tube packed with broken porcelain. This was done with 
great care in all these experiments as bands due to FeO are also known in the 
infira-red (Pearse & Gaydon 1941). Comparison plates in wWch iron was deliberately 
allowed to be present, so as to show these infra-red bands, were also taken to 
eliminate any risk of their being spuriously attributed to the flame of the pure gas. 

Throughout the photographic infra-red the carbon-monoxide — oxygen flame did 
not show any distinctive new feature. There was a certain amount of continuous 
emission in the shorter wave-length part of the region studied. With the small 
dispersion used it was impossible to say whether this was truly continuous or was 
an extension of the faintly banded spectrum which is so strong in the blue and 
violet. In addition the new water bands were present; they were, of course, leas 
strong than in the hydrogen flame, but were considerably stronger than might have 
been expected fix)m calculations of the amount of moisture present. The bands at 
7164 and 8097 A were definitely present although slightly masked by the continuum. 
The bands at 9277 and 9669 A showed up clearly. In the reproduction (plate 7, 0 ) 
the head at 9277 A is outstanding ; the plate used for this spectrogram was Kodak 
type 144 Q, and the 9669 head does not show up os clearly with this type of plate as 
on type 144 M; other spectrograms, which are not reproduced, show that the 9277 
and 9669 bands had about the same relative intensity as in the hydrogen flame. 

In view of the apparently surprising strength of these water bands in the carbon 
monoxide flame some approximately quantitative estimate of the relative strength 
of the bands in the carbon monoxide and hydrogen flames seemed desirable. 
Accordingly a series of exposures with the same slit width were taken for the two 
flames, the exposure times and approximate gas flows being noted. Exposures 
of about 30 and J min. for the carbon monoxide and hydi'ogen flames, respectively, 
were required to lightly record the 9277 A band. The consumption of carbon 
monoxide was about 0-7 cu. ft./hr., and of hydrogen about 12 cu. ft./hr. The pressure 
of the gas in both the oxygen and carbon monoxide cylinders during these exjjeri- 
ments was about 20 atm. If it is assumed that the gases in the cylinders were 
saturated with water at room temperature (around 15° C.), then from the vapour 
pressure of water at that temperature it follows that the gases would contain 
about 0*09 % by volume of water vapour. With the oxy-hydrogen flame two parts 
of hydrogen will combine with one of oxygen to give two of water vapour, so that 
the amount of moisture formed would represent 67 % of the volume of gases burnt. 
From these %ures it follows at once that each molecule of water in the carbon 
monoxide flame emits about 100 times as strongly as each molecule in the hydrogen 
flame, a rather remarkable result. 

In these experiments the carbon monoxide flame was shielded from air, in order 
that moisture in the air might not invalidate the results. The numerical value 
obtained cannot be of high accuracy; first, the measurements of intensity were 
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somewhat rough; secondly, the sensitization of the plates with ammonia probably 
varied somewhat; thirdly, the temperature of the two types of flame was very 
different, the oxy-hydrogen flame being presumably much hotter; fourthly, the 
flames were of different shape and size. Neveitheless, the result, of the order 100 , 
clearly indicates that each water molecule present in the carbon monoxide flame 
does radiate much more strongly than corresponding molecules in the hydrogen 
flame. This agrees with observations by Garner and colleagues (see Gaydon 19426) 
on the spectra of explosion flames in the far infra-red. 

Thus it is clear that the radiation of the vibration-rotation sfiectrum of water 
from the carbon monoxide flame is not thermal in character. It must result from 
the chemical process of the combustion. The important effect of water on the 
combustion of carbon monoxide is well known. At higli concentrations of water 
the combustion probably takes pla^je almost entirely through the maintenance of 
the water-gas equilibrium. At small concentrations of moisture tlio catalytic 
action of the water is very marked and recently (Gaydon 1940, 1941 o, 19416, 
19426) it has been suggested that, in the combustion of carbon monoxide, vibra- 
tionally activated molecules of carbon dioxide are formed. These liave a com- 
paratively long life on their own, but are quickly restored to equilibrium by water 
molecules. The release of the energy stored in the vibrationally activated molecules, 
and the accompanying suppression of the abnormal dissociation of the carbon 
dioxide, results in more energy l>eing available for the maintenance of the com- 
bustion. In the present ox|)eriments we have therefore additional proof that water 
can remove the energy of the carbon dioxide molecules, being itself activated in 
the process, but quickly losing the energy so acquired either by collision or by 
radiation, giving the strong emission of the vibration -rotation s|)ectrum of water 
which is in fact observed from the (sarbon monoxide flame. 

The carbon -MONOX inJS -NlTKOUS-OXIDK FLAME 

The flame of oarbot» monoxide burning in nitrous oxide was also studied by 
Weston (1925), who found that the spectrum was similar to that of the ordinary 
carbon monoxide flame, showing the same faintly banded structure in the blue and 
violet. The OH bands also appear strongly on Weston's published plate, indicating 
that they are persistent in the flame with nitrous oxide as in the flame with air 
or oxygen, and therefore probably showing that water is again of importance in 
the reaction process. The similarity of the flames in nitrous oxide and oxygen is, 
however, certainly not the whole truth. The carbon-monoxide — oxygen flame is a 
clear blue, whereas the flame of either carbon monoxide burning in nitrous oxide 
or the pre-mixed carbon-monoxide — ^nitrous-oxide flame is of a very different 
colour which is rather difficult to describe, but resembles that of a London fog 
more nearly than the sky blue of the flame wdth oxygen. It is probable that the 
colour of the flame with nitrous oxide is partly determined by the normal carbon 
monoxide flame spectrum, and partly by a greyish green continuum similar to that 
shown by the flame of hydrogen burning with excess of nitrous oxide. 
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Throughout the photographic infra-red the pre-mixed flame was found to show 
only some continuous spectrum together with the new water bands (see plate 7 , «), 
which were of about the same strength as in the carbon -monoxide — oxygen flame 
containing a similar amount of moisture; the continuous emission was rather 
stronger from the flame with nitrous oxide. 

The author is unaware of any experiments on intensive drying of carbon- 
monoxide — nitrous-oxide mixtures to see whether the presencso of moisture is as 
important to the combustion as it is with carbon-monoxide — oxygen mixtures. 
The persistence of the OH bands in the spectrum of the flame, and now the 
observation of a similar persistence of the new water bands seems to show that tlie 
fjresence of water is again important. In the combustion with nitrous oxide it is 
not possible to invoke the maintenance of the normal water-gas equilibrium to 
explain tlie action of water in promoting the combustion. The (jonsiderations 
previously put forward to explain the afterburning and catalytic action of water 
in the combustion with oxygen (Gaydon 1940, 1941a, 1941 b, 19426) will, however, 
still apply to the combustion with nitrous oxide. In the formation of carbon 
dioxide from carbon monoxide it will still be true that an electronic rearrangement 
of the newly formed CO2 molecule must occur, and this must again lead to the 
formation of vibrationally activated molecules. These will then be readily deacti- 
vated by collision with water molecules, so setting the energy tree to maintain the 
(combustion and at the same time giving proof of the j>rocesB by the emission of the 
vibration -rotation spectrum ol* H^O. 

Tjik oxy-metiiane elamk 

The spectrum of the ordinary oxy-methane flame is well known in the visible 
and ultra-violet. The inner cone shows strong bands due to Cg, CH and OH, with 
a weaker system of bands now known as the hydrocarbon flame bands, which are 
probably due to HCO (Vaidya 1934, 1941; Gaydon 1942a). The outer cone shows 
the OH bands strongly, and some of the faintly banded structure characteristic 
of the carbon monoxide flame. 

In the photographic infra-red both the inner and outer cones of the flame were 
found to show strongly the new bands attributed to the vibration-rotation spectrum 
of water. The 9277 and 9609 A bands may be seen in strip ( of plate 7 . All the 
bands appear to be identical in appearance with those observed in the oxy-hydrogen 
flame, and no difference in relative intensity of the bands was obvious, although it 
must be admitted that such a difference would be difficult to detect because of the 
need to observe most of the bands separately on different types of photographic plate. 

It may be noted here that Bailey & Lih (1929) recorded observing the water band 
at 0*95 in a hydrogen flame, and at 0*94 p with coal-gas in a Bunsen or Meker 
burner; they did not record the band in a methane flame. Since the band has a 
sharp head at 9277 A and the maximum of intensity is in this head, it is rather 
surprising that they record a variation in the wave-length of the band. For the 
bauds further in the infra-red, which correspond to smaller changes of vibrational 
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quantum number, and therefore to smaller changes of the moment of inertia, it is 
possible that the heads are less well developed, and that the wave-length of the 
intensity maximum of the band may vary with the flame temperature. There does 
not, however, appear to be any evidence of this effect for the bands in the photo- 
graphic infra-red. 
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ThB methane — NITROUS-OXIDE EDAME 

The spectrum of the methane — ^nitrous-oxide flame does not appear to have 
been described in detail. Dixon & Higgins (1926) have described the appearance 
of this and other hydrocarbon flames in nitrous oxide, and Barratt (1920), in 
discussing the origin of the cyanogen bands, noted that a coal-gas— nitrous-oxide 
flame showed the violet bands of ON and the NH band as well as the usual OH, 
CH, and Cg 8wan bands. In the present investigations of the visible spectrum of 
the methane — nitrous-oxide flame it has been found that the inner cone shows the 
CN violet bands strongly, the Swan bands of Cg, the CH bands, and in addition 
the ammonia a band. This a baud can clearly be seen in strip k of plate 7 ; com- 
parison of this with strip which shows the hydrogen — nitrous-oxide flame, 
reveals a difference of intensity of the structures at 6300 and 6330 A which has 
already been commented upon ; however, other plates token of the flames with 
the grating-on-prism spectrograph do not reveal this marked diffference in intensity. 

In the infra-red the spectrum of the outer cone is identical with that of the 
hydrogen flame, showing only the new water bands (see plate 7, ic). The inner 
cone also shows the water bands, but in addition strong bands belonging to the 
red system of CN are present. These bands have several heads ; the JBg heads of 
the strongest bands (from Asundi & Ryde 1929) are at 7874 (1, 0), 8067 (2, 1), 
9140-6 (0, 0) and 9393 (1, I). They can be seen in strips u and v of the plate. 
The relative weakness of the red cyanogen bands, (compared with those of the 
violet system, in flames has recently been commented upon (Gaydon 19426) ; it now 
appears that this is probably more apparent than real, the strong bands of the red 
system lying in the region of the infra-red which has not previously been studied. 

It is a pleasure to express my thanks to Professor A. C. Egerton for his interest 
in the work and for many helpful discussions. 
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DESCRimON OF ITLATES 

All the spootrograms except 1 (x) were taken on the large aportiiro glass prism spectrograph. 
The type of flame, the exposure times, and the plat<5 t3rpog used are given in the following list. 

Plate 6 

(а) Oxygon burning in hydrogen showing l>oth base and top of liamo, 

range spectrum. 

(б) Top of flame of oxygen burning in hydrogen; greater enlargement. 

comparison, I min. Ilford long-range spoctruin. 

Plate 7 

(a) Oxy-hydrogen. 1 inin. Kodak I.U. 

(5) Oxy-hydrogen. 2 min. Ilford infra-red. 

(c) Oxy-hydrogen. 15 min. Kodak 144 P, 

{(1) Oxy -hydrogen. 2 min. Kodak 144 M. 

(e) Oxy-hydrogen. 10 min. Kodak I.U. 

{/) Oxy-hydrogen. 4 min. Ilford infra-red. 
i9) Oxy-hydrogen. 30 min. Kokak 144 P. 

(A) Oxy-hydrogen. 4 iniu, Kodak 144 Q. 

(?■) Oxy-hydrogen. 2 min. Ilford long-range specjtrum. 

0) Hydrogen — nitrous-oxide, inner cone. 8 min. Ilford long-range sjjectrum, 

(fc) Methane — ^nitrous -oxide, inner cone. 2 min. Ilford long-range spectrum. 

(/) Hydrogen — nitrous -oxide, inner cone. 6 min. Kodak I.U. 

(m) Hydrogen-nitrous-oxido, iimer cone. 16 min. Ilfortl mfra-rtnl. 

(n) Hydrogen — ^nitrous-oxide, inner cone with moderate flow of N,0, 16 min. Kodak 144 Q. 

(o) Carbon-monoxide— oxygen (moist). 30 min. Kodak 144 Q. 

(p) Hydrogen — ^nitrous-oxide, outer cone. 6 min. Kodak I.U. 

{q) Hydrogen — nitrous -oxide, inner cone with excess NjO. 6 min. Kodak I.U. 

(r) Hydrogen — nitrous -oxide, iimer cone with excess N,0. 3 min. Kodak 144 Q. 

(«) Oarbon-monoxide — nitrous-oxide (moist). 30 min. Kodak 144 Q. 

(«) Oxy^methane, inner cone. 30 min. Kokak 144 M. 

(u) Methane — nitrous-oxide, inner cone, 6 min. Ilford long-range HpiKjtnim. 

(v) Methane — nitrous-oxide, inner cone. 20 min. Kodak 144 M. 

(^) Methane — ^nitrous-oxide, outer cone. 20 min. Kodak 144 M. 

(z) Oxy-hydrogen. 14 hr. Kodak I.U. (sensitized in NH,) on large Littrow type glass spectro- 
graph. 


28 min. Ilford loag- 
40 min. N“oon lamp 



Bakerian Lecture 


Amino-acid analysis and the structure of proteins 

By A. C. CHiBNAUi, F.R.S. 

{Delivered >6 July 1942 — Received 27 August 1942) 

The I'eceiit speoulatioiis of Bermann and Niemann (B.-N.) on protein structure 
are reviewed in the light of new analytical data for certain proteins. The molecule 
of edestin would appear to be a system of six peptide chains of like composition 
and mol, wt. 50,000, the constituent residues of which conform to the B.-N. 
stoicboimetric rule in that the number of residues of each of the thirteen residue 
species for which data were obtained was expressible in terms of 2 and 3. The 
molecule of lactoglobuHn is a system of eight or nine |>eptide chains, not all of 
which can be of like composition, while that of egg -albumin is a similar system of 
four chains, in agreement with the recent views of Astbury, The analytical data 
show that the molecules of the two latter proteins contradict the B.-N. rule, but 
it is possible that the component i)eptide chains may conform to it. Insulin (mol, 
wt. taken as 35,500) a]»pears to be a system of eighteen po])tide chains, in agree- 
ment with Bernars deductions from crystallographic data. The conclusion that 
the molecules of these and other proteins as systems of peptide chains is based in 
part on titration data and in part on the estimation of free amino-N ; new sug- 
gestions are put forward as to the way in which the component peptide chains 
linked together. 

[This lecture has been printeAl in full in Proceedings J5, volume 131, po/ges 136-160] 
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Anniversary Meeting of the Royal Society 
and Newton Tercentenary Celebrations, 

30 November 1942 

Before proceeding to the presentation of the Medals awarded for this year, it is 
fitting that, in aooordanoe with custom, we should briefly recall the lives and the 
achievements of those whom death has removed from our Fellowship and our 
Foreign Membership since the last Anniversary Meeting of the Society. 


His Royal Highness the Dukk of CoirNAxraHT, who died on 16 January at the 
advanced age of 91 years, was elected to our FellowshiJ) under Statute 11 as long 
ago as 1906, so that he was by many years the senior of the members of the Royal 
Family who have accepted election to our Fellowship. His Royal Highness' had 
other contacts with the advancement and the applications of scientific knowledge 
eis President of the Royal Society of Arts, and of the Royal Colonial Institute. 
The latter appointment had a particular fitness in recognition of his many and 
great services to the British Commonwealth of Nations, as Governor-General of 
the Dominion of Canada and on other special missions. 


Emilb) Picaed (1856-1941), perpetual secretary of the Paris Academy of Sciences 
since 1917, had been a Foreign Member since 1909. He was one of the most famous 
of modem French mathematicians. He did work of fundamental importance in 
the theory of differential equations, the theory of algebraic functions of several 
variables, aud the theory of surfaces and integrals associated with them; and 
‘Picard’s theorem’ is one of the classical theorems of the theory of analytic 
functions. 


Txjujo Levt-Civita (1873-1941) was elected a Foreign Member of the Society 
in 1980, and represented the brilliant school of mathematics in Rome. Gifted with 
a remarkable command of the resources of mathematical analysis and with a keen 
geometrical intuition, he applied his great technical skill to nearly all branches of 
matbetnatics, but it was to problems arising in applied mathematics that he 
devoted most of his efforts. Electrostatics, analytical dynamics, celestial meohanios, 
hydrodynamics, relativity, and quantum mechanics, as well m problems in 
engineering, all claimed his attention in turn. Mathematicians, however, associate 
levi-Civita finrt of all with the Absolute Differential Galoulus, which he helped to 
fbund with his teacher Ricci. It was in 1917 that Levi-Oivita advanced the subject 
giteatly by introducing the idea of parallel displacement. This discovery, following 
on the announcement of Einstein^s general theory of relativity, in which the 
absolute differential calculus had proved a most powerful tool, provided a means 
of liQuftking unportant adyances in relativity theory, culminating in the unified 
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theory of Weyl. Levi-Gvita*s numerous text-books are models of lucidity, and 
two of his treatises, The Abmlute Differential Cahnlus and Bational Mechanics, are 
among the leading works on the subjects with which they deal. 

In the Eakl of Bxekklfv" (1865-1942) the Society has lost a Fellow of versatility 
and distinction, who used his private fortune to build and equip a laboratory in 
which he made an outstanding contribution to the measurement of osmotic 
pressure. He had shown promise of a fine career in the Navy, but he left the 
Service when he was 22 to devote himself to research. He soon became a brilliant 
experimenter, and the absence of any formal training was in some ways an 
advantage to a man with his instinctive grasp of scientific method, as his approach 
to every problem was along original lines. In the great days of the Foxoombe 
laboratory he had a well-balanced team of workers, including Emald Hartley, 
Charles Burton and M. P. Appleby, and he proved himself a fine leader with 
initiative and imagination. His work on osmotic pressures gave ample scope to 
his engineering and mathematical ability, and the agreement of the directly 
observed values with those calculated from vapour-pressure measurements 
established once for all the validity of the indirect method. 

Sir William Hknrv Brago (1862-1942), who died on 12 March in his eightieth 
year, had been our President for a period so recent as 1935-40. Even more 
recently, during my own absence in America, he had come, from retirement, to 
occupy this chair as Vice-President for the two months from 20 December to 
20 February lost, and thus to give again to the Society’s service the full measure 
of his wisdom and experience, up to a few weeks before a brief illness brought the 
end. He occupied a very 8j)ecial place in the scientific life, not only of the Royal 
Society, but of the whole nation, and, indeed, of the world at large. Without any 
compromise of the highest standards in his experimental and theoretical re- 
searches, he had made himself supreme as an interpreter of the results of science 
to those least equipped with special knowledge; so that he seemed equally 
happy and assured when discussing the complexities of crystal structure with 
fellow experts, and when presenting and enlivening the elements of science be- 
fore a fascinated audience of children. 

From Trinity College, Cambridge, and a high place among the Wranglers, he 
went in 1887 as a young man to Adelaide, to occupy a new chair of mathematics 
and physics. There followed a period of many years devoted to teaching and 
organizing, and his career os an experimental investigator, in which be attained 
the highest rank, was remarkable, if not unique, in the fact that it did not begixi 
till he was 42 years of age. It was not, Indeed, until he had returned to England 
and to the chair of physics at l^eeds that, at the age of 46 years, he began, in col- 
laboration with his son William Lawrence Bragg, the researches on crystal 
architecture as revealed by the reflexion of X-rays from crystals, which established 
his fame. They also provided the opening to the long series of masterly inyestiga- 
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tiomi, in which a suocesBion of brilliant collaborators worked under his guidance 
and inspiration for some years at University College, London, and then, for the 
rest of his life, at the Royal Institution and its Davy-Paraday Research 
Laboratories. Here Bragg found the ideal setting and opportunity for the exercise 
of his distinguished gifts for research and for popular exposition, and of the 
hospitality and kindliness which endeared him to so wide a circle. 

jKitN PxREXK (1870-'1942), who died in New York on 17 April, had been Professor 
of Physical Chemistry at the University of Paris for about forty years. He was 
one of the bfest-known physicists of his day and made valuable contributions to 
the knowledge of atomic physics, both by his experimental work and by his books 
on modem physics. In 1926 he was awarded the Nobel prize for the remarkable 
work he had done on the Brownian movement of small particles suspended in a 
liquid. By a series of newly devised methods of measurement he succeeded in 
making a definite estimate of the mean energy of agitation of the particles, and 
thence deduced the number of molecules per cubic centimetre of a gas at normal 
temperature and pressure. He had many interesting views on physical phenomena 
which are described in an attractive manner in his books, Les atomes and Lea 
iUmenta de la physique. In a later publication, Qrains de rmtiire et de lumUret he 
discusses the modern theory of radiation and ionization. 

Perrin also took a great interest in scientific and industrial research, and in his 
capacity of scientific adviser to the French government he was largely responsible 
for the organization of research in applied physics and the establishment of the 
Palais de la D6couverte. 

Gborqb Gerald Stonby (1863-1942), a life-long friend and colleague of 
the late Sir Charles A. Parsons, was world famous as one of the best-known 
pioneers of the steam turbine and high-speed dynamo electric machine. Educated 
privately and later at Trinity College, Dublin, he was one of the original staff of 
the steam-turbine and electrical works founded by Parsons at Newcostle-on-Tyne, 
and was the sole survivor of the original crew of the experimental steam yacht 
Titr6tnia. 

From the foundation of Heaton Works in 1889, Stoney ably assisted Sir Charles 
in the long struggle that lay ahead to achieve recognition of the merit of the 
compound steam turbine, till it became the essential instrument for providing 
power on the largest scale. Stoney had the privilege of being an active witness of 
this epic of engineering history, and although he sought no publicity or public 
recognition of his work he became almost as well known in the world of power 
generation as Sir Charles himself. Content simply to support his chief to the best 
of his ability, Stoney contributed many papers to engineering societies and journals. 
He became a Fellow of the Society in 1911. 

Sfc Joseph Lahmoe (1857-1942), Copley Medallist and for eleven years Secretary 
of the Society, was Lucasian Professor of Mathematics at Cambridge from 1903 
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to 1932, Hie distinguished contributions cover many branches of mathemstioal 
physics and geophysics. He will be especially remembered for his fundamental 
researches on the relations of matter, electricity and ether. These, together with 
the contemporary work of Lorentz, are the bridge which unites the revolutionary 
theories of the present century to the older physics. To Larmor modem atomic 
theory owes the * Larmor precession^ and the formula for the radiation of an 
accelerated charge, which are the basis of its most fertile developments. As an 
Irish mathematician he had strong attachment to the school of Hamilton, 
MaoCullagh and FitzGerald, and he worthily carried on its great tradition. 

The Society lost its senior Fellow by the death on 2 June of Akprew RtrssEix 
Forsyth (1858-1942), who had been elected at the age of twenty-seven in 1886. 
After graduating as Senior Wrangler in 1881, he produced in rapid succession a 
series of important memoirs on Theta-funotions, Abel’s Theorem, and Invariant- 
theory. In 1893 he was elected to the Sadleirian chair at Cambridge in succession 
to Cayley; in this position he rendered services of the greatest value to British 
mathematics by making known, in lectures and advanced treatises, the fruits of 
continental research. He was an exceptionally able administrator, and took a 
prominent part as a reformer in many academic movements and controversies. 

Forsyth left Cambridge in 1910, and from 1913 to 1923 was Chief Professor of 
Mathematics in the Imperial College of Science and Technology. In 1897 he was 
awarded the Royal Medal : and in the course of his long life he received very 
many honours from Universities and foreign Academies. His devotion to the Royal 
Society, and to the promotion of science in fields far distant from those in which 
he was active himself, is shown in the bequest of his estate to the Society for the 
support of medical researches. 

Alyrrp DAinEi* Haix (1864-1942) probably did more for the introduction of 
science into modem agriculture than any other man in our time. He possessed 
a many-sided ability and a remarkably wide range of interests, including Japanese 
prints, tulips, music, poetry and French literature; and he was a gardener of dis- 
tinction. After leaving Oxford he spent a few years as schoolmaster and University 
Extension Lecturer. He then started the Agricultural College at Wye, Kent, whete 
he worked out courses of instruction far ahead of any then existing. Later he 
took charge of Rothamstod and made important investigations on soils and crop 
production. Facilities, however, were very inadequate, and, realizing that mote 
must be provided, Hall transferred his activity and his centre of interest to the 
Development Commission, where he played an important part in inaugurating 
the system of agricultural education, advice and research that has contributed 
so greatly to the advancement of the science and the industry. 

WiUJAM Hjbkry Yottno (1863-1942), Sylvester Medallist of the Society in 1928, 
was one of the most profound and original among British mathematicians of the 
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last fifty years, He was one of the leaders in the development of the modem 
Cambridge school of analysis, and there are few branches of the theory of functions 
on which he has not left his mark. The theory of sets of points, the foundations 
of the differential and integral calculus, the theory of Fourier series and other 
orthogonal developments, are full of striking theorems discovered by Young. 

William* Matthew Flinokbs Petbie (1853-1942) was one of the greatest 
figures the world hae seen in the comparatively young science of Egyptology. In 
his own branch of that science he was pre-eminent. By his excavations in Egypt 
over a period of forty years he contributed more than any other single scholar in 
the last half-century to our knowledge of the history of the land in ancient times, 
and to the use of that history as the chronological yard-stick for the ancient world 
in general, prior to the age of classical Greece. Above all he was the founder of the 
scientific method of modern archaeology. 

Owing to delicate health in childhood Petrie was educated privately, and largely 
by finding in his own way the line of his own interests — geology, surveying, 
chemistry and history. He first went to Egypt to survey the Great Pyramid in 1 880. 
He returned in 1883 to start excavating for the Egypt Exploration Fund, but by 
1886 he was working there on his own account, and remained for the rest of his 
life virtually his own master. In 1892 he was appointed to the Edwards Pro- 
fessorship of Egyptology at University College, London, the first chair in the 
subject to be founded in this country, from which he retired in 1933. He was 
elected F.R.S. in 1902, and knighted in 1923, 

Biohabd Willstattkb (1872-1942) was an illustrious organic chemist, dis- 
tinguished alike for the success that attended his attack on the most difficult 
problems and for the improvements that he made incidentally in the technique 
of investigation. His analjiiic and synthetic skill were shown in the determination 
of the constitutions of atropine and cocaine and the disclosure of their relation 
to cycfoheptane. Work on aniHne black and the orthoquinones opened up new 
vistas. Having isolated the ohlarophylls, he made the surprising discovery of their 
magnesium content and degraded them, step by step, to porphyrins analogous to 
those obtainable from the blood pigments. He made important contributions to 
our knowledge of photosynthesis. Typical of his genius was the isolation of the 
anthocyanin pigments of fruits and blossoms, their recognition as glycosides 
and the elucidation of the structure of the latter. In later years he devoted the 
whole of his energies to biochemical work, for exaunple, to the concentration and 
separation of the enzymes. Willst&tter’s premature retirement was the result of 
a refusal to compromise with forces and tendencies alien to his whole mentality. 

SowABB FAWcaarrx (1867-1942), who died suddenly at Bristol on 22 September, 
had a distinguished career as an anatomist. He received his medical education at 
the University of Edinburgh, graduating M,B„ C.M. in 1889 and M.D. in 1906. 
After a period as Bemonst^tor of Anatomy at the Yorkshire College, Leeds, he 
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was appointed in 1893 to the ProfessOTshIp of Anatomy in University College, 
Bristol. In spite of a heavy burden of administrative work, Fawcett found time 
to carry out much original research and came to be recognized as a foremost 
authority on the morphology and development of the mammalian skeleton, 
including that of man. In particular, he published in the Jmrml of Anatomy 
a series of papers, based on accurate wax reconstructions, in which he greatly 
extended our knowledge of the development of the chondro- and osteo-oranium 
in various species of mammals. A man of very varied interests, Fawcett in his 
later years became keenly interested in church architecture. He was elected a 
Fellow of the Society in 1923. 

The death of Gkobge Geiuld Henpebson (1862-1942) has taken from us the 
doyen of Scottish chenusts and closed a career of remarkable usefulness and 
influence. His thirty-five years of professorial life were spent first in the chair of 
chemistry in the Royal Technical College, Glasgow, and afterwards as Regius 
Professor in the University of that city. When he retired he left behind him two 
vigorous schools of chemistry, which he had consolidated through his zeal for 
research and his capacity to quicken enthusiasm in young men. Henderson was 
a brilliant lecturer, an able administrator, and a versatile scientific inquirer. 
Between his first paper on Dolomite and his last on the Carophyllene Series are 
found more than sixty valuable publications, most of which deal with the chemistry 
of the terpenes; but almost any type of problem — organic or inorganic, academic 
or technical— appealed to his seeking mind and yielded to his skill. He became a 
Fellow of the Society in 1916 and occupied with dignity and distinction the 
Presidency of the Chemical Society and of the Society of Chemical Industry. 

By the death of John Norman Collie (1869-1942) on 1 November chemistry 
has lost one of its most outstanding personalities. To his numerous friends and 
old students the memory of him will be one of a great organic chemist endowed 
with a singular vision and understanding. 

Collie was characterized by a remarkable versatility, for he excelled as a 
mountaineer and an art critic, as well as an authority on early printing and in- 
cunabula, Chinese porcelain and lacquers, and Japanese notsukes and sword-guards. 
He was a true aesthete, for beauty made a strong apjjeal to him, whether in natural 
form or in the handiwork of man. 

To those who knew him. Collie was gifted with an understanding of human 
nature which made him an ideal teacher. Although he was somewhat hesitating 
in his style, his lectures were singularly attractive, because there always appeared 
to be something of absorbing interest beyond the horizon of his description. 
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Award of Medals, 1942 

The Copley Medal is awarded to Sir Robert Robinson. He is recogiussed in 
all countries as one of the world’s leaders in organic chemistry, and is one of the 
greatest and most versatile of investigators in that department of science. His 
researches, with a long and notable succession of pupils and collaborators, have 
covered a remarkably wide range of problems in this field, and his^ approaoh to 
these has been distinguished by brilliance in conception and a genius for the 
selection of methods leading to the desired solutions. 

Robinson’s investigations have been particularly concerned with the chemistry 
of natural substances, products of the life processes of plants and animals. His 
work has thus been a potent factor in the tendency of organic chemistry to return, 
in recent years, to an objective nearer to that of its origin, and to make contacts 
of growing intimacy and value with biochemistry, a more recent development in 
response to the stimulus of functional biology. 

This occasion does not permit any attempt at a complete or detailed survey of 
all the different fields which Robinson’s work has illuminated and opened to 
further exploration. Special mention must be made, however, of his long series of 
fundamental investigations on the constitution and relationships of the plant 
alkaloids. His theory of the biogenesis of plant products setnns rather to have 
inspired than to have resulted from his own early and elegant synthesis of tropinone ; 
and it has revealed an unforeseen and coherent relationship between the constitu- 
tions of different groups of alkaloids, and given a great stimulus to work on their 
synthesis. The work published from Robinson’s laboratory has been fundamental 
to understanding of the isoquinoline and the indole series of alkaloids, of morphine 
and its allies, and of the structural formulae of strychnine and brucine, which 
formed the subject of his Bakerian Lecture. 

Of at least equal scientific rank is the work which Robinson carried out and 
inspired over many years on the anthocyanin and, more recently, on the antho- 
xanthin pigments of plants, culminating in the synthesis of the actual colouring 
matters of flowers, and forming as a whole one of the most brilliant achievements 
in the whole range of modem organic chemistry. 

Robinson’s mastery of synthetic resources, and his penetrating instinct for clues 
to organic constitution, have been further demonstrated in a more recent approach 
to the synthesis of the steroids, in the production of series of compounds of interest 
for chemotherapy, and in notable studies of individual natural substances of a 
range of other types. He is, moreover, a philosopher as well as a master of experi- 
mental possibilities; and his theory of organic reactions, in the modern, electronic 
terms of valency bonds, has hod a great influence on the development of funda- 
mental conceptions in organic chemistry. 

The Copley Medal is the highest recognition of scientific achievement in the 
Royal Society’s gift, with no limitations of subject or nation ; and the Society may 
weU find cause for satisfaction in the knowledge that the award of its premier 
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Medal for achievement in organic chemistry, after an interval of many years, finds 
among its own Fellows a recipient of such unquestioned pre-eminence as Sir 
Robert Robinson. 

The Rxtmvoki) Mkdai/ is awarded to Dr G, M. B, Dobson. The Rumford Medal 
awarded by the Royal Society was established for the recognition of important 
discoveries made in Europe, especially on heat or on light. These conditions appear 
to be met with a special fitness in the award of the medal this year to Dr G. M. B. 
Dobson, for his meteorological researches and discoveries. For Dobson’s work has, 
in recent years, greatly extended knowledge of the linkage between the behaviour 
of ozone and cyclonic disturbances, in that complicated heat engine which is the 
earth’s atmosphere ; while light may be said to have provided the basis of measure- 
ment for Dobson’s spectrographic studies of the distribution of ozone, in time and 
in height above the earth’s surface. Light had also a major concern in earlier 
researches on meteors in which Dobson collaborated with Professor Lindemann 
(now Lord Cherwell); in these, the study of the heights between which meteors 
become luminescent enabled them to draw conclusions as to the density, and from 
these as to the temperature of the atmosphere at great heights from the earth’s 
surface. But it is especially on Dr Dobson’s own studies of the ozone of the 
atmosphere, continued over many years, and producing results of outstanding 
importance for meteorology, that the award is based. 

A Royal Mjjdal is awarded to Professor W. N. Haworth, a brilliant leader in 
organic chemistry. Haworth’s great claim to distinction arises from the revolu- 
tionary change which has been produced by his own investigations, and by those 
of his immediate pupils, in the whole aspect of an important section of organic 
chemistry, dealing with the structure and the relationships of the carbohydrates. 
The ling structure of the simple sugars, first proposed by Tollens and supported 
by the work and the authority of Emil Fischer, had been generally regarded by 
chemists as firmly established. Detecting insecurities in the arguments which led 
to this formulation, Haworth developed the methylation technique, first used by 
Purdie and Irvine, and applied it systematically to the monosaccharides. He was 
thus able to show, by unequivocal methods of organic chemistry, that the accepted 
ring structure of these sugars was incorrect, and that, in their normal and reactive 
forms, they were derivatives of pyran and of furan respectively. 

Later Haworth further developed his methods in application to sr^ars and carbo- 
hydrates of increasing complexity. By his work, and that of others who have 
followed his lead, the detailed structures of many disaocharides and of some 
trisacoharides have been established. Progress has further been made in his 
attack on the structuxul complexities of the polysaccharides, and a simple chemical 
method has been evolved for determining their minimal moleoulax weights* 
Professor Haworth’s work, in the field which he haathus made his own, has recdivod 
the high international recognition of a Nobel Prize, and will assuredly tidm rank 
as a major achievement of permanmt significance in ohemieal history. 
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A Royal Mbpal k awarded to Dr W* W. C. Toppky, who ig one of the moat 
diatinguishod of the British bacteriologists of recent years. The most important of 
Topley’s contributions to bacteriology and experimental medicine has been the 
experimental study of epidemics, winch he initiated and of which the methods 
have been largely his own creation. Much had been learned by the statistical 
analysis of observational data, dealing with the origin, spread and development 
of natural epidemics, under conditions largely out of control. Topley conceived 
the idea of applying such methods to the investigation of epidemics started arti- 
ficially in j)opulations of healthy mice, kept in the laboratoiy under conditions 
which could be exactly controlled and deliberately varied. Thus the factors 
conducive to the rise, culmination and decline of an epidemic, to its revival or its 
final subsidence, could be experimentally determined. In a long series of such 
studies, the important results of which were reviewed in his Croonian Lecture for 
1941 on The Biology of Epidemics, Topley hod the statistical co-operation of 
Professor Major Greenwood, in both planning and interpretation. 

On this firm basis of knowledge concerning the incidence and mortality of a 
naturally transmitted infection in untreate<l stock, the efficiency of prophylactic 
measures could be put to a controlled test. Under Topley 's guidance and inspiration, 
accordingly, substantial progress had been made by his chemical colleagues towards 
the isolation from various species of pathogenic bacteria of highly purified and 
stable antigens, and the practical trial of some of these was interrupted by the 
outbreak of war. 

Dr Topley ’s researches have had a great and lasting influence on the study of 
bacteriology, immunology and epidemiology in relation to human medicine. His 
recent change of the focus of his interests may be expected to give an important 
stimulus to advance in many cognate fields of agricultural research. 


The Davy Mbual is awarded to Professor C. N. Hinshbjlwood for his work on 
the kinetics of chemical change, oharacterizied by its pioneering quality and by 
the varied new lines of research which it has opened up. An experimental investi- 
gator of great skill and achievement, Hinshelwood has also enlarged the theory of 
the subject by able mathematical analyses and descriptions based on the concepts 
of collisions and of activation enei^y. 

Hinshelwood took a leading part in the early study of homogeneous gaseous 
reactions. As the result of the examination of a number of bimolecular examples he 
was able to show, with reason, that these are confined to molecules containing few 
atoms, and that the actual rate is given by the product of the total collision rate 
and the probability of a molecule possessing the experimental energy of activation. 
Unimolecular reactions were found to occur with polyatomic molecules and to show 
more complex features. In association with Professor Lindemann (now Lord 
CSberwell), Hinshelwood put forward the mechanism, now accepted, whereby a 
reaction foxKlamentally dependent on ooUkions may nevertheless have unimolecular 
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kinetics. This theory he wcmb able to verify by showing that the rates of suoh reac- 
tions diminish at low pressures and that the kinetics then become bimolecular* 

In the field of chain reactions Hinshelwood opened up new lines of advance by 
studying the thermal reaction between hydrogen and oxygen. Thus he discovered, 
and offered clear explanations for, the curious phenomenon of ‘explosion limits*, 
confining explosive reaction, at any fixed temperature, sharply to a particular 
pressure region. Elaborate studies of the effects of nitrogen peroxide and other 
foreign gases on the hydrogen-oxygen reaction brought to light the very great 
kinetic complexities of an apparently simple type of chemical change. In this work 
Hinshelwood drew attention to the influence of the container surfaces on chain 
reactions, and also clarified the confusion of evidence concerning the effects on 
reaction rates of the intensive drying of gases. He discovered the inhibition of 
certain gaseous reactions by nitric oxide and interpreted the effect os due to the 
removal of radicals from, and the suppression of, ‘chains*. 

Hinshelwood has also carried out a large number of experiments on heterogeneous 
reactions and shown that their differences in kinetic behaviour can be explained 
by the application of the concepts of Langmuir. 

Throughout all these researches, carried out with the utmost economy and 
directness, though with full exjwrimental precautions, and interpreted in the most 
lucid manner, Hinshelwood has never lost sight of the essential complexity of 
chemical reaction mechanisms. He has alw^ays been ready to modify his views in 
accordance with new experimental evidence, and to make the fullest use of the 
more recent developments of wave-mechanics and of statistical mechanics. Sum- 
marized by their author in two well-known treatises, Professor Hinshelwood’s 
distinguished researches furnish abundant ground for the award to him of the 
Davy Medal. 

The Darwik Medal is awarded to Professor D. M. S. Watson, pre-eminent 
among palaeontologists for his contributions to knowledge of the course of verte- 
brate evolution. His researches have been concerned mostly with the origin of the 
land vertebrates, with the fishes most nearly related to them, and with the main 
line of evolution leading to the mammals. 

It will not be possible on this occasion to stirvey Watson^s work in ail its aspects, 
and mention must be restricted to some of the major lines of advance which it has 
oi)ened. His Croonian Lecture, in 1925, summarized the conclusions which he 
had reached by that date as to the evolution of the Amphibia, demonstrating for 
the first time the relationslup of the Stegooeplialia to the Osteolepid fishes. 

In addition to tracing the descent of land vertebi'ates thus from Amphibia back 
to fishes, Watson followed the line of the evolution of the mammals, through ^rly, 
primitive reptiles, the Cotylosaurs, to the mammal -like reptiles, in a large series 
of valuable papers. He related this work on the reptiles to that on the amphibians 
in a paper on the evolution of the shoulder girdle of the Tetrapoda, 

In this work on the fossil vertebrates, in its relatiou to the course of evolution, 
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Watson has not confined his attention to morphological details, but, with an 
enterprise remarkable in a palaeontologist though characteristio of his outlook, 
has considered where possible the functional significance of the structures pre- 
served in the rooks ; as in the paper in which he considers the mode of action of 
the shoulder girdle and deduces the nature of the musculature of a group of 
marine fossil reptiles. 

Pursuing his study of mammalian origins, Watson was led to study the most 
primitive of living mammals, the oviparous Monotremes, and to discover that 
characters in which their skulls differ from those of other mammals can be regarded 
as extreme developments of features observed in the skullsof certainfossil, mammal- 
like reptiles. 

Watson’s work has continued in full vigour into recent years, and has brought 
two further contributions of major importance to the study of evolution in the 
vertebrates. One is concerned with the origin of the frogs from more primitive 
amphibian types, while the other shows that a group of fishes from the OldHed 
Sandstone constitute a separate class of vertebrates, equal in rank to and ancestral 
to the remaining fishes. 

Tracing, in this brilliant series of researches, the main stages of the descent of 
the mammals from their earliest fish-like ancestry, Professor Watson has cer- 
tainly performed ‘work of acknowledged distinction in the field in which Charles 
Darwin himself laboured’. 

The Buchanan Mkdal is awarded to Sir Wilson Jamesqn, formerly Dean of 
the London School of Hygiene and Tropical Medicine and since 1940 the Cluef 
Medical Officer to the Ministry of Health and the Board of Education. In both 
capacities Jameson has shown himself to be a man of stimulating influence and 
leadership, determined and persistent in liis efforts to ensure that advances of 
medical knowledge in the laboratory, the clinic and the field shall receive prompt 
application in administrative practice. 

Largely to Jameson’s vigorous policy is due the hope that active immunization 
against diphtheria, which has banished the disease from many large communities 
of North America, will at length find systematic and effective application in this 
country, where many of the discoveries were made which have rendered it safe and 
practicable. In the prompt official adoption of methods using modem technical 
resources, to deal with the recent increase of tuberculosis under war conditions, 
and in the recognition of adequate and scientifically plamied nutrition of the 
people 8ts a central item of an effective health policy, Jameson’s active and en- 
lightened influence can again be discerned. 

Of the grounds on which the founders of the Buchanan Medal desired the awards 
of it to be made. Sir Wilson Jameson’s high claim to it is based on " administrative 
and constructive work’ of outstanding merit in the service of Hygienic Science. 

The Huohbs Medal is awarded to Professor Enrico Fermi, now of New York. 
Professor Fermi has made most notable contributions both to theoretical and 



experimental phyaios^ In the early days of the modem quantum theory he was one 
of the first theoretical physicists to appreciate the generality of the oonsiderations 
put forward by Pauli and known as the Exclusion Principle. This led him to 
discuss the statistical theory of a perfect gas of particles in equilibrium, obeying 
this principle, with results which were obtained independently and almost simul- 
taneously by Dirac by similar methods. These results of Fermi and Dirac are of the 
utmost importance in the modern theory of assemblies of similar particles, such as 
electrons, protons, and neutrons. Following this outstanding personal contribution, 
Fermi played a great part in building up at Rome a distinguished school of theo- 
retical physics, where he himself made one of the earliest successful attempts to 
construct a theory of radioactive y?-ray change. This theory shows the most pro- 
found insight into the theoretical nature of the quantum theory. 

His interest in the atomic nucleus led Fermi naturally on to his experimental 
studies in this field. Immediately after the discovery of the neutron he realized 
that it provided a new possibility of attack on the nucleus and of stimulating 
nuclear change by neutron bombardment. This work opened up the fruitful 
modern field of study concerned with the transformations of nuclei of medium and 
great atomic number, and led directly to the most exciting transformations of all, 
the nuclear fission of uranium and thorium. 

Professor Fermi's work is characterized throughout by profound insight and 
great experimental skill. In the fields which he has made his own he is universally 
acclaimed a leader. 
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Address of the President 
Sir Henry Dale, C.B.E. 

Anniversary Meeting, 30 November 1942 

We are to-day witliin a few weeks of the three hundredth anniversary of the 
birth of Isaac Newton, Wherever the progress of our Western science and philo- 
sophy has become effective, men will remember what that event was to mean for 
the world, Newton, as we shall hear, at the age of 43, when he had determined to 
abandon all further concern with natural philosophy, was induced at length, by 
Halley’s friendly insistence, to give written form ^nd system to the mathematical 
discoveries with which his amazing mind had been occupied over a period of some 
twenty years. The result was one of the greatest intellectual achievements in the 
history of mankind — the Principia^ providing for more than two centuries a frame- 
work for the mechanical interpretation of the universe and a basis for the building 
of physical science, and therewith of the material structure of our modern civiliza- 
tion. 

We in Britain regard Isaac Newton as still, beyond challenge, the greatest of our 
men of science. Nor should the claim be limited to this island or to the British 
(k>mmonwealth of Nations; for it was not till nearly half a century after Newton’s 
death that former British colonists in North America began their development of 
an independent nation ; and Newton is theirs as well as ours. 

But, while we may proudly claim him as the oountxyman of all who share the 
birthright of the English tongue, the discoveries of science have belonged, and must 
belong again, to the whole world, and Newton’s achievement is a part of the com- 
mon heritage of all peoples. It cannot be doubted that, if it had fallen in normal 
times, this tercentenary would have been marked by the greatest of international 
gatherings, in which men of science and philosophers from all the world would have 
assembled to do honour to Newton’s memory. It would have been natural then 
to expect leadership, in such an enterprise, from the only two institutions which 
were intimately concerned with Newton’s career as a man of science — Trinity 
College, in Cambridge, and this our Royal Society of London. Our two foundations 
did, indeed, confer as to the wisdom of attempting by joint action, even in this 
year of war, to arrange such a restricted and domestic celebration as the pi^ent 
conditions would allow. We agreed, however, to put aside such planning for the 
present, carrying it forward in our hopes to the time when a world at peace may 
be able to join in international commemoration of an event which has meant so 
much for all mankind. May the time be not too far distant. 

To-day we are holding the 280th Anniversary Meeting of the Royal Society, on 
Saint Andrew’s Day as by regular custom, ever since the first meeting on that day 
in 1662. It seemed to us that we should deimrt, on this occasion, a little from the 
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mxtai order of our proceedings, so that, on a day so near, to the tercentenary of his 
birth, our Fellows and our guasts may be reminded of Newton. We have accord- 
ingly asked three of our Follows to address the Society on different aspects of 
Newton’s work, in its relations to the science of the past and the present. We have 
asked Professor Andrade to give us the opportunity of understanding the magni- 
tude of the change which Newton’s work produced, in the conceptions of the 
material universe which were current in his own times. We know that to his con- 
temporaries Newton’s discoveries came as a great revelation, and we hope that 
Professor Andrade will help us to understand why they did so. We have asked Lord 
Rayleigh to deal, by demonstration where possible, with the experimental work of 
Newton and tlie great discoveries which he made by that method. This is an aspect 
of his greatness which popular estimates have tended to overlook ; but I think that 
Lord Rayleigh will be able to convince us that Newton as an experimenter would 
have had claims to a place among our greatest men of science, even if he had failed, 
as he so nearly did fail, to write the Principia. And, finally, we have asked Sir 
James Jeans to give us some reassessment of the validity and permanencse of 
Newton’s system, in relation to the immense advances of knowledge in our own 
times. There are many who have not the mathematical equipment to follow them 
in detail, who are nevertheless aware that revolutionary changes have been taking 
place in conceptions of the mechanics of the universe and of its ultimate material 
units. How is the Newtonian system affected by the discoveries which have 
required the general theory of relativity and the quantum mechanics at opposite 
ends of the stupendous scale t Is it being supplemented, modified or superseded 
after its centuries of dominance? We hope that Sir James Jeans will tell us; and 
we may remember, perhaps with comfort, that Newton’s Principia seemed difficult 
and abstruse to his contemporaries, and that he even confessed that he had made it 
so deliberately, ‘to avoid being bated by little smatterers in mathematics’. 

Before I call on our chosen lecturers to address us, there are two ’other matters 
relating to Newton and the Royal Society, which it seems proper to mention here. 
In the hamlet of Woolsthori^e, near Colsterworth on the Great North Road, some 
six miles south of Grantham, there is still a modest manor farm-house, with a small 
orchard in front of it. Here the Newtons lived, simple yeoman farmers, and here, 
two months after his father had died, Isaac Newton was bom, a puny, premature 
ixifant, on Christmas day 1642, twenty years before the Royal Society was in- 
corporated by the grant of its first Charter. The house stands but little altered since 
that day. The room in wliich Newton was bom has a simple marble tablet on the 
wall, inscribed with Pope’s well-known couplet. But this house had importance 
in Newton’s later life and in his work, and not only as his birthplace. It was here 
that he returned from his schooling at Grantham, at the age of 16, to take charge 
of the farm for his motlior; and here, to the incalculable gain of science and the 
world, he showed such incompetence as a farmer that he was sent back to school, 
and thence to Cambridge. It was here, again, that he returned in the autumn of 
1665, when the plague drove him from Cambridge; and here, during the following 
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nbmdy the esaetitiiil principles of his mejor theoretical discoveries, Yotii can still 
see the upper chaon W which he then used as a study ; and in the little orchard 
there is an old, recumbent apple tree, which, they will tell you, is desocoidad by 
direct grafting from that which Newton saw. The land which Newton’s family 
famed is rapidly being laid waste, alas, by quarrying for ironstone; and sOon 
there will be littie left unspoiled save the orchard and garden round the house. 
It has seemed to us that, in this year of commemoration, something should be 
done to preserve for posterity a house and garden which carry such momentous 
memories, and which have meant so much for science. We have accordingly formed 
a small Committee, in which Sir John Russell and Sir James Jeans have joined 
with the Officers of the Royal Society. We have been in friendly negotiation with 
the lord of the manor, Major Tumor — a name associated in several past geiiera- 
tions with the Royal Society and with Isaac Newton — as to the possibility of 
acqmring this now tiny but historic property, so that it may be put for as long 
as possible beyond the risk of damage or decay. Major Tumor has generously 
offered to sell the property for this purpose at a price substantially less than its 
value, and only this morning I received a letter from Lord Macmillan which 
enables me to announce that the Pilgrim IVust will be responsible for the sum 
required for the purchase. 

Then I think that it is our special duty here, at this Anniversary Meeting, to 
remember that, while Newton’s great discoveries belong to the world, they came 
to publication through the Royal Society, and that Newton occupied its presi- 
dential Choir for the lost twenty -four years of his long life. Though his Opticks was 
not published till after he had become President, his original work for science was 
practically finished by the time of his election, and he bad for some years been 
Master of the Mint. There can be no doubt, however, that the wide fame of bis 
achievements, and the respect and admiration in which he was everywhere held, 
did much, at a critical period in its history, to establish the prestige of this Society 
in the eyes of the world. Let us then remember to-day that Isaac Newton, the 
greatest man of science of our race, was also the greatest of the Royal Society’s 
presidents. 
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Newton and the science of his age 

By Professor E. N. da C. Andrade, F.R.S. 

It is my tAsk — my honourable and inspiring task — to say something of Isaac 
Newton as seen against the background of the science of his time. I shall try to 
display briefly the position as he found it and to resmne in a small space his great 
achievements and the changes in outlook which they produced. In praising Newton 
I shall endeavoui* not to do injustice to his great forerunners and to the men of his 
time who pursued worthily the same great ends as he did, and who would have held 
the centre of the stage in any other age than that dominated by him. For Newton, 
like Shakespeare, did not stand as a lonely adventurer into new realms, though 
he travelled further and straighter than the rest. Shakespeare was the supreme 
poet and playwright at a time when poetry and plays were part of the life of ev^ry 
cultivated man and occupied the attention of the brightest intellects. Newton 
was the supreme scientist in an age when the quantitative method of questioning 
Nature was abroad in the air. Each was the child of his time. 

Let us consider the position when Newton went to Cambridge in 1661. The 
hold of Aristotle, whose works had for centuries been the ultimate resort of all 
those seeking knowledge of the working of nature, had been shaken oflF by such 
men as Galileo and Gilbert, but most of the learned still thought that those 
who relied on experiment were pursuing a futile and impudent course. The first 
resolve of Marlowe’s Faustus 

Having ooinmeno’d, be a divine in shew, 

Yot level at the end of every art, 

And live and die in Aristotle's works 

still represented the aim of many students. The foimdation of the Royal Society 
in 1662 had been the occasion of many attacks on the experimental method, 
attacks stoutly met by Glanvill and by Sprat, and as late as 1692 Sir William 
Temple’s AVsay ujpon the Ancient cmd Modern Learning, satirod by Swift in The 
BaUle of ths Books, set out to prove the superiority of the philosophers of the 
ancient world over all the moderns. Thus when Newton was a young man the new 
experimental method of questioning Nature was steadily making its Vay and the 
omniscience of the ancients was being called in doubt by a new school, but ex- 
perimental science was by no means firmly established as a respectable study. 

The great figures among the worthies of the exact sciences who had already ap- 
peared at tliat time were Copernicus, Tycho Brahe, Kepler, Gilbert, Galileo and 
Descartes. Kepler, following bis great forerunners, had found the true laws of 
planetary motion, which were to be explained by Newton. Kepler’s views as to the 
mechanism of the planetary motions were in his earlier writings largely mystical, 
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involving the perfect propeities of the five regular solids and also certain moti- 
vating souls or spirits, animae matrices (figure 1). Throughout he held to the 
medieval point of view that a body could not maintain its motion unless there 
were a force proi)elling it* In his later writing he invoked a magnetic force, but 



Ficjcuk 1. Illustration from Kepler’s Mysterium Cosmographicum, 1/596, showing the orbits 
of tile planets lifted between the octahedron, icosahedron, dodecahedron, tetrahedron and 
cube, 

it was not directed to the sun, like the true gravitational force, but pushed the 
planets on their way — nm est attractoria sed promotoria. It was essentially bound 
up with the rotation of the sun. Thus he was ignorant of the basic laws of 
mechanics and his magnetic force had none of the true properties of magnetic 
forces. Kepler mode no approach to a mechanical explanation of Ids laws. 
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Gilbert had not only established the basic principles of terrestrial magnetism 
and carried out fundamental work on electricity, but had invoked a force from 
the moon — a magnetic force it is true — to produce the tides. Galileo’s greatest 
achievement hod been to lay the foundations of mechanics. None of these men, 
however, had made any impression on the bulk of the learned: Francis Bacon, 
for instances neglects Galileo and Kepler, and refuses to take Gilbert seriously. 
The great figtire in the eye of natural philosophers was Descartes, who had 
developed a cosmogony based upon mechanical principles, not precise me- 
chanical principles it is true, but principles very different from the mystical ones 
then in vogue. Joseph Glanvill used to lament that his friends had not sent him 
to Cambridge, where he might have learned the new philosophy of Descaites, rather 
than to Oxford, where Aristotelianism ruled. Descartes’ system had acquired 
such a hold on men’s minds that his views were still support^ed long after Newton’s 
death. Both Jean Bernoulli, who died in 1748, and Fontenelle, who died in 1767, 
were Cartesians to the end. The demolition of the Cartesian system was, in con- 
temporary eyes, one of Newton’s greatest achievements. James Thomson said in 
his Ode to the Memory of Sir Isaac Newton, published immediately after his death; 

Tho heavens arc all his own; from the wild rule 
Of whirling vortices, and circling spheres. 

To their first groat simplicity restored. 

TJxe schools astonished stood. 

From the Principia it is clear that Newton himself derived particular satisfaction 
from having invalidated the Cartesian system. It is fitting, then, that we start 
our consideration of contemporary science by a glance at this system, not only 
because it was the only attempt before Newton to explain the motions of heavenly 
bodies on general principles, but Ixecause it furnishes a contrast which brings out 
the essential Newtonian point of view. 

Descartes starts, in the spirit of medieval thinkers, from certain general philo- 
sophical principles. He decides that the fundamental property of matter is ex- 
tension — ^impenetrability, colour, hardness and so on are only secondary charac- 
teristics. Extension, which has three directions, is the subject of mathematics: 
motion is the subject of mechanics. All the different qualities of different kinds 
of matter are provided by different motions of the minute parts of which it is 
composed. *Give me extension and motion’ declares Descartes, ‘and I will con- 
struct the world,’ One consequence of his fundamental belief is that there can- 
not be a vacuum, for extension without matter is a contradiction. He further 
considers, on theological grounds, that the quantity of motion in the heavens 
must be constant. He blames Galileo for founding his mechanics on exi^riments 
and not on reflexions on first causes. ‘Everything Galileo says about the philo- 
sojihy of bodies falling in empty space is built without foundation : he ought first 
to have determined the nature of weight.’ Newton’s point of view, of course, was 
the exact opposite to that of Descartes : he says in the famous letters to Bentley, 
"... for the cause of gravity is what I do not pretend to know, and therefore 
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would take Bome time to consider of it’, and again, ‘gravity must be caused by 
an agent acting constantly according to certain laws, but whether this agent be 
material or immaterial, I have left to the consideration of my readers’. For 
Newton, as for the best of his successors, science was oonoemed with the question 
of ‘ How ? ’ : Descartes, like the ancients, was concerned with the insoluble question 
of a fundamental ‘Why? 



FiatTRK 2. A page from Descartes* Prmcipia phUoaophide, 1 644, showing in the middle 
the sim*s vortex, governing the planets. Other vortices surround it. 

It followed from the philosophic hypothesis of Descartes that the only kind of 
motion possible in a plenum was a motion in closed paths, more particularly 
a circular motion, since a particle could only move if another particle took its 
place. It was on grounds of this kind that he elaborated his vortex hypothesis. 
Certain very fine particles, which filled interplanetary space, moved round 
ceaselessly in huge vortices and carried the planets with them. The moon was 
carried round the earth by a minor vortex, and so. on (figure 2). 

Descartes’ cosmogony, then, was founded on a philosophical system: it was 
pictorial and unquantitative. The paths of the comets, handed oil from one vortex 
to another, were in particular irreconcilable with observation. There was no 
attempt to deduce Kepler’s laws, or to show how anything but circular motion 
could result from the vortices. The whole scheme was spun from the brain of 
Descartes, with more or less casual references to actual phenomena. No doubt 
it was referring to Descartes that Roger Cotes said in his Preface to the second 
edition of the Principiaf ‘Those who fetch from hypothesis the foundation on which 
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they build their speculations may form indeed an ingenious romance, but a romance 
it will still be/ In spite of, or perhaps because of, this, Descartes’ influence was 
immense, and when Newton was at Cambridge as a young man it was Descartes 
who was the great authority for all such progressive spirits as speculated on the 
structure of the tiniverse. 

We now turn to the astonishing story of the birth of the Primipia* The time 
was ripe for the appearance of this great work, As regards the laws of motion, 
Galileo, whose services Newton freely acknowledges, and Descartes liimself had 
done much to prepare the way for the more i)recise and particular formulation 
which Newton gives. Hooke among others had clearly expressed the protest of 
the most forward spirits of the time against the speculative method, ‘The truth 
is, the Science of Nature has been already too long made only a work of the Brain 
and the Fancy: it is now high time that it should return to the plainness and 
soundness of Observations on material and obvious things.’ The Royal Society was 
active in stimulating the pursuit of the new method and on the Continent the 
Accademia del Cimento had done excellent work, while the Acudhnie des Sciences 
was founded in 1666. These continental societies had little influence on Newton, 
but are symptomatic of the general movement towards the experimental method, 
The stage was set for great things. 

The story opens at Woolsthorpe, Newton’s birthplace, whither Newton had 
come from Cambridge in June 1666 to escape the plague. He was then 22 years 
old and not yet a Master of Arts or Fellow of Trinity. He had read what he calls 
‘Sehooten’s Miscdlanies* (probably the Exercitationum Mathematicarum Libri F), 
Descartes’ Oeometria and Wallis’ works, and further was, of course, familiar with 
the work of his teacher Barrow. He had written his first treatise on the calculus, 
or ‘fluxions* as he called it, but he had published nothing. The words which he 
wrote some fifty years later about this great springtime of his intellectual life have 
often been quoted but cannot well be omitted on an occasion like this. ‘And the 
same year (1666) I began to think of gravity extending to the orb of the Moon, 
and having found out how to estimate the force with which a globe revolving 
within a sphere presses the surface of the sphere, from Kepler’s Rule of the 
periodical times of the Planets being in a sesquialterate proportion of their distances 
from the centers of their orbs I deduced that the forces which keep the Planets in 
their Orbs must [be] reciprocally as the squares of their distances from the centers 
about which they revolve: and thereby compared the force requisite to keep the 
Moon in her orb with the force of gravity at the surface of the earth, and found 
them answer pretty nearly. All this was in the two plague years of 1066 and 1666, 
for in those days I was in the prime of my age for invention, and minded Mathe- 
matioka and Philosophy more than at any time since. What Mr Hugens hog 
published since about centrifugal forces I suppose he had before me.’ 

It seems likely that he had already had his laws of motion in his head — in any 
ease it is clear that he was convinced that every body would continue to move 
uniformly in a straight line unless some force acted on it, and that, therefore, 
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there must be some force acting on the moon which drew it away from the straight 
line, tangential at any moment to its path, in the direction of the earth. Treating 
the moon’s path as circular, from Kepler’s third law, and from the law connecting 
the centrifugal force with the radius and the velocity, or the equivalent proposition 
to which Newton refers, it is easy to deduce the inverse square law. To show that 
the force keeping the moon in her orbit is the earth’s gravitational force, assumed 
to diminish as the inverse square, is, however, a further step demanding a com- 
putation of how strong the gravitational force at the moon’s orbit will be, 
compared to the measured force at the surface of the earth, Newton made this 
step and found it 'answer pretty nearly’. Why, then, did he delay the announce- 
ment of the law of gravity for twenty years or sol 

There is always a ready answer to questions of this kind where New ton is con- 
cerned — that he never published anything until invited, in general strongly urged, 
to do so. It is, however, clear from many signs that Newton was not himself 
satisfied about the matter until some time about 1686. The usual story is that he 
took a wrong radius for the earth, namely one corresponding to 60 miles for 1° of 
latitude instead of the correct value of about 70, but this story is very improbable 
on many grounds, one of which is that good values were readily available to him. 

The real reason for Newton putting the work aside seems to have been that 
the calculation, os far as the force at the earth’s surface is con<?erned, depends 
essentially upon it being legitimate to assume that the earth’s mass may be con- 
sidered as concentrated at the centre. That this assumption is valid is far from 
obvious. It is fairly clear from certain passages in De Motu and in the Principia 
that it gave Newton some trouble to prove this assumption and that ho did it late. 
In a letter to Halley of 20 June 1686 he says, 'I never extended the duplicate 
proportion lower than to the superficies of the earth, and before a certain demon- 
stration I found the last year, have suspected that it did not reach accurately 
enough down so low,’ Although this refers to the gravitational force within a 
sphere, this and the point under discussion are involved in the same mathematical 
demonstration, which Newton gives in the Principia in Book i, proposition liXXi 
and other propositions following it. In any case Newton appears not to have been 
satisfied with his first calculations and to have turned to other things, possibly 
his optical experiments. 

It is a strange thing that the Principia owes its publication largely to a quarrel 
with Hooke, and its sequel. In 1679 Hooke, then acting as Secretary of the Royal 
Society, wrote to Newton about various scientific matters and asked him very 
civilly for a philosophic communication — a paper, os we should say nowadays. He 
also asked for Newton’s opinion on his Potentia Restitutiva and ‘particularly if 
you will let me know your thoughts of that [hyx^othesis] of compounding the 
celestial motions of the planets of a direct motion by the tangent and an attractive 
motion towards the central body’. In his reply Newton made an extraordinary 
remark, ‘But yet my affection to philosophy being worn out, so that I am almost 
as little concerned about it as one tradesman uses to be about another man’s trade or 
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a countryman about learning, I must acknowledge myself averse from spending 
that time in writing about it which I think I can spend otherwise more to my 
own content and the good of others: and I hope neither you nor any body else will 
blame for this averseness.’ This is but one of many occasions on which Newton 
expresses his disinclination, almost distaste, for any further scientific work, his 
first antipathy having been aroused by the disputes and misunderstandings con- 
sequent on the publication of his first great paper on the prism. 

To return, Newton did comply with Hooke’s request for something for the 
Society by pointing out that a body let fall from on high should strike the earth 
slightly east of the perpendicular, and gave precise and excellent directions for 
carrying out the experiment. The purpose was to prove the diurnal rotation of 
the earth, Hooke, in leply, pointed out that the ball should fall to the south as 
well as to the east, and further corrected Newton in a point which is too compli- 
cated to discuss here and one on which differences of statement can be due to 
different interpretations of the problem. This correction, tactlessly expressed, irri- 
tated Newton in the highest degree and he answered curtly. In further letters, 
written in apparent unconsciousness of the annoyance he had given, Hooke 
suggested that the law needed to explain the planetary motions was the inverse 
square law. 

Now other men had come to the same conclusion. In particular, Wren and 
Halley had discussed with Hooke the possibility of explaining the mechanism of 
the heavens on the basis of an inverse scpiare law. Hooke declared that he could 
demonstrate mathematically that the path of a particle in a central inverse square 
field would be an ellipse, but it is clear that he never did so, and equally clear 
that he had not the mathematical e<piipment necessary to begin an attack on the 
problem. He was in the unfortunate position of being entirely convinced of a 
truth that he could not prove. In August 1084 Halley visited Cambridge and 
asked Newton what the path would be. He replied that it would be an ellipse and 
that he had formerly calculated it. He could not find the calculation but soon 
sent a proof (or apparently two different proofs) to Halley. 

This incident seems to have aroused Newton from the distaste for science into 
which he had fallen, and he put together the treatise De Motu, founded on a 
course of lectures, which Halley presented to the Royal Society on 10 December 
1684. The story of how Halley then coaxed and cajoled Newton into writing the 
Principia is familiar, but we in this Society ought not ever to celebrate the great 
work without a tribute to Halley, who not only realized at once the fundamental 
importance and significance of Newton’s work but used all his tact to get the 
book written and made himself financially responsible for the production, the 
Royal Society being in financial difficulties at that time. We are not now in 
financial straits and shall, I believe, be glad to bear the expense of producing a 
second Principia when the genius of our age brings it forth. The book appeared 
in 1687, and bears the imprimatur of the then President (figure 3), who, although 
he achieved nothing in science, is still remembered. He was Samuel Pepys. 



234 


E, N- da €• Andrade 


The Princdpia is not an easy book to read. The proofs are all given in form of 
classical geometry, although, since it is certain that at the time when it was 
written Newton was in possession of the fundamental processes of the calculus 
and of the methods of analytical geometry, it is unlikely that this was the form 
in which he first derived them. Figxu^ 4 shows a typical geometrical diagram, 
dealing with the moon's motion, and a comparison with the pictures from Kepler 
and Descartes gives a graphic rej)resentation of the changed spirit in handling the 
mechanism of the heavens. With reference to the mathematical methods of the 
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Fiaua® 3. Reduced facsimile of the title page of the Principiaf 
bearii\g the imprimatur of Samuel Pepys. 

Principia WheweU has said * Nobody since Newton has been able to use geo- 
metrical methods to the same extent for the like purposes ; and as we read the 
Principia we feel as when we are in an ancient armoury where the weapons 
are of gigantic size; and as we look at them we marvel what manner of man 
he was who could use as a weapon what we can scarcely lift as a burden.’ 
Various conjectures have been made by Roaenberger, Cantor, Giesel, Gerhardt 
and others as to why he did not use the new methods : Rouse Ball thinks that he 
was probably unwilling to odd to the difficulties by introducing a new mathe- 
matical method. Be that as it may, he had a horror of unfounded criticism, and, 
as he told Dr Deriiam ‘to avoid being baited by little smatterers in mathecnatics, 
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he designedly made his Principia abstruse; but yet so as to be understood by able 
mathematicians \ That he did not underrate the difficulty of the work is dear from 
what he says in the beginning of Book iii: ‘I chose to reduce the substance of 
that book into the form of propositions (in the mathematical way) which should 
be read by those only, who had first made themselves masters of the princi})le8 
establish'd, in the preceding books. Nor would I advise any one to the previous 
study of every proposition of those books. For they abound with such as might 
cost too much time, even to readers of good mathematical learning. It is enough 
if one carefully reads the definitions, the laws of motion, and the first three 
sections of the first book.’* 



Ficmiuc 4. A typical geometrical diagram the Principia. 


The first book contains certain definitions of space, mass and time which have 
often afiForded a theme ample enough for discussion. But we will here let them 
pass uncommented, The famous laws of motion owe much to the labours of pre- 
vious workers, in particular to Galileo, whose services Newton clearly acknowledges. 
The simple laws of central orbits under an inverse square law are worked out in 
much detail and the laws of pendulum motion are developed, with due acknow- 
ledgments to Huygens, who had published his Horologium Oscillatorum in 1673. 

In the first book the motions all supposed to take place in a non-resistant 
medium. In the second Newton considers motions in a resisting medium, always 
with his eye on the Cartesian world system w^hich he was intent to demolish. He 
deals with a resistance proportional to the velocity and with a resistance proportional 

* Andrew Mottoes translation of 1729, volmne 2, page 201. 
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to the square of the velocity, and further points out different kinds of fluid re- 
sistance, which he later defines most clearly in the 28th Query appended to the 
third edition of the Opticka, ‘for the resisting Power of the fluid Medium arises 
partly from the Attrition of the Parts of the Medium and partly from the Vis 
inertiae of the Matter', that is, partly from the viscosity and partly from the 
bulk motion of the medium. The latter resistance he assumes proportional to the 
square of the velocity. In this book he ojyens the way to the hydrodynamics of 
real, fluids. In the })art dealing with hydrostatics he proves the law of the diminu- 
tion of atmospheric pressure with height. He then further discusses the motion of 
the pendulum and is the first to suggest its use for making a survey of the gravita- 
tional acceleration. In another connexion he derives an expression for the velocity 
of sound, this being the first case of the calculation of the velocity of a w ave from 
the properties of the medium. The only other point in this book to which I will 
refer is the calculation which Newton carries out on the motion of an infinitely 
extended viscous fluid in which a body rotating upon its axis is immersed. What 
he has in mind is the Cartesian vortex — ‘I have endeavoured in this proposition 
to investigate the properties of vortices, that I may find whether a celestial 
phenomenon can be explained by them.’ He effectively defines the force ‘arising 
from the want of lubricity in the parts of the fluid ’ as proportional to the velocity 
gradient, whence the term ‘Newtonian viscosity*. He is thus the first to touch 
the mathematics of viscous fluids. He finds that the periodic time of circulation 
of the fluid carried round by a rotating sphere is proportional to the square of the 
distance from the centre of the sphere,* which is grossly inconsistent with Kepler’s 
third law. Newton considers that his deduction is a clear refutation of the Cartesian 
vortices and, for once, almost gloats over his victory. ‘Let philosophers then see 
how the phenomenon of the sesquiplicate ratio can be accounted for by vortices.’ 
He brings many other objections against the Cartesian vortices: he points out, 
for instance, that a continuous supply of energy will have to be given to the sphere 
to maintain the motion, because ‘it is plain that the motion is projiortionally 
transferred from the centre to the circumference of the vortex, till it is quite 
swallowed up and lost in the boundless extent of that circumference’. 

The second book of the Principia is the foundation stone of mathematical 
physics. In it Newton shows an extraordinary instinct for grasping the essentials 
of a problem — it would almost seem that he knew the solution in advance and 
added the proof as a concession to those less clear-sighted. As William Whieton, 
who knew him well, and succeeded him in the Lucasian chair, says: ‘Sir Isaac, in 
inatliematics, could sometimes see almost by intuition, even without demonstra- 
tion.... And when he did but proj) 08 e conjectures in natural philosophy, he almost 
always knew them to be true at the same time.* The manner of his refutation of 
the Cartesian vortices introduces a new spirit into the discussion : no hypothesis 

♦ Actually this is an error, which appears never to have been pointed out, although 
Stokes has indicated the like error in the cose of the rotating cylinder, which Newton 
works out. It should be the cube of the distance. 
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about the heavens is tenable unless the quantitative deductions from it agree 
with observation. 

The third book opens with an introduction where, after stating what has been 
done in the first two books, Newton sets down the superb sentence— 'Superstat 
ut ex iisdem prinoipiis doceamus constitutionem systematis mundani* — it remains 
that from the same principles we demonstrate the form of the system of the world. 
It is this third book which based celestial mechanics so firmly that what was done 
in the next two hundred years was rather extension of, and improvements on, 
the Newtonian method than anything radically new. Not only does Newton 
establish the movements of the satellites of Jupiter, Saturn and the Earth, and 
of the planets round the Sun (or rather, as he points out, round the centre of 
gravity of the solar system) in terms of his gravitational theory, but he shows 
how to find the masses of the sun and planets in terms of the earth’s mass, which 
he estimates quite closely; he accounts for the flattened shape of the earth and 
other planets ; calculates the general variations of g over the surface of the earth ; 
explains the precession of the equinoxes by consideration of the non-sphericity 
of the earth ; calculates the main irregularities of the motion of the moon and of 
other satellites from the perturbing effect of the sun ; explains the general features 
of the tides ; and finally treats the orbits of comets in a way that shows that 
they are members of the solar system and enables the return of Halley’s comet 
in 1759 to be accurately calculated. This brief and imperfect catalogue is merely 
a reminder of the scope of this extraordinary book, which drew from Laplace, 
no enthusiast, ‘ . .all this, presented with much elegance, assures to the Principia 
preeminence over all the other productions of the human mind’. The book closes 
with the famous General Scholium which returns to the confutation of Descartes’ 
vortices and says, concerning the cause of gravity, ‘Hypotheses non fingo’. 

We have a portrait of Newton, by Kneller, at about the time of the publication 
of the Principia which is particularly impressive. In contrast to most of the later 
and more formal portraits we see him in hie own hair and in the casual clothing 
which we may suppose him to have worn when at work. The look of wild, almost 
hostile remoteness and of dominating and piercing int^elligence seem to show that 
the artist has well read the features of his sitter and given us a true picture of 
the man in his hours of creative thought. 

Although the book was eagerly bought, the Newtonian method and discoveries 
made way but slowly. Biot says that of Newton’s contemporaries throe or four 
only were capable of understanding the Principia, that Huygens only half adopted 
the ideas, Leibiuz and Jean Bernoulli fought against them, and that fifty years 
had to pass before the great truth demonstrated by Newton was understood by 
the generality of men of science, let alone developed. No doubt the difficulty of 
the book had much to do with the tardy appreciation, outside a narrow circle, of 
its contents. The Cartesian scheme was easy, pictorial, general: the Newtonian 
difficult, mathematical, precise. The very method of attacking the problem was 
altogether new. The second edition appeared in 1713, edited by Roger Cotes, of 
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whom Newton said ‘if Mr Cotes had lived we might have known something*. The 
preface clearly shows that among the learned the Newtonian scheme had not 
been widely accepted. On the Continent the progress was still slower and it is 
generaUy held that it was Voltaire’s EUrnem de la Fhilosophie de Nevtm, which 
appeared in 1738, that led to Newton’s work being appreciated in France. Inci- 
dentally, the story of the apple, which Voltaire had from Newton’s niece, Mrs 
Condnitt, appeared in the second edition of Voltaire’s book, in 1741. Later, it 
was in France that Newton’s work was raised to great glory, when Lagrange 
and Laplace erected edifices of splendour and elegance on Newtonian foundations. 

The optical work of Newton was perhaps his favourite study : at any rate it 
was that to which he made what is probably the only enthusiastic reference which 
he ever permitted himself, when he said, of his fundamental discovery in the 
matter of prismatic colours, ‘being in my judgment the oddest, if not the most 
considerable detection which hath hitherto been made in the operations of nature 
The beautiful experiments which formed the background of this work will be 
dealt with by Lord Rayleigh, so I shall say nothing of them, but a few words as 
to the Newtonian attitude and theory may be permitted. 

The nature of colour had from the days of Aristotle been the subject of philo- 
sophical speculation. According to Aristotle, colours are a mixture of light and 
darkness, or of white and black, a view which, embellished and modified in various 
ways, survived Newton and appeared again in, for instance, Goethe’s writings. 
Descartes was apparently the first to break really new ground in comparing colours 
to notes in music : his view of light was that it was a pressure transmitted through 
the particles that filled all space, and he conjectured that a rotation of the particles 
might be the effective cause of colour, a view which presented inherent difficulties 
effectively exposed by Hooke. We may agree with Huygens that ‘Descartes has 
said nothing that is not fuU of diflSculties or even inconceivable, in dealing with 
light and its properties’. The medieval question as to whether light was a sub- 
stance or an accident was still occupying the attention of even acute experi- 
mentalists such as Grimaldi, the discoverer of diffraction, whose book appeared 
in 1665. It was Hooke again, who, with his extraordinary flair for the truth, 
combined with an inability to overcome the lost diflaotQties that stood between 
him and a convincing conclusion, initiated the modem views. In his Micrographiat 
1665, he expressed the view that light was a very quick vibration propagated 
with a finite velocity. He gave what resembles Huygens’ construction for 
finding the wave front on refraction, but, since he thought that light travelled 
faster in a solid medium, e.g. gloss, than in air, he found that in the medium the 
wave front must make an acute angle with the ray. It was with this ‘obliquity’ 
that he connected colour. ‘ Blue is an impression on the Retina of an oblique and 
confus’d pulse of light, whose weakest part precedes, and whose strongest follows. 
* . .Red is an impression on the Retina of an oblique and confus’d ptdse of light, 
whose strongest part precedes and whose weakest follows.’ For him blue and red 
were the primary colours, all others being mixed. There is no time to follow his 
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extraordinarily acute experiments on the colours of tliin plates, but it must be 
noted that his ill-tempered attacks were the cause of Newton expressing a disgust 
with science which nearly caused him to abandon her pursuit, and were, it is 
almost certain, the reason why the Opticks was not published until 1704, the year 
following Hooke’s death. The quarrel between the two men, both, as is evident 
from their correspondence, capable of generous appreciation of the other’s achieve- 
ments, was exacerbated by Oldenberg, then Secretary of the Society, whose dislike 
of Hooke may have sprung from causes little creditable to him. Newton hod 
been undoubtedly stimulated by his reading of Hooke’s Micrographia, and he 
was always very remiss in acknowledgements to him. Let us pay a tribute to 
poor Hooke, sickly and without position or pov^erful friends. He had not Newton’s 
power of thought, but he was probably the most ingenious contriver who ever 
lived and was a shrewd and daring speculator. 

The experiments on the composition of white light, which reduced the whole 
study to a quantitative basis, by showing that the refraction is a measure and 
index of the colour, will, as I have said, be dealt with by Lord Rayleigh. To the 
reflecting telescoj^e, the explanation of the rainbow, the work on thin films, exem- 
plified by Newton’s rings, and the experiments on diffraction, this passing reference 
must suffice. 

Nowhere more than in his writings on light does Newton stress his dislike of 
speculation not firmly rooted in experiment. The first words of the Opticka are 
‘My design in this Book is not to explain the Properties of Light by Hypotheses, 
but to propose and prove them by Reason and Experiments,’ and again, in the 
31st Query appended to the third edition of that book he makes his standpoint 
very clear, saying ‘These Principles I consider not as occult Qualities, supposed 
to result from the specifick Forms of Things, but as general Laws of Nature, by 
which the Things themselves are form’d : their Truth appearing to us by Phaeno- 
mena, though their Causes be not yet discover’d. For these are manifest Qualities, 
and their Causes only are occult. And the Ariaioteliana gave the Name of occult 
Qualities not to manifest Qualities, but to such Qualities only as they supposed 
to lie hid in Bodies, and to be the unknown Causes of manifest Effects. . . .To teU 
us that every Species of Things is endow’d with an occult specifick Quality by 
which it acts and produces manifest Effects, is to tell us nothing.’ It is in the 
light of this that we must read the famous ‘Hypotheses non fingo’. Newton, of 
course, did make hypotheses, and even call them such — for instance in Principia, 
Book n, Section ix, his assumption os to the behaviour of viscous fluids is headed 
‘Hypothesis’ and there are other instances. All he meant was that he was re- 
luctant to speculate beyond any possibility of quantitative deduction, to form 
oonjeotures whose defence would be merely a matter of dialectics. 

Newton’s corpuscular hypothesis to account for the experimental behaviour of 
I%ht is clearly a hypothesis, but we shall see how closely he adapts it to the 
observations. First, he points out that light cannot be a wave motion, or it would 
spread out on passing through an opening. Figure 6 is the diagram with which 



240 


E* N, da C. Andrade 


he illustrates this point. He knew, it is true, the phenomena of diffraction, but 
he did not reahze how by making the wave-length small enough this could be 
reconciled with the general facts of rectilinear propagation, for which a stream of 
particles seems best suited. He clearly saw that the phenomena of the colours 
of thin plates demanded a periodicity, and he introduced this into his theory by 
the hypothesis of fits of easy reflexion and easy transmission. It is clear that 



Fioubk 5 


light is partly reflected and partly transmitted at the surface of a transparent 
body: Newton supposed that a light particle alternated at regular intervals be- 
tween a state in which it was transmitted through the surface and one in which 
it was sent back. He put forward diffidently (‘Those that are averse to assenting 
to any new Discoveries but such as they can explain by an Hypothesis, may for 
the present suppose*) the idea that the impact of the particle on the surface 
excited vibrations in the medium which, overtaking the particles, put them into 
these alternating states. We are forcibly reminded of modern theories. The length 
of the interval of the fit, corresponding to our wave-length, was greater for the 
red than for the blue, and Newton gives the interval for yellow light incident 
normaUy as just about the actual wave-length of yellow light. However, of his 
whole theory he says ‘But whether this Hypothesis be true or false I do not here 
consider. I content myself with the bare Discovery that the Rays of Light are by 
some cause or other alternately disposed to be reflected or refracted for many 
vicissitudes.’ When he comes to consider polarization, he has to endow his par- 
ti(?les with ‘sides' so that there is a lack of complete symmetry about the 
direction of propagation. In short , he gave his particles just those properties which 
interpreted the experiment and hence was led to endow them with a periodicity 
and a polarity. This brought him to assume subsidiary waves accompanying the 
particles when they interacted with matter. 

There seems to be a general belief that Huygens, as against Newton, advocated 
something very close to the wave theory of light, as it was accepted in, let us say, 
1900. Huygens’ wavelets, however, lack the essential properties with which 
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Fresnel afterwards endowed them : they were not only longitudinal but had what 
were practically particle properties, as exemplified by the fact that the pole — the 
point of contact with the envelope — alone was efficacious. He was just as incapable 
as Newton of giving a satisfactory explanation of diffraction. 

If we are asked to state in a sentence what was the main effect of Newton’s 
work on the thought of his time, I think that the answer must be that it was to 
establish the power and universality of the methods of quantitative science. To 
Galileo we owe the groat service, one that cannot be too highly praised, of having 
made particle dynamics into a science, but he did not look beyond the earth for 
its efficacy nor suggest the application of his methods to the relative movement 
of the parts of a continuous medium, such as water. Huygens founded the study 
of rigid dynamics. Hooke suggested and speculated with extraordinary ingenuity 
and acuteness. Newton, however, showed that three clearly enunciated laws of 
motion applied to all observable movements of inanimate nature : they governed 
the motion of waves and projectiles, visible solids and invisible air, resisted as well 
as free movements. Together with the inverse square law they explained not only 
the gross movement of planets and the movement of the comets, which before 
had seemed capricious, but also details which nobody before had ever considered 
as being mechanically explicable, such as the precession of the equinoxes. The 
problems of the tides and of the irregularities of the moon’s motion he did not 
fully solve, it is true, but he did enough to convince mathematicians that they 
were soluble by his methods. After Newton’s work had been assimilated, the body 
of natural philosophers accepted it as a commonplace that all terrestrial and 
celestial movements were explicable in precise and numerical terms by calcula- 
tions based on a, few general laws: before Newton most thinkers were ready to 
invoke ad hoc principles and occult causes, based on human and divine analogies, 
for any but the simplest terrestrial phenomena, and the few who were in advance 
of their times were feeling tentatively for solutions which eluded their grasp. 

Even in chemistry Newton was looking for an explanation in terms of attrac- 
tions, though, strangely enough, in this science ho never seems to have applied 
his own rule and made quantitative experiments. His work on light lies somewhat 
outside the mechanical scheme, but here again his insistence on the quantitative 
created a completely new attitude towards colour. It became a subject for measure- 
ment and calculation, rather than one for discussion in terms of generalities. 

If we are to try to represent Newton’s achievements by some modem analogy, 
to construct some imaginary figure who should be to our times what Newton was 
to his, we must credit this synthetic representative with, I think, the whole of 
relativity up to, and somewhat further than, the stage at present reached— we must 
suppose our modem Newton to have satisfactorily completed a unitary field theory. 
In light we must credit him both with having established the existence of spectral 
regularities and with their explanation in terms of the quantum theory. Possibly, 
too, we must give him the Rutherford atom model and its theoretical develop- 
ment, a simple astronomy in little to corresi>ond to the solar system. Let us, then, 
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think of one man who, starting in 1900, say, had done the fundamental work of 
Einstein, Planck, Bohr and Sohroedinger, and much of that of Rutherford, Alfred 
Fowler and Paschen, say, by 1930, and had then become, say, Governor of the 
Bank of England, besides writing two books of Hibbert lectures and spending 
much of his time on psychical research, to correspond with Newton’s theological 
and mystical interests. Let such a man represent our modern Newton and think 
how we should regard him. Only so, I think, can we see Newton as he appeared 
to his contemporaries at the end of his life. 

There are no discontinuities in nature and there are none in the history of 
science. No discovery or fundamental innovation is absolutely new, unconnected 
with past thought and the stirring spirit of its own time. Newton was not 
uninfluenced by certain of his immediate predecessors and of his contem- 
poraries. The revolt from the introspective method of constructing explanations 
of heavenly and earthly phenomena by appeals to philosophic necessity had begun 
before his birth, and his time was rich in brilliant exponents of the experimental 
philosophy, whose names will always stand as stars adorning the story of science. 
To compare him with other men of his time and to recognize their contributions 
to the development of the physical sciences does not, however, lead us to think 
less of Newton’s achievements but rather to wonder at them all the more. It is 
easier to estimate the size of a colossus if there are statues of more than life size 
in its neighbourhood than if it stands alone in a desert. 

Newton owed much to the pioneer labours of Galileo, who had founded the 
science of mechanics, and, in a different way, much to Barrow, whose great mathe- 
matical acuteness and sympathetic support were always at the disposal of the 
young Cambridge scholar. To Hooke he owed more than he was ever prepared to 
acknowledge. From his great continental oontomporaries, Huygens and Leibniz, 
he borrowed little, if anything. Possibly if mathematical advances were alone in 
-question Leibniz would have to be considered os a i^ssible rival, but for Newton 
mathematics were merely a means to a physical end ; his mathematical innovations 
may even be left out of consideration without grave injury to Newton’s fame. 
There is no record of physical experimentation that can compare for mastery 
and elegance with the Opticka, no work in exact science that produces the impres- 
sion of supreme greatness and power of thought that the Principia does. 

The spirit of this age is a denigrating one, which, in a reaction from the earlier 
custom of representing great men as free from all blemish and weakness, delights 
in attempting to show that nobody much exceeds the common level. If an earlier 
painter might have left out Cromw^ell’s warts, a painter of to-day might re- 
present his face os one huge wart. I have read record of Newton’s weaknesses 
and I know of the adumbrations of his discoveries that can be found in forerunners 
and contemporaries: I acknowledge that his earlier biographer shut his eyes to 
any incident, writing or action that might seem to detract from his perfection. 
Nevertheless, all things considered, I think that the contemporary judgement of 
his greatness can still stand, and that, if the Marquis de FHopital’s query as to 
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frun) a by Oo(lfn*y in tbr- possession of tlJ^> Earl of Poi'tsmoutb. 




whetfaj)^ Newton eat dbmk or slept like orcUnary ttue^i ('for I ptetom hifo to 
tnyeelf as a oelestial genius ) seems to our pteeent*<Say sobnety an afiSsotation, 
nererthelesB we may agree that the line of Luoretius placed on the Trinity statue 
was well chosen and fitting — 

Qiu genus humanum mgemo superavit 
who excelled the human race in power of thought 
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Newton as an experimenter 

By Lokd Rayleioh, F.E.S. 

The duty has been assigned to me of telling you something about Newton as 
an experimentalist. As the result of a study of what is known of his history, it 
seems to me that among his various intellectual pursuits experiment was his first 
love and the love to which he was most constant. Strange thotigh it be, he seems 
in some moods to have doubted whether his theoretical studies were worth while, 
and I do not recall any case where he expressed himself enthusiastically about 
them. On the other hand, he speaks of his optical work as ‘The oddest if not 
the most considerable detection which has hitherto been made in the operation 
of nature.* 

Newton loved the mechanical side of experimental work. As a boy he con- 
structed sundials, and, what is more, fixed one of them into the side of the house 
effectually enough for it to be there a century later. A notebook of his boyhood 
shows him assiduous in collecting recipes for various kinds of drawing materials, 
and he notes methods of performing some (rather nasty) conjuring tricks. Later 
on, when he is making his reflecting telescope, it is obvious that be is a skilled 
amateur mechanic, at home in furnace operation. He builds his own brick furnace, 
prepares sj^eculum metal, and is apparently more successful than the professional 
opticians of the time in grinding and polishing it to a satisfactory spherical figure. 
(The days of parabolizing were not yet.) It was not until a good many years 
later that they were able to put such instrumetits on the market. ♦ 

Asked in his old age where he got the tools for his work, he replied that he had 
made them himself, and could have achieved little progress without doing so. 

There are occasional hints to be gleaned that Newton practised other meclianicol 
arts. Thus, when he examines the colour of thin blown glass, it appears that he 
has the facilities for glass-blowing at hand, and was presmnably able to use them. 

So much for the base mechanical side. Newton, however, had what may be 
called the itch of experiment and instinctively examined in this way any natural 
phenomenon that excited his interest. This instinct is not a common one, and it 
would be of interest to investigate statistically whether it is more correlated with 
mathematical aptitude than with (say) an aptitude for literary and historical 
studies. (Newton had aU these.) Although he experimented in other fields, such 
as mecbanios, heat, and electricity, and even in anatomy and physiology, his optical 
experiments are of much greater importance, and in the short time at our disposal 

^ Among the first successful coininercial makers of reflecting telescopes was James Short 
( 1710“! 768), whose instruments were of the Gregorian type. He is said to have made a 
dbnaiderable number of concave and convex mirrors, and to have ‘married* them by trial of 
what pairs gave the best result. 
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we shall only be able to consider a part even of these. The fundamental researches 
on the oomposition of white light were read before this Society in 1672, and sub- 
sequently recapitulated in his Opticks (1704), and we cannot do better than 
concentrate our attention on them. Although the results are common property 
nowadays, yet on an occasion like this we shall do well to go back to Newton’s 
own methods and point of view, and to repeat his experiments as nearly as we 
can in his own way. 

Newton’s expeiiments on the 8i)ectntm are sometimes presented as if he had 
started out with the idea of examining the composition of white light. It is true 
that his Opticks (like his Principia) introduces the various topics as Theorems or 
Problems proposed after the manner of Euclid, and most of the experiments which 
I hope to show you are ranged in support of his proposition that 'The light of the 
sun consists of rays differently refrangible It does xiot seem probable, however, 
that he set out in the first instance to prove this or any pther proposition. He 
bought a prism at Stourbridge Fair (near Cambridge) in 1666, 'to try therewith 
the celebrated phenomena of colours’. It is clear from this that the prismatic 
colours were quite a well-recognized phenomenon at this time, and this is also 
shown by the circumstance th4t the art of cutting diamonds so as to display 
them was already long known. In Peacham’s Gentlemanly Exercises (1612) re- 
ference is made to 'A three square cristal ixrisme wherein you shall perceive the 
blew to be outmost next to the red,’ and Grimaldi and others had already experi- 
mented on the subject, though without arriving at clear views. We can readily 
imagine how Newton, handling the prism, would soon find that the colours were 
well seen in candle light, but not in diifused daylight. It would not be a long step 
from this to try the effect on a beam of direct sunlight admitted through a hole 
in the shutter. 

There is no reason to think that he did this with a very clear anticipation of 
what the effect would be. He was exploring a nearly virgin territory. His beam 
of sunlight passing through the hole produced an image of the sun. It was what 
we now caU a pinhole image, though the hole need not be very small. Newton’s 
hole was ^ in. diameter. Then he interposed the prism (figure 1), 



In spite of our increased control over nature, we cannot produce a beam of 
sunlight at pleasure late on a November afternoon, so I must be content to use 
the electric arc with a positive carbon presented end on, and the incandescent 
positive crater will represent the sun’s disk. I have this in a lantern and a metal 
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diaphragm is placed some 2 ft. in front. (No lenses are used.) You see the image 
of the crater on the screen as a round disk. We will now do what Newton did, 
and place a glass prism in front of the hole. You see that the beam is deflected 
through a considerable angle towards the thick end of the prism, and you see that 
the iihage now takes the form of a band of prismatic colours on the screen. We 
could make this experiment more spectacular with modem resources, but my 
object is to follow in Newton’s footsteps as nearly as circumstances allow. To 
most people the colours would seem the main feature of this experiment, but 
Newton was more surprised and impressed with the fact that the sun’s image 
was no longer round, but was spread out into a band of which the length was 
some five times the breadth. The breadth of the image as projected through the 
prism still answered to the sun’s diameter, that is to say, it was equal to the 
diameter of the original round image of the sun at the same distance with the 
prism away. 

*If’, he says, 'the refraction were done regularly according to one certain 
proportion of the sines of incidence and refraction, as is vulgarly supposed, the 
refracted image ought to have appeared round.’ 

At the same time the colours had to be taken into account. Were the colours 
definitely related to the differences of refraction, or was the apparent relation 
only incidental? In Newton’s wordst 

'Wherever this inequality arises, whether it be that some of the incident rays 
are refracted more, and others less, constantly or by chancre, or that one and the 
same ray is by refraction disturbed, shattered, dilated and as it were split and 
spread into many diverging rays, as Grimaldi supposes, does not yet appear by 
these experiments, but will appear by those that follow.’ 



The next experiment was accordingly designed to throw light on this point. 
It is known as the experiment of crossed spectra (figure 2), the idea being to refract 
each of the coloured rays a second time, in a direction at right angles to the 
former, and to see whether the blue rays, which were more refracted than the 
red, would be so again. Also to see whether they would retain their original 
colour, or whether they would undergo further analysis. 

We will now repeat this experiment, I put in a second prism at right angles to 
the former, so that the light is thrown upwards. You see that the colours remain 
the same and in the same order as before. The blue remains blue and the red 
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remains red, but the blue is again more refracted than the red, and takes a higher 
position on the screen, the whole image or spectrum now taking an inclined 
position. 

Newton made several more elaborate variants of this experiment. I will show 
you one of them. Two holes are used, with a prism in front of each, and two 
spectra are .then projected on the screen in line, the red of one following on the 
blue of the other. Refracting them upwards with a third prism, we see that this 
line is dislocated, and that blue and red which were before adjacent are now 
widely separated (figure 3). 



Newton in this way arrived at the view that the original white light of the sun 
consisted of coloured components, red, yellow, green, blue and violet. Each of 
these had a characteristic index of refraction and was bent to a perceptibly 
different extent by the prism. The result was that the original round white image 
of the sun was replaced by a series of coloured images side by side, overlapping 
and blending one with another. On introducing a second prism at right angles 
each of these coloured images was again refracted to its characteristic extent and 
each retained its colour without further analysis (figure 2). 

Newton, however, soon saw the crudeness of his first arrangements, and we will 
now consider the methods he used to improve them. As he pointed out, the 
individual coloured images of the sun overlap at the middle, but not at the edges. 
Images of the sun are not in fact very suitable, because the angular width of the 
sun is about half a degree, and this is a considerable fraction of the angle between 
the red and violet rays. We want to make the sun in effect smaller, by blocking 
out part of its disk, which might be done in imagination by a distant diaphragm 
supported in mid-air At the same time the hole in the shutter might with ad- 
vantage be replaced by a lens, which would render the images sharper. When we 
have got so far in imagination, we notice that the long distance between the 
diaphragm in mid-air and the lens is not essential; with a suitable lens a moderate 
distance will do. We bring the diaphragm nearer, and fix it in the shutter, and 
bring the lens forward into the room, placing it so as to form a distinct picture 
of th^ diaphragm on the wall (figure 4). 

We have now the diaphragm fixed in the shutter, and backed by the sun, as 
our effective source of light. In this respect it differs from the original diaphragm, 
which acted not only as a sortroe, but as an image-forming pinhcfie. We now 
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have a picture of the diaphragm and not of the sun, and it will he advan- 
tageous to substitute a slit, which would not previously have been of any use, 
because the size of the image was then defined by the angaladr diameter of the 
sun. With the slit and the lens we shall get narrow well-defined images in eaoh 
colour, and the colours will be pure and not overlapping. (Needless to say, modem 
refinements carry the matter much further.) 

The explanation I have just given is in substance Newton’s own. 

We now adopt his improved arrangement, and you see the image of the slit 
projected on the screen. When I put in the prism, this narrow image is dispersed 
into a pure spectrum. 




Let us now project the siteotrum on to a small screen with a slit (figure 6) in it, 
which to avoid confusion I will call the screen-aperture. A colour passing through 
the screen-aperture is isolated, and you see it thrown on a second screen beyond. 
If I rotate the prism, I can throw the various colours in succession on the slit in 
the screen-aperture, so that the image on the second screen is taken through the suc- 
cession of spectrum colours from red to violet. Starting with it at the red, I place 
a second prism in position behind the screen-aperture, and the rays are deviated, 
as we should expect. There is no elongation of the image this time, nor is there 
any diversity of colour. The red image remains red. The same applies to any 
other colour of the spectrum that is passed through the screen-aperture. But you 
will see that as the successive colours are passed, from red to violet, the deviation 
on the second screen continually increases, the red being the least deviated and 
the violet the most. 

This experiment shows essentially the same thing as the experiment of crossed 
spectra which we saw before, but more perfisctly. 
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The import«>nt point is that having once analysed white light into its priMnatie 
constituent colours, this analysis is final, and farther prismatic analyses can do 
no more. Further, each colour has its characteristic refirai^bility, which will show 
itself at every refraction, Newton attached the greatest importance to this experi- 
ment, which he called, in Baconian phrase, the ‘experimentum crucis*. 

Having effected the analysis of white light into its constituent colours, he pro- 
ceeded to reverse the process, and to show how the colours of the specfrum could 
be recompounded into white light. This he did by projecting the spectrum upon 
a large lens (figure 6) when the various rays were all converted to the same place, 
and produced a patch of white light at the focus. We will now repeat this experi- 
ment, If I place a white card immediately near the large lens, the sjHJotrum is 
of course seen upon it. As we move the card away, the luminous patch contracts, 
and becomes white in the middle, though it remains red on the right and blue on 
the left. At the focus these coloured borders disappear, and there is nothing but 
white. Beyond the focus, where the red and blue rays have crossed, these colours 
are exchanged, and at longer distances still we have the spectrum inverted with 
the red on the left. 



Figubb 6 



Let us now return to the focus where we have the colours converged to form 
white. I have here a kind of large-scale model of a comb as used by Newton 
(figure 7) which I can place in front of the lens. When I do so some part of the 
spectrum will be intercepted by the comb, and you see that the white patch pro- 
duced by recombination of the entire spectrum loses its whiteness, and becomes 
tinged with colour. The colours produced in this way are not pure spectrum 
colours, because any tooth of the comb permits colour from jwxts of the spectrum 
on either side of it to pass. The colours therefore ore composite, but we see that 
riie complete spectrum is necessary to produce white. If the comb is moved slowly 
to and fro, you see that the coloured patch varies, being now reddish/now yellowish, 
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now bluish, but never white. If, however, it is moved to and fix) as rapidly as 
may be, all the spectrum colours are present in sucoessioix. They blend by per- 
sistence of vision, and the patch becomes white again. 

Newton devoted considerable attention to the colours of natural bodies, and he 
came to the conclusion that a coloured body is only coloured in virtue of its power 
of reflecting some of the components of white light more than others. I project 
the spectrum on a white screen. You note where the red light is seen. Now I 
substitute a red screen. We see red light where we saw it before, and nowhere 
else. The colours are not altered, though red is the only one which is strongly 
reflected by the red screen. The others are mostly absorbed, and their place in 
the spectrum is comparatively dark. Red is advantageous for such experiments, 
as red pigments are much the purest in colour. 

In another of Newton's experiments the spectrum is projected on a large lens 
as before, If a white card is held at the focus, it appears white, for all the colours 
are converged upon it. If a card painted with cinnabar (vermilion) is placed there, 
it appears red as usual. If we block out the red part of the spectrum at the lens, 
the card shows no trace of red, becoming comparatively dark. If we block out 
everything but red, the card shows up with a purer red than at first. 

We have now been through most of the experiments by which Newton supported 
his main proposition ‘The light of the sun consists of rays differently refrangible,’ 
following his own methods as closely as might be. They are a model for all time 
of how experimental research should be conducted, and it is difficult to our genera- 
tion to see how any intelligent person could refuse his assent. This was by no 
means the unanimous opinion of his own contemporaries. One critic, Linus, by 
name, maintained that the spectrum could only be seen when the sun was shining 
through cloud, and it is strange, but true, that Newton was seriously discomposed 
by this ridiculous mare’s nest. Goethe, as Professor Andrade has already men- 
tioned, bitterly attacked Newton, using abusive expressions, and apparently 
thinking that to use isolated beams of sunlight admitted into a dark room was 
treating nature in an unfair manner, and compelling her under torture to say 
what she did not really mean ! 

The opposition to Newton’s views did not finally die down till within measurable 
distance of our own time. In a book dated 1853, and dedicated to a man whom 
I as a boy personally knew, ^ir David Brewster says: ‘The conclusion deduoed 
by Newton is no longer admissible as a general truth “That to the same degree of 
refrangibility ever belongs the same colour and to the same colour ever belongs 
the same degree of refi:angibility”.’* 

Let UB not make the mistake of thinking that Newton in his optical researches, 
exploring virgin ground, had easy triumphs, He did not escape the ustial fate of 
discoverers. His jealous contemporary Hooke said his conclusions were not new. 
His admiring biographer, Brewster, concluded that they were not true 1 

* It is not intended to criticize Brewster adversely. The appearances by which he was 
misled are extremely deceptive 
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' By Sik Jambs Jeans, F.R.S. 

We are met to commemorate the greatest of our men of science, and it falls to 
my lot to discuss where he stands in relation to the science of to-day. 

Three hundred years have elapsed since he was bom, and 276 since his fertile 
mind had conceived most of those fundamental ideas, the development of which 
was to add such lustre to his name and be of such outstanding value to science — 
in astronomy the idea of umversal gravitation; in physios the theory of colours; 
in mathematics the differential and integral calculus (or, as he would have said, 
the direct and inverse fluxions) as well as the binomial theorem and the method 
of infinite series. He tells us he had thought of all these before he was twenty -four 
years old, although he wrote little about most of them until many years later. 

The intervening years have seen Newton’s ideas examined, tested and developed 
as no other set of scientific ideas ever has been, and it might seem that by now 
we ought to be able to assess his greatness and place him in his rightful position 
relative not only to the science of to-day, but also to that of all time. 

We have no doubts as to his greatness, but we probably feel less confidence in 
our powers to assess his ultimate j)Osition in science than we should have done 
fifty years ago, and certainly less than his immediate successors felt. For they 
were not content merely to claim outstanding greatness for Newton ; they went 
on to claim a quality of finality and uniqueness which we know better than claim 
for him to-day. 

Laplace, for instance, wrote that the Principia was assured for all time of a 
pre-eminence above all other productions of the human intellect, while Lagrange, 
after expressing himself in similar terms, went on to say that Newton was ‘not 
only the greatest genius that had ever existed, but was also the most fortunate, 
for, as there is only one universe, it can fall to only one man in the world’s history 
to interpret its laws’. 

Such eulogies as these are in striking contrast with Newton’s own modest esti- 
mate of himself. As his life was drawing to its close, he made the much quoted 
remark that to himself he seemed only like a boy playing on the sea-shore, ‘and 
diverting myself’, he said, *in now and then finding a smoother pebble or a prettier 
shell than ordinary, while the great ocean of truth lay all undiscovered before me 
Which of these two estimates, we may ask, is the nearer to the truth? And 
how for is it possible to reconcile them? Newton’s contemporaries obviously could 
not have reconciled them; can we? 

AU work in mathematics, no matter how modest it may be, may claim immor- 
tality if only it ts accurate, since absolute truth can have nothing to fear from 
the disintegrating influence of time. But it is different with work in astronomy 

[ J 
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or physics. This miist at best be relative to the knowledge, or even to the hypo** 
theses, of its time, so that an increase of knowledge or an abandonment of 
hypotheses may at any time show it to be of no permanent value. This is as true 
of the work of Newton as of that of lesser men. 

Yet Newton’s contemporaries, as well as many generations after them, made 
the mistake of supposing that Newton’s work in astronomy and physics possessed 
the same sort of absolute validity as his discoveries in mathematics ; they thought 
that no future scientist would ever be able to penetrate to the innermost recesses 
of Nature’s temple and discover more of her fundamental mysteries, because 
Newton had been there already and had seen all that there was to see. But we 
of to-day know that Nature’s temple has many chambers, room after room, and 
that Newton had hardly penetrated further than the ante-chamber. Our thoughts 
turn to the work of Planck, Rutherford and Einstein. The ante-chamber which 
Newton had explored was familiar ground to them, but they found the keys to 
other, and hitherto unsuspected, rooms ; in these they discovered laws every bit 
as fundamental os any that Newton discovered. We see that Newton was wiser 
than his contemporaries in his vision of the great ocean of truth which lay all 
undiscovered before him. But does this add to his intellectual stature or diminish 
it? Should it make him seem greater or less in our eyes? 

There are some — although mostly laymen in science — who see science primarily 
as something that is for ever changing. For them the science of any period is like 
the sand-costles that the children build on the sea-shore; the rising tide will soon 
wash them away, and leave the sands clear for the new array of castles which 
will be built the next day. Those who hold such views are led, somewhat naturally, 
to make such statements as that Newton is out-of-date and superseded. 

But the comparison is obviously faulty. Science is knowledge, and the primary 
characteristic of knowledge is not that it is for ever changing, but that it is for 
ever growing. Of course, all growth implies change, so that science must con- 
tinually change — like the tree which is for ever budding out in new directions — 
but this is only a secondary efiFect. The correct comparison is not with sand-oastles, 
which change because they are continually washed away and replaced, but with 
a vast building which changes os one floor is built on top of another, or a new 
wing is built where none stood before. This building is not like a medieval 
cathedral, the creation of a great number of artificers, each building after his own 
taste and fancy. It is an embodiment of scientific truth, and the truths of science 
are the same, no matter who discovers them. Whatever artificers build the struc- 
ture, the blue-prints have previously been drawn by Nature herself, so that, whether 
Newton had lived or not, the building must at some time or other have looked pretty 
much as it looks to-day. And if we ore to estimate how much modem science owes 
to Newtcm, we must not only consider how much Newton built himself, but also by 
how much ho expedited the building — ^to what extent, to put it crudely, did Newton 
act as a catalyst to the growth and consolidation of scientific knowledge? 

Let us first consider the stgnificance of Newton’s work in pure mathematios. 
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There have been inatancee in this subject — eBpeciallj^ in the Theoty of Nambepe-^ 
where a worker has stated a theorem which he believed to be true, but which 
centuries of discussion have not succeeded in either proving or disproving. 
Newton’s mathematical work was not of that type. His metier was not the 
discovery of fanciful but comparatively useless theorems in recondite branches 
of pure mathematics, but the forging of practical tools which were urgently 
needed for further scientific progress, and we may be sure that if Newton had not 
forged them someone else would have done so in time. 

For instance, Newton hit upon the binomial theorem in two distinct ways. He, 
of course, knew the expansions of (1 — ^) raised to integral powers — squares, cubes, 
etc.; these are easily found by simple multiplication. Starting from these known 
expansions, Newton interpolated to find the values of the coefficients when l—x 

was raised to intermediate values, such as |,f, He also calculated the 

value of ( 1 — a:)* by taking the square root of ( I — a:) by the simple rules of schoolboy 
arithmetic, and of course found that the result confirmed what he had already 
obtained. It is hard to imagine that such simple artifices could have remained 
untried for long; the binomial theorem was simply a nugget lying on the direct 
road of progress, and it is quite inconceivable that generations of mathematicians 
could have jmssed it by without noticing it. 

It was much the same with the greater discovery of the method of fluxions. 
Rouse Ball tells us that, before Newton appeared on the scene at all, the method 
had been foreshadowed in the writings of no fewer than seven mathematicians — 
Napier, Kepler, Cavalieri, Pascal, Fermat, Wallis and Barrow. And in the more 
convenient and practical form of the differential calculus, it was actually dis- 
covered by Leibniz in 1676, and published to the world in 1684 — nine years before 
Newton published his fluxional calculus. Apart from the personal questions in- 
volved, the bitter controversy as to whether the two discoveries were entirely 
independent, or whether Leibniz got ideas from seeing Newton’s earlier letters 
on the subject, seems to me relatively unimportant; the calculus was simply 
another nugget lying on the direct line of scientific advance, and someone was 
bound to notice it and pick it up — not to-day, then to-morrow ; if not Newton, 
then Leibniz. 

When we turn to consider Newton’s still more famous work in mechanics 
and astronomy, we find the same story repeated; he did not drag science after 
him into peculiar paths of his own choosing, but kept to the broad main rood, 
discussing the same problems as others were already discussing. The fundamental 
ideas with which he worked were not in any way novel, or peculiar to himself. 
His first law of motion had been given by Descartes in 1644, and indeed Plutarch 
hod given it 1500 years earlier together with a foreshadowing of the general 
piindples of planetary motions^ and the conception of gravity extending as far 
as the orbit of the moon. In his De facie in orbe Zunas, Plutarch hod written, 'You 
fear that the moon may fell, on the grounds that only light air circulates under 
ihe moon and that this is not adequate to bear a solid weight. But the moon is 
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secured against falling by her motion and the swing of her revolution— *just as 
objects put in slings are prevented from falling by the circular whirl For every- 
thing is carried along by the motion natural to it, if it is not deflc^cted by anything 
else.’ 

Much the same, again, may be said about Newton’s famous law of gravitation. 
The attraction of lodestone for iron had familiarized men with the idea that matter 
could attract other matter across empty space and, as far back as 1600, Gilbert 
in his de Magnete had conjectured that the earth might attract the moon like a 
magnet. Kepler had gone further in the same direction in 1619; we find him 
insisting on the mutual attraction of all matter, instancing the tendency of all 
objects to fall towards the centre of the earth, as well as the ocean tides which, 
he maintained, were caused by the attraction of the moon. He said that two 
stones out in free space would approach one another, like mutually attracting, 
magnets, and would finally meet at the point which we now call the centre of 
gravity of the two. He thought that the planets were kept moving in their orbits 
by some j>ower inherent in the sun, and, although forming a very wrong idea of 
the nature of this power, he conjectured that it must vary os the inverse square 
of the distance. However, he immediately abandoned this law in favour of one 
varying inversely as the simjjle distance, a change which was challenged by 
Bouillard, who insisted that the true law must be that of the inverse square. 
Indeed, one of Kepler’s own laws- — that connecting the periodic times of the 
planets with their distance from the sun — shows clearly that the true law cannot 
be other tJian the inverse square law. Newton tells us that he had already noticed 
this in the plague years 1666 and 1666, but he did not publish it until it had been 
noticed independently by Hooke, Halley, Huygens and Wren. 

Looking back on all this, we can hardly accept Wordsworth’s description of 
Newton’s mind as 

‘for over voyaging through strange seas of thought alone’. 

f 

Except in optics, where he voyaged alone because everyone else had lost the 
way, Newton's ideas were very much those of his contemporaries. His main 
achievement was not, as is so often stated, that he was the first to think of gravity as 
extending to the orbit of the moon, for this had been thought of 1600 years before 
he was born. Neither was it that he was tbie first to think of universal gravitation, 
for many bad thought of it before him. Neither was it that he was the first to 
conjecture that the force of gravitation must fall off as the inverse square of the 
distance, for this idea was generally current in his time. It was not even that he 
was the first to understand the general principle of planetary motions, for others 
understood these equally well. 

His great service to science, and through sdenoe to the human race, was not 
that he for ever voyaged through strange seas of thought alpne, but that he 
voyaged through familiar seas of thought — if not in company with others, at least 
in seas that were much frequented by others. Bacon had written of his own 
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contributiom to scientific thought^ that they did not originate in any m^tal powers 
of his own, but rather in the spirit of his age — ‘ partus temporis potius quam ingenii \ 
It was this same sjurit of the age that moulded the form of most of Newton’s 
contributions to science. Scattered scientific ideas — ^and unproved conjectures in 
particular — were floating around in abundance, and lesser lights of the firmament 
had made small, hesitating and uncertain advances in many directions. The age 
was crying for a man who could systematize, synthesize and extend the whole, 
and it found him in superlative excellence in Newton. But beyond all this, mental 
powers such as Bacon had disclaimed for himself were present in overflowing 
measure in Newton — ‘qui genus humanum ingenio superavit’. 

His special talents, as I see them, were: first that, out of a large mass of 
confused ideas provided largely by others, he was able, with his clear and acute 
mind, unerringly to pick out the true and discard the false ; second that, having 
done this, his amazing mathematical ability enabled him to replace conjecture by 
proof, and so provide a firm basis from which he could unhesitatingly advance; 
third that he did advance, with quite incredible speed, sureness and directness, 
his supreme mathematical ability enabling him to outstrip all competitors with the 
utmost ease. From conjechiring that a thing is so to knowing that it is so, is usually 
a very long journey ; it is one which Newton was so often able to take when his 
competitors were not. For instance, Kepler had conjectured that the law of gravi- 
tational force might be the law of the inverse square ; Newton knew that it could not 
be anything else, Kepler was so far from certain knowledge that he immediately 
abandoned this conjecture for another; Newton could not be misled into so doing, 
because his mathematical investigations provided him with convincing proof of 
the truth of his ideas. And having once settled his fundamental ideas and feeling 
full confidence in them, he was able to stride forward into the unknown with sure 
and rapid steps until he had unravelled almost the whole mystery of the then 
known universe. 

In general it was not in originating ideas but in developing them that his 
greatness showed itself most outstandingly ; he was primarily a synthesist and 
systematizer. Yet here, as ever when we try to compress his genius into a formula 
or to map out its boimdaries, an exception turns up to suggest that it overflowed all 
limitations ; here it is the optics. 

If we wish to understand the fundamental cause of his success, we cannot do 
better than read what Macaulay wrote in his History : ‘In Isaac Newton two kinds 
of intellectual power which have little in common, and which are not often found 
together in a high degree of vigour, but which are nevertheless equally necessary 
in the most sublime departments of physics, were united as they have never been 
united before or since. In no other mind have the demonstrative faculty and the 
inductive faculty coexisted in such supreme excellence and perfect harmony.’ 
Einstein delivers a similax judgement even more forcibly: ‘In one person he com- 
bined the experimenter, the theorist, the mechanic and, not least, the artist in 
exposition. He stands before us, strong, certain and alone ; his joy in creation and 
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hie mintite precision are evident in every word and in every figure/ And in truth 
he was unmatched both in the breadth and depth of his powers. Both contributed 
to his success, but if anything, the breadth was more in requisition, and so xnade 
the greater contribution to the success. 

Yet if we are to estimate the extent to which Newton, with bis outstanding 
mental power and unique combination of talents, expedited the growth of sdentifio 
knowledge, we cannot but place to the other side of the account his unfortunate 
habit of keeping his results to himself until they had been discovered independently 
by mmeone else. To some extent, this also may be ascribed to the spirit of the 
age. The seventeenth century had but little of our vision of science as a great 
benefactor to the human race, or of new knowledge as something which ought to 
be disclosed at once so as to expedite further progress by others. A man's scientific 
discoveries were his private property, with which he could do as he liked. Often 
his ambition was not to enable others to benefit from them, but to prevent others 
benefiting from them — this is why he would often publish his results in cypher. 
Or he might regard science, and mathematics in particular, as a sort of mental 
gymnasium in which contests of skill took place, and competitors issued challenges 
to one another to determine which of the two was the stronger or quicker. To use 
Newton's own metaphor, science was, more than to-day, a matter of playing with 
pebbles on the seashore, and seeing who could find the smoothest pebble or the 
pi^ettiest shell. Thus there was less feeling of moral responsibility than now, perhaps 
even less intei^est in science for its own sake. 

And so we see Newton’s terrifically powerful mind playing with the problems 
of science like a oat which plays with a mouse and loses all interest when he has 
killed it, or as we play with a crossword puzzle and regard the incident as finished 
when we have solved it. 

We can see this exemplified in nearly all Newton’s major discoveries. He tells 
us that he had thought of the method of fluxions in the plague year of 1665. Yet 
before publishing it even partially (except in cypher) to the world, he allowed 
28 years to elapse — ^years in which Leibniz published and discovered the same 
thing — and it was not fully published until 1736. Again in this same year of 1666, 
Newton satisfied himself that a force of gravity obeying an inverse square law 
explained the motion of the moon ‘pretty nearly’, and was content to leave it at 
that. Later, he foimd that this same law would result in the planets describing 
the exact orbits they were known actually to describe — ellipses with the sun in 
one focus. Again he was content to leave it there. Most men would have published 
this as proof positive of the law of the inverse square, but Newton kept it to 
himself until Halley travelled to Cambridge to consult him on this very problem. 
Newton then explained that be had solved the problem five years previously, but 
had mislaid his proof. Finally Professor Andrade has reminded us of the reluctance 
with which Newton published his Principia — ^probably the greatest smgle work of 
the human intellect — and of the pressure which had to be appli^ before he 
would do so. 
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Apart firom the general secretivenesB of hi« age, we may perhaps find three 
further oauses for this delaying tendency in Newton: an overactive mind which 
refused to halt by the wayside to perfect and write out results, a disinclination 
to be satisfied with anything short of perfection, and an extreme sensitiveness to 
criticism and consequent desire to avoid controversy, this resulting more than once 
in a disinclination to pursue the study of science any further. In spite of these 
handicaps Newton bestrode the scientific world like a Colossus: what would he 
have been without them? 

Such was the man as I see him ; let us now consider how much of the scientific 
edifice which Newton built, or was built under his influence, is still in useful service 
to-day. 

Outside pure mathematics, Newton^s procedure was simply that of every other 
true man of science. He started from known facts which, in his judgement, seemed 
likely to be related — as for instance, if legend can be trusted, that apples fall to 
the ground with an acceleration of 981 c.g.s. units, and that the moon circles 
round the earth once every 27^ days — and tned to represent the isolated facts of 
such a group as special instances of a general system of laws. If this could be 
done, the set of laws so discovered could be made to predict other phenomena, 
which could then be submitted to the test of experiment or observation. If 
the laws passed this test, they were assumed to correspond to something in 
ultimate reality; provisionally at least they were true laws, and showed how 
nature worked. If Newton differed fromk)ther8, it was in the greater range of facts 
on which he worked. 

In any scientific era, the search for such sets of laws is clearly restricted by the 
range of facts which are known, or are capable of being known, at the time. And 
we cannot expect scientists to discover laws of a higher order of accuracy than 
the observations through which the laws are discovered. 

Some may challenge this, arguing that a genius of sufficient stature ought to 
be able to discover the true reality behind nature from quite meagre evidence — 
‘ex pede Heroulem' — and that, when this reality was known, the laws governing 
its behaviour could be deduced and would necessarily be true throughout the whole 
range of phenomena, whether known or still to be discovered. Unhappily natme 
is not like that. Science can, from the nature of things, never attain to a know- 
ledge of the realities of the world, but only to a knowledge of the phenomena — 
of the impressions that the world makes on our senses, generally of course through 
instruments of precision. Our sense-organs form a sort of screen on which nature’s 
lantern is for ever projecting pictures; we can study these pictures, but can never 
pass behind the screen to see how the lantern works. And as the sequence of 
pictures thrown on the screen is all that we can ever know or study, a set of laws 
that Unka the pictures together in a perfect systematic order is the most that 
soienoe can provide, or can properly be asked to provide. If meagreness of the 
instrumental equipment in any e^e prevents the science of that age from knowing 
the finer details of the pictures, then we cannot expect the science of the age to 
provide laws governing these fine details. 



For this reason we have to intrwlnoe a of lelativity into onr oenoeptiQii of 
the aims of physios; we may say that the adenoe of any oan aim so hi^^het 
than at predicting the result of any ezpodmmit that ean be performed m /be age 
in question. If this is oonoeded, we may claim that by far the greater part of 
Newton’s work was aocnrate and final, relative to the age in whi<h he lived. And 
this part is still of value and still in use to<day. 

The enormous increase in instrumental power wMch has ocouiTed since Newton’s 
time has thrown open new fields for exploration in two directions — ^towards the 
infinitely great and towards the infinitely small, from the electron at one end of 
the scale to the nebulae and the whole of space at the other. Man and the man- 
siaed world with which Newton was mainly concerned lie about midway between 
these two extremes. 

The laws of nature are of course universal, so that the same set of laws most 
prevail throughout the whole of this range, but different aspects of these laws 
assume importance in turn in different parts of the range. So much is this the 
case that we may almost regard the different parts of the range as constituting 
separate and detached worlds in which completely different sets of laws prevail. 
There is the small-scale world of electrons and of atomic physics in general in 
which the laws of quantum mechanics prevail, the man-sized world in which the 
laws of molar mechanics prevail, and the world of the great nebulae in which 
the laws of relativity prevail. These three worlds are all governed by the same 
laws, but factors which are all-important in one become mere insignificant correc- 
tions in the others. Newton’s work was applicable almost exclusively to the 
middle-sized world of molar mechanics, and so not in general to the ot|ier two 
worlds, the existence of which was hardly suspected in his day. Lagraige was 
wrong in thinking that there was only one universe, and that it could fiill to only 
one man to interpret its laws; there are worlds within worlds, and' Newton had 
only interpreted the laws of one of these. Belative to this world most of Newton’s 
work was accurate and final, which means that it was also accurate and final 
relative to the age in which he lived. 

If we examine any recent papw on theoretical physics, we are likely to find it 
plentifully sprinkled with either the symbol h or the symbol c, or both. These two 
symbols were unknown to Newton, at least in the sense in which we now use 
them ; they are, so to say, the emblems of the theories of quanta and relati'vity 
which did not invade physios imtil the presmrt century. 

The symbol o denotes the velocity of light, which is greater than the velocity 
of any material object, and is usually enormously greater. Abo, in dynamical 
probbma the ratio of these two velocities oan only enter through its square. We 
are now familiar with electrons which move almost as fast as light, but the kind 
of dynamics with which Newton was concerned contemplated no velocity greater 
than that of the planet Mercury, which b about‘48 km. a second. Fmr tlds, the 
ratio of the squares of the two velocities b 0*00000002(S>8, m, to seven signfficant 
fignies, b nii. If we dbregard thb fraction, tire dynamics of rebUvity foeooanes 
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absolutely identical with that of Newton, so that to seven significant figures 
Newton’s dynamics was adequate and factually perfect jfor an age in which nothing 
moved faster than the planet Mercury. 

It is the same with the h of the theory of quanta. This measures the atom of 
action which Planck discovered in 1890, and although it is of the utmost im- 
portance to phenomena on the atomic and subatomic scale, it is absurdly small 
in comparison with the amounts of action involved in the activities of everyday 
life. Roughly speaking, the ratio is that of an atom to a gramme, or of a gramme 
to a star. This small quantity again was quite negligible in all the problems with 
which Newton was concerned. 

Thus the Newtonian mechanics, dynamics and astronomy were absolutely 
right factually, except for quantities which were so small that they could not 
either affect Newton’s problems in any way, or make their existence known 
through the best instrumental accuracy that was available in his day. To see 
Newton’s work in these subjects in their pro|)er per8|>ective, we must tliink of 
him as the builder of the ground floor of the great building of mechanics, dynamics 
and astronomy, and as its architect for many floors above this. Newton’s first 
and last serious contribution was his Principia, but after this floor after floor was 
added on strictly Newtonian lines —on the dynamical side, the generalized dynamics 
of Lagrange, Hamilton and Jacobi ; on the astronomical side, the dynamical astro- 
nomy of Laplace and many others; on the physical side, the electrodynamical 
theory which we associate primarily with Clerk Maxwell. AU this and much more 
followed the Newtonian architectural plan without any deviation whatever for 
two centuries. It was not until 1887 — ^just 200 years after the appearance of the 
Principia — that the Michelson-Morley experiment first showed that the Newtonian 
scheme was in actual fact imperfect. But the experiment had to be discussed for 
eighteen years before this inference was drawn, and it was only when Einstein’s 
restricted theory of relativity appeared that the Newtonian scheme was generally 
recognized to be inadequate. 

It is, however, inadequate only with reference to the ultra-refinements of modern 
science. When the astronomer wishes to prepare his Nautical Almanac, or to discuss 
the motions of the pl&nets, he uses the Newtonian scheme almost exclusively. And 
the engineer who is building a bridge or a ship or a locomotive does precisely what 
he would have done had Newton’s scheme never been proved inadequate. The same 
is true of the electrical engineer, whether he is mending a telephone or designing 
a power-station. The science of everyday life is still wholly Newtonian. And it is 
impossible to estimate how much this science owes to Newton’s clear and pene- 
trating mind having set it on the right rood, and this so firmly and convincingly 
that none who understood his methods could doubt their rightness. Without his 
guidance, smaller men might have argued for centuries as to what was right and 
what was wrong. When Newton hod spoken, it soon came to be recognized that 
the time for controversy as to which was the right road was past ; it only remainefl 
to advance along the Newtonian road. 
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Newton’s work in optics stands somewhat apart from the rest in that he was 
much less indebted to his predecessors and contemporaries. Indeed, current ideas 
on the nature of light were so vague and erroneous that he was probably 
hindered rather than helped by what he knew of them, and was perhaps 
fortunate in not knowing more. We know that he attended the lectures of Barrow 
in Cambridge, where he would doubtless become acquainted with the optical 
theories of Descartes as well as with those of Barrow himself. Now Descartes 
thought that all space was filled with substance, and that vision resulted from the 
transmission of a pressure from one particle to another of this substance — much 
as a blind man pokes about with a stick. He thought that different sensations of 
colour resulted from the particles rotating with different speeds, red resulting 
from the most rapid rotations, and yellow, green and blue following in this order. 
Barrow held even more fantastic opinions; he thought that red light was more 
concentrated than light of other colours, but was broken up by intervals of com- 
plete darkness, yellow light consisted of a mixture of this red light with white, and 
so on, Hooke conjectured that light consists of a rapid vibrational motion of an 
ethereal medium filling all space, different colours being produc.ed by different shapes 
of wave; blue, for instance, resulted from *an oblique and confused pulse of light’. 

Into the midst of all this confusion of thought came Newton, to whom, in 
Einstein’s words, ^Nature was an open book, whose letters he could read without 
effort. The conceptions which he used to reduce the material of experience to 
order seemed to flow spontaneously from experience itself, from the beautiful 
experiments which he arranged in order like playthings.’ With the prism he had 
bought at Stourbridge Fair, he went at once to the crucial experiment of the 
spectrum. Finding that this was longer than it was broad, he at once saw that 
differences of colour must result from different degrees of refrangibility. This dis- 
covery alone, the subject of Newton’s first scientific paper, published in our Philo- 
$ophical Transactions of 1672, at once took the theory of light leagues beyond the 
point to which any previous investigator had brought it, and opened the road tt> 
further rapid progress. 

But Newton brought his views into discredit in the eyes of many by appearing 
to think of light as a material substance — Hooke definitely brought this charge 
against him. Actually Newton repeatedly claimed that bis results did not depend 
on any special views as to the ultimate nature of light, and he was careful to 
avoid such words ‘corpuscles’ which might seem to imply such views* Yet 
much of his thought seems to become meaningless unless we identify his rays — 
the ‘least parts’ of light — with something of a corpuscular nature. However little 
he may have said about it, Newton seems alwa 3 rs to have had his own picture of 
the structure of light before his eyes, and this picture was corpuscular. 

For two centuries many thought of this as the one serious mistake that Newton 
ever made. Recently the pendulum has swung — ^perhaps too far — the other 
direction. Light is a transfer of energy from matter at one place to matter at 
another, and this transfer can only take place by complete unite, or ‘quanta’. 
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This led Einstein to picture light as a shower of arrows, each arrow containing 
a single complete quantum of energy, and some have hailed Newton's corpuscular 
theory of light as a brilliant prevision of this. 

But we must remember that Newton introduced his corpuscles primarily to 
explain the rectilinear propagation of light, whereas Einstein introduced his light- 
arrows to picture the quite different property of atomicity. This being so, the 
similarity of the two pictures can hardly be quoted as a supreme example of 
intuition on the part of Newton. It might be if light really did consist of corpuscles ; 
Newton would then have arrived at the truth by one road 200 years before Einstein 
reached it by another. But no competent physicist can for a moment suppose that 
light consists either of corpuscles or of light-arrows ; these are only pictures we 
draw for ourselves to help us understand parts of a truth which we know, as a 
whole, to be for ever beyond our comprehension. 

At this point we are inevitably brought to consider Newton as a philosopher. 
Unlike his great predecessor Descartes and his great contemporary Leibniz, he 
seems to have hod very little interest in philosophy for its own sake. He was 
what we might describe to-day as a pragmatist; his main concern with a philo- 
sophy was not as to whether it was true, but whether it worked and yielded useful 
results. It was another illustration of the ever-recurring difference between the 
British and the Continentals. 

Descartes had taught mathematicians to measure co-ordinates from fixed lines 
on a piece of paper. Newton wanted to be able to measure mechanical and astro- 
nomical co-ordinates in the same way from positions in space and instants in 
time. So he assumed without further ado that time could be measured from a 
fixed standard instant, and that the remotest parts of the universe contained 
vast immovable masses, providing standard positions against which absolute 
motion could be measured. 

This assumption of the existence of absolute time and space was a mere 
working hypothesis which, as he admitted, might not be true at all: ‘it may be 
that there is no body really at rest, to which the places and motions of other 
bodies can be referred*. But the assumption, whether true or false, produced 
results — ^nothing less than a consistent scheme which explained a large part of 
the then known workings of nature. This being so, philosophers such as Bruno 
and Leibniz might argue in vain that absolute space, time and motion were 
meaningless and illogical. 

It was much the same in mechanics. In the man-sized world of seventeenth - 
century science, motion was the result of pushes or pulls of the kind that a horse 
exerts on a cart. Other suggested causes of motion, such as action at a distance, 
were regarded much as we of to-day regard levitation or table-turning, and described 
as ‘occult qualities *. It was inevitable that Newton’s force of gravity should come 
under this description. Leibniz wrote ‘Some men begin to revive, under the 
specious name of forces, the occult qualities of scholasticism, but they bring us 
back again into the Kingdom of Darkness’. Newton’s reply was a fine defence of 
his pragmatical philosophy. To understand the motions of the planets under 
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gravity, he says, even though we do not know the cause of gravity^ is as good 
progress in philosophy as is a knowledge of the motions of the wheels of a clock 
in the philosophy of clockwork, even though we do not understand why the weight 
which moves the wheels falls earthward. 

At the same time, he refused to admit that his gravitational forces were not 
wholly mechanical. From the celestial phenomena, he said, we calculate the force 
of gravity with which bodies aroxdrawn to the sun and the several planets. Once 
having found these, we deduce the motions of the planets, the comets, the moon 
and the sun, and *I wish we could derive the rest of the phenomena of nature by 
the same kind of reasoning from mechanical principles’. 

It is interesting to speculate as to what might have happened if Newton had 
shared the views of Leibniz as to the relativity of. all motion. It is conceivable 
that he might have arrived speedily at what we now call the restricted theory of 
relativity, that through it he would have seen the impossibility of action at a 
distance, and would then have developed a relativity theory of gravitation similar 
to that of Einstein. It is conceivable, but I can hardly think it would have 
happened— the necessary physical ideas and mathematical technique seem to be 
centuries removed from the fields in which Newton worked. It is more likely 
that he would have been compelled to come down to an approximation which 
would have brought him back to the Newtonian mechanics and the inverse 
square law. If so, his erroneous philosophical background of absolute space and 
time was a real advantage, since it provided him with a short cut to a region 
which would have had to be explored anyhow as a preliminary to further progress. 
It enabled him to go direct to the main point as it appeared in the seventeenth 
century, neither hindered by any philosophical subtleties nor haunted by any 
fears that his system might not be an expression of final absolute truth. 

in this way Newton created a system which, although philosophically unsound, 
was destined to endure for two centuries before any chinks were found in its armour. 
Then more philosophically minded Continentals had to be called in to patch up 
the deficiencies. 

In this quality of practical and opportunist directness, as in many others, 
Newton seems to me to be typically British. In general he was strong where the 
British are strong, and wmk where the British are weak. If we think of his various 
pre-eminences in turn, and consider who runs him closest in each, we shall find it is 
usually a British scientist who comes to mind. If we try to match the simple 
directness and the clear logical sequence of his experiments in optics, our thoughts 
turn to our own Faraday and Rutherford. Clerk Maxwell nms second to him, I 
think, in other aspects of bis work. But if we think of those who excelled him in 
his philosophical outlook, w'6 think exclusively of Continentals, from Leibniz on. 
His successes were typically British, and his failures — in so far as he ever failed — 
were also typically British. We can not only be proud that this greatest of all 
scientists was our own countryman, but we may reflect with satisfaction that he 
was no freak genius or sport, but was the concentrated embodiment of all the 
distinguishing characteristics of British science. 
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Exhibits 


By permiesi^m of the Managers the three lectmes printed above were given in the Boyal Institution, 
where exhibits iU-wUrrUing some of Newton's experimerUs, arranged by Lord HayUigh, and a smM 
cojfec^um of Newtonixma were also on view. Tfie programmes ore reprinted bekrw. 

Exhibits illttstbating some of Newton’s experiments 

ARRANGED BY LORD RAYLEIGH 
as a supplement to those shown in his Lecture on 

Newton as an Experimenter 

Exhibit No. I, Ojdwks. Book I. Experiment I. To show that lights which 
differ in colour differ also in refrangibility. 

Newton’s account abbreviated : 

I took a blaok oblong stiff paper. Orio part I painted into a rod Colour, the other int<j a blow. 
This paper I viewed through a Prism of Solid Glass. I found that if the refracting Angle of the 
Prism be turned upwards so that the paper may seem to be lifted upwards by the Refraction, 
its blew half will be lifted higher by the Refraction tlian its red half. But if the refracting 
Angle of the Prism be turned downwards, so that the Paper may seem to be carried lower by 
the Refraction, its blew half will be carried something lower than its red half. 

Exhibit No. IL A and B. A. OjMcks. Book 1. Part II. Experiment XVI. 
In this experiment a uniform field of l%ht is viewed through a reflecting prism. 
Newton used the cloudy sky, An illuminated opal glass is here substituted. The 
bright part of the field is the region of total reflexion. The relatively dark part of 
the field, corresponding to steeper angles of incidence, is the region of partial trans- 
mission and partial reflexion. Observe the blue arc marking the limit of total 
reflexion. This shows that white light contains a constituent (blue) which begins 
to be totally reflected at angles of incidence less steep than are necessary for the 
other components. 

This blue colour being made by no tiling valse than by reffexion of a specular superficies seems 
so odd a Phenomenon, and so unaccountable for by the vulgar Hypothesis of Philosophers that 
I could not but think it deserved to be taken notice of. 

B. A supplement is arranged to this exhibit, allowing the transmitted light to 
be examined. A pair of right-angled prisms is used forming a cube after the manner 
of Newton, reflexion occurring at the diagonal interface. The field is divided into 
a bright and a dark part as before, the dark part (no transmission) being the area 
of total reflexion. A reddish yellow arc marks the limit of transmission, which is 
complementary to the blue arc seen by reflexion. 

This experiment was performed by Newton in a more elaborate way, using the 
sun’s light and projecting a spectrum of the beam transmitted by the cube. The 
present arrangement is adopted to avoid the oomplioation of an arc lamp, and 
reproduces Newton’s essential point. 
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Exhibit No. III. Oyiicks, Book II. Part I. Observation xiii. This experiment 
shows that Newton’s rings, formed between a spherical surface of large radius and 
a flat plate, are larger in red light than in blue. By pulling a string the observer 
may rotate the spectrum-forming prism and observe the rings dilating as the colour 
is changed from blue or blue green towards red. On releasing the string the colour 
passes back towards blue and the rings contract again. 

Appointing assiiiftant to mov^e tho Prism to and fro about its Axis, that all the Colours 
might successively fall on that part of the Paper which I saw by reflexion from that part of the 
Glasses where the Circles appeared, so that all the Colours might bo successively reflected from 
the Circles to my Eye whilst I hold it immoveable, I found the Circles which the red light made 
to be rnanifestly bigger than those which were made by the blue and violet. And it was very 
pleasant to see them gradually swell or contract according as the Colour of the Light was 
changed. 

Newtcn recognized that this proved that there was a coarser structure associated 
with red light than with blue. In Query 13 at the end he says: 

Do not several sorts of rays make vibrations of several bignesses, which according to tlioir 
bignesses excite sensations of several colours ? 

Exhibit No. IV. Ay B and C, This is an experiment of Ne\^"ton’8 on frictional 
electrification. (Description below.) Rub the upper surface of the glass with 
flannel, or in the case of C stroke it with the dry hand ; and the movements of the 
pith or paper fragments will be observed. C is the easiest and should be tried first. 

A. An apparatus with flint glass as used by Newton. The action of this is un- 
certain, depending on the hygroscopic condition of the glass. It may fail, as it did 
when first tried at the Royal Society. Application had to be made to Newton for 
further directions. In dry weather and with vigorous rubbing it works admirably. 
Try reversing the glass and rubbing first one side, then the other. 

B. An apparatus with silica glass. This can be taken out and warmed over a 
spirit lamp. It will then work without fail. 

C. An apparatus with a sheet of celluloid replacing the glass. This will work at 
any time without fail, if lightly stroked with the dry hand. 

From MlntUee of the Society, 9 December 1675. 

That [Newton] having laid upon a table a round piece of glass about two inches broad, in 
a brass ring, so that tho glass might bo about one-third of an inch from the table, and the air 
between them inclosed upon all sides after the manner os if he had whelved a little sieve upon 
tho table : and then rubbing the glass briskly, till some little fragments of paper, laid on the 
table under the glass, began to be attracted and move nimbly to and fro ; alW he had done 
rubbing tho glass, tho papers would continue a pretty while in various motions; sometimes 
leaping up to the glass and resting there awhile; then leaping down and resting there, and 
then leaping up end down again; and this sometimes in lines perpendicular to the table some- 
times in oblique ones ; Sometimes also leaping up in one arch and down in another divers times 
together, without sensible resting between ; sometimes skip in a bow one part of the ^ass 

to another, without touching the table; and sometimes ha^ by a comer and turn often about 
very nimbly, as if they had been carried about in the midst of a whirlwind; and he otherwke 
variously moved every paper with a diverse motion. And upon sliding his finger on the upper 
aide of the glass, though neither the glass nor inclosed air below were moved thereby, yet would 
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th© pApam, an they hung under fcli© glnee receive some new mokoa inoltning this or that way, 
according os he moved hw finger. 

The experiment he proposes to bo varied with a larger glass placed farther from the table, 
and to make me of bits of loaf gold instead of papers, osteoming that this will succeed much 
better, so as perhaps to make the gold ris|t» and fall in spiral lines or whirl for a time in the air, 
without touching the table or glass. 

Ordered thjat this experiment bo tried the next meeting. 


Exhibits arranged by the Royal Society 

1. The manuscript of the PRINCIPIA, from which the first edition was 
printed, with corrections by Newton. 

2. The REFLECTING TELESCOPE made by Newton with his own hands 
in 167i. 

3. A SOLAR SUNDIAL made by Newton when a boy. It was formerlj’^ in the 
wall of his home, the Manor House, Woolsthorpe. 

4. A testimonial given by Newton in favour of William Jones (later F.R.S.), an 
applicant for a post on the staff of Christ’s Hospital. 

5. An ASS A Y FURNACE used by Newton in His Majesty’s Mint in the I'ower 
of London for his experiments in cupellation, 

6. A plan of His Majesty’s Mint in the Tower of London, drawn for Newton on 
his appointment as Master Worker.* It is dated January 1701. 

7. A holograph draft of Newton’s report on The 'ixdw of gold in projmtion to 
silver in several farts of Europe. 

8. Nine letters from Halley to Newton relating to the publication of tiie first 
edition of the Principia. They were written between 22 May 1680 and 5 July 1687. 

9. The hunting of ye grmi lyon and The standing of ye glass for ye time of putre- 
f auction db congelation of ye medicine. Alchemical verses copied by Newton with 
his own hand. 

10. An IVORY BUST by Cheverton from the sculpture by Roubiliac. 

11 . THE MANOR HOUSE OF WOOLSTHORPE. A drawing in Memoirs of 
Sir Isaac Newton* s Life, written by William Stukeley in 1752. 

12. The mask of Newton’s face, which belonged to Roubiliac, from the oast 
taken after death. 

♦ The Deputy Master of the Mint has supplied the following note; ‘In the 18th century the 
Royal Mint operated, in form, under the constitution laid down by Edward I. The Master 
Worker was a salaried offioer of the Crown who contracted for the execution of the coinage, in 
law for the whole, in praotioe for a large part of the work. The Warden was a check on some 
of his actions, the Comptroller on others. Sir Isaac Newton wm Warden from March 1690 to 
December 1699 and Master Worker from December 1699 to December 1726.^ 
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The cascade theory with collision loss 
By H. J. Bhabha, F.R.S. and S. K. Chakbababty 
(Received 2 March 1942 ) 

Kleotrons at*o assumed to suffer a constant energy loss by coUision, and the radiation 
loss and pair creation are taken to l>e described by the formulae of Betho and Heitler valid 
for complete screening. With these assumptions a solution of the cascade equations is given 
in the form of a series, and it is shown that the series is so rapidly convergent that in general 
it is necessary only to calculate the first term. Collision loss enters into each of the terms in au 
essential way, and as a result the first term alone gives to a very considerable degree of 
accuracy th^ xuHoU energy spectrum of electrons from the highest energy to energies far below t/te 
critical energy. For thiokneases greater than 1*5 in the oharaoteristic unit of length the 
number of particles of energy B increases monotonioally with decreasing E, but the spectrum 
gets fiattened for energies below the critical energy. For thicknesses t below 1*5, the spec- 
trum has a very different shape, decreasing first as E decreases from the primary energy and 
then increasing again to the smallest E, the flattening taking place now only for E<fit, It i» 
shown that neglect of collision loss sometimes causes the number of electrons of even the 
critical energy to be as mu(jh as seven times too large. Tables of the spectra of cascade 
electrons due to pritnaries of different energies are given for five typical thicknesses. 

The solution is also valid when the energy of the primary electron starting the cascade is 
comparable with or lower than the critical energy, and gives in a compact form the complete 
solution of the problem of the absorption of a low-energy electron by collision loss and 
cascade production. 


It is generally accepted that the cascade theory put forward by Carlson & Oppen- 
heimer (1937) and Bhabha & Heitler (1937) correctly describes all the general 
features of the behaviour of the soft component of cosmic radiation. Moreover, it 
appears to be in rough quantitative agreement with the observed absorption curve 
of cosmic radiation in the atmosphere and the production of electron showers in 
heavy materials by fast electrons. Nevertheless, a very exact comparison between 
theory and experiment has not yet been made, due, on the one hand, to inaccuracies 
in the theory introduced by the inexactness of the physical assumptions and 
^ approximations in the mathematical treatment, and on the other hand to un- 
certainties in the experimental data itself. A stage is, however, being reached when 
the gradually increasing data on the atmospheric absorption curves at different 
latitudes makes a more accurate knowledge of the theoretical behaviour of cascade 
processes necessary in order that a more exact comparison between theory and 
experiment may be made with a view to finding out whether experiment reveals 
other processes besides those explained by the cascade theory, and to what extent. 
The purpose of this pef>er is to give a more accurate theoretical troatmentof cascade 
processes than has been done hitherto. 

All the previous theoretical treatments of the subject have been inexact, first, 
because approximations have been made in describing the physical processes which 
play a role in the cascade theory, and secondly, because the mathematical treatment 
has sometimes not been exact even on the basis of these physical assumptions. The 
weakest feature in all the previous treatments has been their very inadequate 
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consideration of the effect of the ionization or collision loss suffered by the cascade 
electrons. In the paper of Bhabha & Heitler the concept of critical energy was 
introduced, deftned as the energy of an electron for which its radiation loss is equal 
to its collision loss in the substance, and it was assumed that the collision loss would 
not appreciably affect the cascade process above the critical energy, while it would 
materially reduce the multiplication of electrons below the critical energy and lead 
to an absorption of the cascade. But the collision loss was not treated quantitatively. 
An attempt to calculate the number of electrons below the critical energy more 
accurately was made by Arley ( 1938) on the basis of very rough physical assumptions. 
The more accurate calculations of this paper show, however, that the figures he got 
for the distribution of electrons below the critical energy are not even qualitatively 
right for small thicknesses,"* and give a justification fbr the very rough assumption 
of Bhabha & Heitler that for all except extremely small thicknesses the number of 
particles per unit energy range below the critical energy always increases slowly with 
decreasing energy. 

Carlson & Oppenheimer, and later Snyder (1938) and Berber (1938) have given 
approximate formal solutions of the cascade equations with collision loss in the form 
of double integrals in the complex plane. These expressions cannot be calculated 
directly, and for evaluating the number of cascade electrons of energy E, they all 
get in essence an infinite series in |)ower8 of where fi is approximately the 
critical energy. Closer analysis shows that these series are divergent for all values of Ey 
and the one which is based on the most accurate physical assumptions, namely, 
Berber’s series, is essentially the formal solution given by equation (42) of this paper, 
which we have rejected for the same reason. It will appear that this series cannot 
even be considered as an asymptotic solution of the problem when E < /?. It can be 
shown that the divergence of Snyder and Serber’s series is intimately connected 
with the fact that their solutions do not satisfy the correct boundary conditions at 
the surface of the layer. In our opinion the divergence of their series makes it 
impossible to say that they satisfy the actual boundary (X)ndition8 even approxi- 
mately. Snyder and Berber have used their solutions for calculating the total • 
number of particles of all energies at any depth, but the serious defects mentioned 
above seem to us to throw doubt on the reliability of their numerical results. It is 
also obvious that even without the above defects all these methods would com- 
pletely fail to give the energy spectrum of electrons with energies in the neighbourhood 
of the critical energy, which is a region of very great interest both theoretically and 
from the experimental point of view. 

It is clear that a solution of the cascade problem valid over the whole range of 
energies cannot be obtained in the form of a series in powers of fi. For if the ooltision 
loss be neglected, then the spectrum of electrons is of the form IjE for small E and 

• ArJ©>^ hft« completely neglected the produotion of electrons below the oritioal energy by 
pair creation. This process is just the one that gives the most important contribution at smOII 
thicknesses, m will be seen in the last section of this psper. But hk treatment of radiation 
prooeases is also much too crude to claim any quantitative accuracy. 
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hence tends to infinity as 0, The effect of collision loss at depths which are not 
too small is to out the spectrum off for energies below the critical energy, and to 
make the number of electrons finite as For low energies therefore the collision 

loss does not introduce a small correction, but plays an essential part in the process, 
and hence must enter in some essential way into the solution. In incor|)orating this 
feature the "solution of this paper differs essentially from all the previous treatments 
of the problem, and may be regarded as an advance on all the previous w^ork. 

- In the present paper the collision loss is treated as a constant loss indeptmdent of 
the energy of the electron. With this assumption a mathematical solution of the 
cascade equations is given which allows the energy distribution of electrons to be 
calculated for all energies, inclvding those near and below the critical energy. The 
solution is formally in the form of an infinite series, but this series is not strictly a 
series in powers of /?, since enters essentially into the expression for each t^erm. The 
first few terms of the solution can be evaluated without undue difficulty, and it can 
l>e shown that the main contribution comes from the first term, the second being 
always smaller than the first, and for all except the very end of a shower less than 
30 % of the first, even for electrons of cMergy near or less than the. critical energy. 
Moreover, the solution is valid irrespectively of how small the energy of the electron 
starting the shower may be, in contrast with the work of the other authors mentioned 
above. Indeed, for an electron of initial energy less than the critical energy it (!an 
be shown that all but the first term of the solution are negligible, so that our method 
incidentally also gives the complete solution to the problem of the absorption of a 
low-energy electron by collision loss with a very small accompanying cascade. 
It also allows one to calculate the energy spectrum of electrons in a shower at small 
thicknesses, that is, precisely in the region where the usual methods fail. It is found 
that the energy spectrum at small thicknesses is quite different to what has been 
usually supposed. We therefore get, for the first time, a quantitative insight into 
the effect of collision loss on the energy spectrum of cascade electrons at all de]>ths. 

For the processes of radiation loss and pair creation, we take the exact cross- 
sections calculated by Bethe & Heitler valid for extremely high energies w^here 
screening is complete. The decrease of these cross-sections at energies so low that 
screening is incomplete will not be considered. These, or cruder approximations 
thereto, also underlie all the previous work. For this general problem a rigorous 
mathematical solution has been given by K. 8. K. Iyengar (1942), but his method is 
not suitable for obtaining numerical results without laborious calculation.* 

When the effect of collision loss is negligible, i.e. for energies large compared with 
the critical energy, it appears that the figures of Bhabha & Heitler are not in general 
in error by more than 30 %, and give the position of the maximum of the shower 
correctly. The approximations of Carlson & Oppenheimer make the maximum 

* An ait^irical method of allowing for incomplete screening has recently been given by 
Corben ( 1941 )* But his treatment of collision loss follows that of ISerber and therefore has the 
same defects. Oorben's approximate method of allowing for incomplete screening could l>e 
incorporated into the solution of this paper. 
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aumber of particles appear at a depth which is too lai^e by 30 % to 60 %, and give 
an energy spectrum which is incorrect at small thicknesses. Their figures are in 
error by much more than 30 % even in the region where collision loss is negligible. 
On the other hand, the figures given by Landau & Rumer (1938) are often in error 
by a factor 30, due to the facjt that these authors have failed to carry their elegant 
method through to the end with mathematical rigour. For energies large compared 
with the critical energy the figures of this paper are correct to within 6 %, and 
lienee are a considerable advance on all the previous work. But even for electrons 
of energy near or below the critical energy the figures for the energy spectrum of 
electrons calculated in this paper by taking account of collision loss are accurate for 
all but the end of a shower to within 30 %, and are hence as accurate as those which 
have been given hitherto for energies far above the dHtical energy where collision 
loss is negligible. Moreover, the present calculations show that even for electrons of 
the critical energy, the effect of collision loss is so large that the number of electrons 
may be as low as one-seventh of what was previously supposed. 


Physicai. assumptions and the general equations 

The effective differential cross-section for the emission by an electron of energy 
£ of a quantum of energy lying between E' and E' + dE' wiiile passing through the 
field of an atom of nuclear charge Ze have been calculated by Bethe & Heitler (1934) 
and can be written in the form 



/ e* \» E'dE' 

(1) 

where 


(2) 

and 

4logl83Z-* ’ 81ogl83Z-*’ 

(3) 

with 

100 

mc*E' 


(4) 

Z* 

E(E-E') 

i 


m being the electron mass. Here and are functions of /? only, and are given in 
the paj>er of Bethe & Heitler. Xi X% decrease monotonically as p increases, and 
take their largest value when p « 0, in which case » land;:^, » (121og 183Z**)"^. 
Thus, even for the heaviest atoms Xa/Xi ^ ^ban 5 % when p » 0, and it beoomes 
rapidly smaller as p increased, being already less than 1 % even for p « 0-5. It is 
completely negligible for p > 0-8. Thus, if an accuracy of not more than 6 % is aimed 
at Xt cftn be neglected altogether. Now p<J 1, that is, by (4) 


iP'mc* 


( 5 ) 
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oorreBponds to the case in which the screening of the nucleus by the aurrounding 
atomic electrons is complete, and then, introducing the values of Xi A!* given 
above for p ™ 0, (2) simplifiea to 

/E E^\ 

R,(E. (I +a) , (6) 


91ogl83Z"** 


This is the expression which will be used in the cascade calculations of this paper. 
It depends only on the ratio EjE*, whereas the geneml expression (2) depends not 
only on this ratio but on the absolute magnitudes of E and E\ Moreover, the 
properties of the atom only affect a which is about 0 06 for lead, and still less for 
lighter atoms, so that the expression (6) is practically indej:>endent of Z. To the 
accuracy of the calculations of this paper a could equally well \>e neglected, but we 
shall not do so since its inclusion presents no difficulty. 

The effective differential cross-section for the creation by a quantum of energy E 
of an electron pair, one particle of which has an energy between E' and E' ^-dE\ 
while passing through the field of an atom of charge Ze has also been calculated by 
Bethe & Heitler, and can be written in the form 




logl83Z-*i?(AM?)~| , 


(7) 


with E given by (2). Here again, for very high energies, more accurately, for the 
case of complete screening, E takes on the simpler form given by (6), and we shall 
use this specialized form in the calculations of this paper. 

Since in the calculations of tlxis paper we use E^ instead of E, it is important to 
know the error which this introduces. E^ given by (6) is accurate only when the 
inequality (5) is satisfied. It therefore difiTers from the more general expression (2) 
provided JS - JF' is small enough, however large E may be. But in practice, more 
detailed considerations show that, except for very small values of E^E' which are 
not important in our calculations, the difference between Eq and E is less than 20 % 
provided E is greater than 30MeV in lead and 70MeV in air. Now, as will be seen 
below, the critical energy at which collision loss becomes important k 7MeV in 
lead and 103MeV in air. Thus the fact that the cross-section (6) is not the exact one 
for low energies* restricts the accuracy of our calculations to 20 % in lead even for 
electrons above the critical energy, while in air the error is within about 10 % above 
the critical energy, and considerably less than 20 % even for particles below the 
critical energy, since the majority of these are produced by radiation loss and pair 
creation by particles and quanta above the critical energy for which the formula (6) 
is accurate to a much greater degree. It should be noticed that whereas the use of 
(6) instead of (2) even for low energies introduces relatively small errors, the neglect 
of collision loss completely alters the whole picture near and below the critical energy , 
* An approximate allowanoe for this could be made here by following Corbon. 
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Moreover, ae hae already been mentioned, (6) ig always greater than (2), so that the 
use of Rq instead of R, even when the inequality (6) is not satisfied, results in slightly 
more multiplication than is actually the case. 

The probability that in travelling a thickness da: of a substance containing N 
atoms of nuclear charge Ze per unit volume an electron of energy E emits a quantum 
of energy E\ or a quantum of energy E creates a pair of which one particle has 
an energy E\ is got by multiplying (1) or (7) respectively by Ndx, It is therefore 
convenient to introduce a quantity I of the dimensions of length, defined by 

Z^N / 

For substances containing several types of atoms one must take on the right-hand 
side of (8) a sum of similar expressions, one for each type of atom. This quantity I 
will be known as the characteristic unit of length for that substance. As in all the 
previous papers, it is convenient to measure all lengths in a given substance in terms 
of the characteristic length I and denote length so measured by t, so that and 
is a dimensionless quantity. The values of I for difierent substances are given in the 
first row of table 1 . 

Table 1 



air 

H,0 

Al 

Fe 

Pb 

1 in cm* 

34,200 

43*4 

0*g0 

1-84 

0-525 

mean oollmion loss in MaV 
per cm. =( 

3 03 X lO”** 

2*64 

5-67 

14-1 

13-2 


103'0 

114*6 

65-56 

25-88 

6-927 


The only other physical process which plays an essential part in the cascade 
theory is the ‘ionization’ or collision loss of electrons. This loss is a minimum at 
energies near twice the rest energy of an electron, and increases rapidly for lower 
energies so that any electron whose energy has fallen as low as twice the rest energy, 
t.e. about one million electron volts, can be regarded as completely stopped. For 
higher energies the ooUision loss increases logarithmically with the energy, and in 
the whole range from 6 to 1 SO MeV in which alone the collision loss plays a do minat ing 
part, it rises by less than 50 %. It will therefore be treated as a constant loss in- 
dependent of the energy. Hence, measuring length in the characteristic unit (8), 
the collision loss is 



where is a constant independent of the energy. Since the collision loss is very 
nearly proportional to ZN, while I is proportional to Z-*N-^, it follows that /? is 
very nearly proportional to Z-^ and is independent of N. It has the dimensions of 
energy. The second row in table 1 ^ves the mean values that are taken in this paper 
for the oolliaiou loss -^{dEldx)^ in different substances, and the third row then 
gives the corresponding values of fi aa defijied by (9). 
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From ( 1 ) the total energy loss of an electron due to radiation is 
/dE\ f® E'^dE' 

Using (2) for it appears that the integral only increases logarithmically with 
and for very large E, where in fact (2) tends to (6), it takes the constant value 
(1 4* 1. ^hue, for high energies, 



The critical energy in a substance is usually defined as the energy at which the 
radiation loss of an electron is equal to its collision loss. By equating (9) and (11) the 
critical energy is seen to bo very nearly For the purposes of this paper, in which the 
collision loss is treated accurately, it is logical to define the critical energy as exactly 
equal to /?, for this is the physically significant quantity which appears in the 
equations. The critical energy /? has therefore another physically significant inter- 
pretation. It is the collision energy loss suffered by an electron in travelling the 
characteristic unit of length in the substance. Hence an electron whose energy has 
fallen to the critical energy will at the most travel a distance of one unit before its 
energy is reduced to zero. 

For quanta of energy below 6MeV in lead and 25 MeV in air, the Compton effect 
becomes larger than the pair creation. But even for energies down to 5 MeV the 
angular scattering of the quanta is small, and in consequence in ea(5h Compton 
process a small fraction of the energy of the quantum is given to the electron. The 
effect of successive Compton processes is therefore to reduce the energy of low- 
energy quanta in a large number of small steps just as collision loss reduces the 
energy of electrons, and indeed this energy loss can be taken into account in our 
theory in the same way. Calculation shows that the resulting energy loss of a quan- 
tum per unit length of path traversed is between one-eighth and one-tenth of the 
collision energy loss of electrons. It can therefore be omitted altogether, since its 
effect would be to modify the spectrum of quanta of energies below about one -tenth 
of the critical energy. 

Consider a layer of substances, upon the surface of which electrons and quanta 
with a known energy distribution impinge normally. We wish to know the energy 
distribution of electrons and quanta at some distance < from the surface of the layer. 
The problem may be treated as a one-dimensional one as far as calculating the 
number of particles at a depth / is concerned, since the angular deflexion of a particle 
or quantum of energy E resulting from a radiation or pair creation process is of the 
order mc^jE, and is hence small. Denote by P(Ej)dE the number of particles 
(electrons and positrons) whose energies lie between E and E -f dE at a distance i from 
the surface of the substance^ all distances t being now measured normally from the 
surface of the layer in the characteristic unit of length L Let the corresponding 
expression for the number of quanta be Q(Ej)dE. Then, owing to the radiation, pair 
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creation and collision prooesses given by (1), (7) and (9), this number varies with the 
thickness, and the differential equations determining their variation can be written 
down exactly as in the paper of landau & Burner. They are 


dt 


= P{E', t) R(E', E' - E) - P{E, W- 


„E'dE' 
E* ' 

+ 2 JJ Q[E',t)R(E, E’)^+fi^^^, 




= J ^ P(E\ t) R(E\ E) ^ Q{E, t)j ^1{(E\ E) . 


{12a) 

(126) 


The first two terms on the right-hand side of (12a) give the change in the number of 
particles of energy E due to radiation loss, the third*term that due to pair creation 
by quanta, and the leist term that due to collision loss. Similarly, the first term on the 
right-hand side of (126) gives the increase in the number of quanta of energy E due 
to radiation by electrons and the second term their decrease due to disappearance 
by pair creation. In these equations R is strictly given by the general expression (2), 
wluoh depends not only on the ratio EjE* but also on the value of Ejmc^. For this 
general problem no rigorous solution* can be obtained by the method of this paper 
and the general method developed by K. S. K. Iyengar must be used. While his 
method has the advantage of great generality and mathematical rigour, it is not so 
easy to derive numerical results from it. Moreover, it depends on an ingenious use 
of the solution neglecting collision loss derived in this paper. But quite apart from 
this, as the previous discussion shows, it is possible with considerable accuracy to 
take for R over the whole energy range the form (9) which it assumes for very high 
energies, and which is only a function of the ratio EjE*. It is then possible to solve 
the equations (12) by using the Mellin transformation. This method has the advan- 
tage that it is suitable for obtaining numerical results. 

Introduce two new functions j?(5, ^) and q(s,t) of a variable s defined by 


p(8,t)=j’^^E'>-'^P{E,t)dE, (13o) 

E—^Q(E,t)dE. (136) 

It then follows from the theory of the Mellin transform that 

P(E,t) » E-»p(a,t)de, (14o) 

(146) 


where or is such that when iJ(s) xr, p(8,t) and ?(«, <) are analytic. The path of the 
8 integration is a line parallel to the imaginary axis and to the right of it. 

* An approximate treatmmt can be given by following Corben, 



FoUoving hmiaia & Ramer, maltiiply the equations (12) 1^ E*~*’ and integrate 
witit ze(q>eot to E itotn 0 to ao. The last term on tiie ij(^t-hand side of ( 1 2a) then gives 

on integrating by paits. It is obvious from the physics of the problem that 
E*^^P{Ef t) must vanish at infinity, since initially there are only particles of finite 
energy. Moreover, when collision loss is taken into account tMs expression also 
vanishes at if 0 provided B{s) > 1. Thus the term on the left of the above equa- 
tion just reduces to the second term on the right, which by (13a) can be written 
as — 1, ^). The first term on the right of (12a) gives, if we interchange 

the orders of the E and E' integrations, 

J“ dE' P{E', t) dE R(E’, E' - E ) . 

Now if 5 is a function only of the ratio E/E\ as is the case if we take for It the 
expression (6), then the E integral becomes a function of a only and is independent 
of the value of E\ so that remembering (13) the double integral becomes p(«,0 
multiplied by a function of e* All the other integrals can be treated similarly and 
the equations reduce to 

(16a) 


where A,, jB, and C, are functions of s denfied by 

* J - (I + a) ( 1 - J)) {1 - ( 1 - 
-(t+»){siogr(.)+r-i+j)+5-^j~j, 
i9.*2j\l-(| + a)(6-6*)}e-i(te 
=* 2j- - (I + a) ( 2)} > 

and + 

-i-K ( 16 *^) 

* Owing to the form of the S integral divergee rdien E m E', eitd the flnit and eeoond 
intagmle in (12a) have to be taken together in the Cauohy eenee to give a oonvergont reeult. 
llWM tQgtther then give 


(16a) 


(166) 


(16c) 


VVi.i»t. A. 


*9 
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y is the Euler-Masoheroni constant. The equations (16) were given by Landau & 
Burner, but with the important omission of the last term in (16a) representing the 
effect of collision loss.* 

Differentiating (16a) with respect to t and tlien eliminating q{8,i) by the use of 
(166) and then (15a) we obtain the second-order equation 

0* d 

= -/?(«-l){| + Z)jp(«-l,0. (17) 

From the defimtions ( 1 3) it is obvious that jr>(2, f ) gives the total energy carried by 
particles and q[2jt) that carried by quanta at thcr depth t, while p(l,^) gives the 
total number of particles at this depth. Adding (ISa) and (166) and putting s ™ 2, 
we get 

|{?>(2,<) + g(2.<)} = {C^-A^)p{2,tH(B^-D)q(2,i)~fip(l,t). 

Since the left-hand side of the above equation gives the rate of increase of the total 
energy of the shower with depth, and the radiation and pair creation processes do 
not change the total energy of the shower, the terms independent of fi on the right- 
hand side of the above equation must vanish irrespective of the values of p{2, i) 
and q(2yt). It follows that the coefficients of these terms must vanish, and hence 
that «= 6j and = D, relations which can be verified directly from (16). Thei 
above equation therefore reduces to 

|{j>(2.«) + ?{2,<)} = -AMl.<). 

which expresses the physically evident result that the rate of diminution of the 
total energy of a shower is equal to the rate of energy loss by collision. This equation 
also shows that, since the left-hand side is always finite, the total number of particles 
^(I, t) at a thickness t must altpays be finite, when collision loss is taken into account. 
This is not so when collision loss is neglected (fi *= 0). 


Casoadks without collision loss 

It is first necessary to give a complete treatment of the cascade problem neglecting 
collision loss, that is, the solution of the equations (12), with y? « 0, since the work of 
the next section is based upon it. 

As has been shown by Landau & Burner, the general solution of the equations 

* With the approximations made by Carlson & Opponheimer, we should have A, » 2( I - 1/s), 
B| as 4/3#, C* » l/(#- 1), D ss 2/3, Hence A, goes seriously wrong for 1. Althou^ their 
values of A, are not in general in error by more than 60 %, ainoe A appears in (32) in the form 
exp (.-A, «), the resulting error in the number of particles mny be very large. See fbotnote 
on p. 233. 
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(IS) when ^ » 0, and ooneequently of equation (17) negleotang the right-hand side, 
is of the form 

p(a,t) - a,e-\*+bge-*‘/, (18) 

with a similar expression for 9(«,t), where a,, 6, are arbitrary functions of s in- 
dependent of t which have to be chosen to satisfy the boundary conditions, and 
Ag and /i, are the two roots of the quadratic 

Z* - (^, + D) Z + (^.D - = 0, 

whence + ji^ — + D, a relation which will often be used later, and 

\^l(A, + D)-y{{A,-D)* + 4.B,C,}, (190) 

+ + + (196) 

It follows from the definitions (19) that when s is real and greater than 1, 

Certain general results can be deduced at once from the form of the solutions (18). 
Since, as was shown at the end of the last section, ~ and JSj — 2>, hence 
^ 2 ^*“ ^ 2^2 ” smaller of the roots A and must vanish at - 2. Hence 

A„ = 0 when « = 2 and this is a consequence of the conservation of energy. It further 
follows from (196) and (16) that 

^2 ss (yj -f £) = I 4- ^ sr 

Putting « s= 2 in ( 1 8) we see that the total energy of the particles or quanta in a shower 
tends to a constant value since Ag — 0 and the terms proportional to exp(— /tgf) 
become negligible for - 9/(16 -h 3a). Thus, at large thicknesses, dq{2,t)/dt 

vanishes, and it follows from (166) that ^ 

p{2J) D_l4-3a 7 ^ 

g(2,«pCi~18 + 9a’^9‘ 

Hence, after a thickness of about one unit, the ratio of the total energy carried by 
the particles to that carried by the quanta reaches a constant value, the quanta 
carrying somewhat more than half the total energy of the shower. The energy is of 
course carried by progressively more and more f)article8 and quanta of lower energy. 
This conclusion is altered if collision loss is taken into account, the energy carried 
by the particles then being relatively less, especially at large thicknesses. The above 
discussion also shows that the effect of conditions at the boimdary does not make 
itself felt for more than a distance of about one unit. This is th# average range in 
which * transition effects ’ must take place when the shower passes from one substance 
to another. 

Now consider a shower started by one electron or positron of energy entering 
the surface of the substance unaccompanied by any quanta. The boi^ndary con- 
ditions at i 0 are then 

( 20 ) 

t9*t 


P{E,0)^S(E^E^), Q{S,0)^0. 
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From this, using (13), it follows that at < = 0 



p(8,0):=Etr\ 

(21a) 


g(«,o) = o. 

(216) 

and from (15a) 


(22) 


We have therefore to find a solution of equations (16) satisfi^ng the boundary con- 
ditions (21) or of equation (17) with the boundary conditions (21o) and (22). 

The conditions (21a) and (22) determine a, and and give finally 

♦ 


where for brevity we liave omitted the suffix a. Owing to singularities in or 
Ag and are singular when 5 =« 1, 0 or a negative integer. It should be noticed at 
once that, although and are not one- valued functions of a due to the apj>earance 
of a square root in their definition, the functions p[a, t) and q{s^ i) are symmetrical 
in tlie two roots A and ft and are therefore one-valued everywhere in the s plane, 
although a part of them, for example the part containing e is by itself not one- 
valued* This point is of importance in the general theory of the next section. 

The number of particles of energy E at the depth i namely P(E, i) can be calculated 
at once by using (14a) and is 


P[EA) 


\ iS?/ U-A 


fl-\ / 


da. 


(24) 


(24) is the exact solution of the cascade equations for a shower started by an incident 
particle of eneigy if collision loss is neglected. 

To proceed further it is necessary to know the dependence of A and on a. 
This can be calculated at once by using (16) and (19). The values of A and // are given 
in table 2 for real values of a from I to 6 at intervals of 0* 1. The asymptotic form of 
these functions for large a will also be required. From (16) and (19) it follows that 
asymptotically for large a 


^ a'jlog « + y - 1 + J, 

(260) 

V ri ^ 

p- , 

A, — D a«(«4-l)log8 

(266) 

^ 8 2 

* as(s-fl)logs 

(26c) 


where we have written a' « | + a for brevity. 
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Tablb 2 



1*0 —00 -foo 

M - 3-787 + 4-713 


1-2 

- 2-279 

3 339 

- 0*6102 

9*450 

+ 0043 

- 66*42 

- 1*34 

1-3 

- 1*669 

2*749 

- 0*6120 

6*410 

- 0-070 

- 24*67 

- 0*941 

1-4 

- M 26 

2*413 

- 0*6225 

3*663 

-0152 

- 12*47 

- 0*778 

1-5 

- 0-8121 

2*200 

- 0*6414 

2*691 

- 0*226 

- 7*400 

- 0*699 

l-tt 

- 0*5761 

2*064 

- 0*6672 

2*091 

- 0*294 

- 4*865 

- 0*666 

1-7 

- 0*3876 

1*951 

- 0*7005 

1*683 

- 0*369 

- 3*422 

- 0*646 

1-8 

- 0*2348 

1*877 

- 0*7400 

1*388 

- ()*423 

- 2*539 

- 0*639 

!•» 

-01079 

1*824 

- 0*7844 

M 66 

- 0*487 

- 1*960 

- 0*631 

20 

- 0*0000 

1*786 

- 0*8366 

0*9904 

- 0*650 

- 1*661 

- 0*621 

2 1 

+ 0*0916 

1-760 

- 0*8944 

0-8493 

- 0*610 

- 1*275 

- 0*600 

2-2 

+ 0-1706 

1*743 

- 0*9677 

0*7330 

- 0*669 

- 1*060 

- 0*575 

2-3 

+ 0*2389 

1*734 

- I 029 

0*6367 

- 0*725 

- 0*8940 

- 0*637 


+ 0*2982 

1*731 

- 1*103 

0*6531 

- 0*775 

- 0*7616 

- 0*490 

2-5 

+ 0*3499 

1*733 

- 1*182 

0-4825 

- 0*821 

- 0*6640 

- 0*433 

2-6 

0*3960 

1-740 

- 1*268 

0*4218 

- 0*861 

- 0*6639 

- 0*372 

2*7 

0*4346 

1-760 

- 1*365 

0*3693 

- 0*896 

- 0*4882 

- 0*300 

2*8 

0*4689 

1*763 

- 1*446 

0*8237 

- 0*921 

- 0*4231 

- 0*226 

2-9 

0*4996 

1*778 

- 1*639 

0*2841 

- 0*944 

- 0*3672 

- 0*174 

3-0 

0*6261 

1-795 

- 1*636 

0*2500 

- 0*969 

- 0*3220 

- 0*115 

3-1 

0*6496 

1*816 

- 1*683 

02204 

- 0*967 

- 0*2769 

- 0*0585 

3 2 

0*6703 

1*835 

- 1*734 

0*1946 

- 0*970 

- ()*2406 

- 0 *( H )96 

3*3 

0*6886 

1*867 

- 1*786 

0*1721 

- 0*968 

- 0*2094 

+ 0*0364 

3-4 

0*6048 

1*879 

- 1*840 

0*1627 

- 0*964 

- 0*1819 

+ 0*0676 

3-5 

0*6192 

1*903 

- 1*895 

01 355 

- 0*966 

- 0*1685 

+ 0*0987 

3-0 

0*6321 

1*926 






3-7 

0*6436 

1*960 






3-8 

0*6636 

1*975 






8-9 

0*6628 

1*999 






4-0 

0*6710 

2*023 






4-1 

0*6786 

2-048 






4*2 

0*6861 

2-072 






4*3 

0*6910 

2*097 






4-4 

0*6969 

2*121 






4-8 

0*7019 

2 * 146 






4-6 

0*7061 

2*169 






4*7 

0*7102 

2*193 






4-8 

0*7143 

2*216 






4-9 

0*7176 

2-239 






50 

0*7207 

2-262 






51 

0*7239 

2*284 






5*2 

0*7266 

2*307 






5-3 

0*7289 

2*329 






5*4 

0*7318 

2*361 






5-5 

0-7336 

2-372 






5-6 

0*7366 

2-394 






5-7 

0*7372 

2*415 






5-8 

0*7389 

2*436 






6*9 

0-7409 

2-456 






6-0 

0*7424 

2-480 



* 
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It is oonvenientj aa in the paper by Bhabha & Heitler, to introduce a variable y 
defined by 

y = log-*. (26) 


It should be noted at once that when E>Eq (24) vanishes exactly. For when 
E>E^yy is negative, and the path of the s integration in (24) can be deformed into 
an infinite semicircle to the right with the point cr as centre. The expression in curly 
brackets tends to zero on this semicircle, as also the term outside it, namely, 
exp(— |iy|#), so that (24) vanishes. This is, of course, necessary for the physical 
interpretation. 

Now consider (24) when E<Eq, Since for real s>l, as is also shown 

clearly by table 2, it follows that, except for very small t, the main contributions to 
(24) come from the first term in curly brackets having in the exponent. Write 
P(E, i) given by (24) as the sum of two terms and defined by 


D-A . 

• 

fl — A 

(27) 

tl — J) , . 

fl — A 

(28) 


It will now be shown that (27) can be evaluated by the saddle-point method with 
an error well within 5 %. Introduce a function ijr such that is equal to the integrand 
of (27). Then, remembering (26), 




\ j I E Aa 


(29) 


Since as follows that A^ and hence as 1. Moreover, 

it follows from (25) that as s->cx). Hence ^ must have a minimum as « 

increases along the real axis from 1 to db. Denote the jmrtieular value of s, where 


ds 


= 0 


by a(,..We shall call this the saddle-point. Hence, differentiating (29), is deter- 
mined by 


y-A;«+ 



0 . 


(30) 


A dash affixed to a symbol will be used to denote differentiation with respect to «. 
The value of depends on the value? of y and t. Now shift the contour of the in- 
tegration in (27) to a parallel contour to tiie right or left so as to make it pass through 
the point «o> in other words, take (t » This can always be done sinoe the only 
restriction on <r is cr > 1 . Writing it a « - «o. by Taylor’s theorem 
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m 


We how make the usual approximation of the saddle-point method and leplaoe 
by^ the first three terms of its Taylor expansion, namely, the two terms on the r%ht 
of (31). Then 




1 _ r* 

J — oo 




eiX»o) ^ 1 _D— Ag, 


(32a) 


where, from (30) 



(326) 


It should be noticed that contains i explicitly but not y. 

The approximation in deriving {32a) consists in replacing exp{^(^o + /T)} by 
exp{^(So) -*r®^"(.«o)/2}. Now, owing to the symmetry of the.oontour of integration 
in ± tr , it is onjy the real part of exp ^(^Tq -f ir) which makes a non -vanishing contri- 
bution to the integral (27). Hence to check the accuracy of the approximation, it 
is necessary to compare the values of 

ii(exp ^(«o + it)} exp { - ^(5r{So)} with exp { - 


This has been done for two examples, namely^ y « 4, < = 10 and j/ « 10, i = 10, the 
corresponding values of Sq being 2-84 and 2*03 respectively. The figures are given in 
table 3 for different values of r, which shows that the error introduced by evaluating 
(27) by the saddle-point method is about 2%. It appears, therefore, that the 
accuracy of (32) depends on an aocxirate determination of tlie saddle-point Sq from 


equation (30). and ^ 



are given in the fifth and sixth columns of 


table 2, Since a is given at intervals of 01* 1 in the table, Sq has been determined by 
interpolation by using Newton’s formula. The method is described in another paj^er 
by Chabrabarty (1942). In the seventh and eighth columns of table 2 ai^ also 

given the values of A" and ~ required for calculating (326). 


TaBLU 3. AcCVRACY of the SADPLE-FOINT METHO 0 



jy = 4 
2*84, “ 

, /=10 

P06. vir*(*o) = 3-78» 

y=10,t=10 

= 2-03, f{«,) = »16, = 14 06 

r 

fi"{exp + 

-exp vfi^(«o)} 

exp 

H {exp ^(Sff + tT) 
-exp 

exp{-ir^r(^^o)} 

00 

1*00 

1-00 

1-00 

1-00 

01 

0-961 

0-981 

0-984 

0*932 

02 

0-926 

0-927 

0-763 

0-765 

04 

0-744 

0-739 

0-337 

0-326 

0^6 

0-529 

0-600 

0-078 

0-078 

0*8 

0-305 

0-298 

0-009 

0-011 
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Since Inaoouracies in the determination of the saddle-point cause large altera- 
tions in the result (32a), the logarithmic term in (29) can in no ciroumstanoes be 
neglected, as has been done by Landau & Rumer. Nor have these authors used the 
reverse of the Mellin transform equation (14a) for calculating P{E, t), so that their 
numerical figures are in error by large factors, being sometimes thirty times larger 
than those of this paper* 

The second part given by (28) cannot be evaluated in the same maimer. For- 
tunately its order of magnitude can be accurately estimated, from which it appears 
that it is small compared with except for very small t. To estimate the order of 
magnitude of the integral (28) consider the path of integration moved to the right 
so that er > 1, Then, everywhere on the contour we can approximately use the asymp- 
totic forms of the functions A, A and fx for large s given by (26). For large s, 
{fi — D)j(fi - A) 1, and neglecting terms of order Ijs^ in the exponent, we get 


] /*(r+<oc. 






2niEQ 


) J cr-iao 


I V J 


Writing s for ys the? integral can at once be transformed into the well-known expres- 
sion for a Bessel function (Whittaker & Watson 1927, p. 369) and we get 


. (33) 

Calculation shows that the contribution of is comparable with P^ only for small 
t, as we should expect. For i > 4 it is less than 2 % of P;^ and may therefore be neglecteel 
altogether. A method of calculating (24) when t is small is given in the last section 
of this paper. 

To get the total number of particles N{E, i) whose energy is greater than jE, one 
must integrate (24) with respect to E from E to infinity. By interchanging the order 
of the E and 8 integrations the E integration can be carried out first, giving 


N(EJ) 


1 I 

J tr-ieo / 


1 ID-A 


-M 


4.^. e- 

/t-“ A 


4 


ds. 


(34) 


The integral (34) can be evaluated in the same way as (24). The only difference is 
that on the right of (20) ya is replaced by y(a- 1) and -Iog(s — 1)^ added to it. 
Consequently, for determining the saddle-poiut, (30) must be replaced by 



(35) 


To oaloalate the maximum value of N(E,t) for a given B, and the value of t at 
which this maximum occurs, it is only necessary to consider the part in ^e curly 
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brackets in (34) which is proportional to since the other part is negligible at 
these thicknesses. The maximum of N therefore occurs when 


3 1 /"(T-ffoO 


dt 




I 


A.c-Vds =» 0. 


(36) 


This inte^al can also be calculated by the saddle-point method and it will vanish 
when A^ 0. Now A^ = 0 when s ^ 2, Hence, for a given y, the maximum will 
occur at such a value of t that the corresponding value of Sp is 2. Calling this value 
*1^ follows from (36) that* 

Evaluating (34) by the saddle-point method just like (32a), and then putting == 2 
and substituting for by (37), the value of N at this point is 


iV„,ax.(A’) = 




D 


V{ 2 ^{ 5 ^''( 2 )+l)}/r* 


= 0-137 ^®jlog^‘ 


E 


1-31 


-A 


(38) 


(38) justifies the formula obtained empirically by Bhabha & Heitler, namely, 
^mwc. The lower power of the exponent in their formula has the 

effect of roughly accounting for the variation of the logarithmic term in the denomin- 
ator of (38). It appears that (38) is Jess than Bhabha & Heitler’s approximatt^ formula 
by about 30 %, confirming the estimate of the error in their calculations made by 
these authors. The numerical factors in (38) are of imi>ortance, for they show that 
even at the maximum, the number of particles is about a tenth of E^jE, that is, the 
number that would be obtained if the whole primary energy E^ were divided equally 
among particles of energy E, This is easy to understand. It is because there are a 
number of particles and quanta with energy greater than E, while at the same time 
a lot of the energy has already been degraded into particles and quanta of energy 
lower than E. 

It should be noticed that according to (30) increases for a fixed y, as t increases, 
and the preceding discussion shows that ~ 2 at the thickness at which the maxi- 
mum number of particles occur for this y. Hence the saddle-point lies at < 2 before 
the shower has reached its maximum, and at > 2 after the maximum. 

It is interestliig to note that p(s,f) given by (23) and q(s,t) are finite for all real 
valuesofs> 1 but tend toooa8s-> 1. Hence, writing s = 1 + ^it follows from(13)that 


1 + «,<)- J" JP* P{E, t) dB 


♦ With the approximations of Carbon & Oppenheimer (see footnote on p. 278) equation 


(37) is replaced by 


l-26y*-l‘32. 


Tius equation makes the maximum lie at a depth which b too great by 26-40 %. 
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ia coiavergoat for ^ > 0, but becomes infinite for d ^ 0. Hence P{E, t) given by (14) 
must tend to infinity ae IfE for small E. Thus the spectrum of particles and quanta 
is of the form dEjE for very low energies. This is the result mentioned in the intro- 
duction, that if oolUsion lo^ be neglected then the spectrum of electrons is of the 
form dEjE for small E. Collision loss completely alters the low-energy spectrum of 
electrons, as will be seen in the next section. The singularities in p{s, t) and g(a, f) at 
a » 1 are due entirely to the singularity in (7 at this point, as shown by (16). It can 
be seen quite easily that this singularity in G comes from the fact that the spectrum 
of quanta emitted by an electron as given by (1) is of the form dE/E for small E. 

The creation of showers started by a quantum instead of by an electron can be 
treated by the same method. In the boundary condition (20) P(®, 0) and Q(J?, 0) 
are now interchanged, from which it follows that 0) and 0) are interchanged 
in (21), so that the coefficients of the terms proportional to and are different 
functions of It can bo easily shown that a result of this is to replace (D — A)/(/t — A) 
by BKfi - A) in (27). Since the maximum numl)er of particles occurs when « 2, and 
at this point A = 0 and =» D, it follows from (32a) that the number of particles at 
the maximum is very nearly the same, the difference being due only to the difference 
in in the denominator of (32a). It can also be shown that the maximum of 
N{E, always occurs at a thickness which is 0*82 unit greater than the corresponding 
thickness for electron excited showers as given by (37). Detailed calculations have 
been carried out in a paper by Chakrabarty, and numerical results are given there. 
They show, as we should ex^iect, that the curves giving the number of particles as 
a function of the thickness t are practically the same for a shower produced by an 
electron or a quantum of the same initial energy, with the difference that the latter 
curve is shifted to greater thickness by approximately one unit of length over the 
whole of its range. 
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We now proceed to solve the equations ( 1 6) when 0. Consider a shower started 
by an electron of energy E^. The boundary conditions at i « 0 are then (20), from 
which (21) can be deduced again. Substituting (21) into (15a) the boundary ooh- 
dition (22) is now replaced by 

The problem can therefore be reduced to the solution of the second order equation 
(17) with the boundary conditions (21a) and (39) at < 0. 

One point should be noted immediately. Since p(s, t) is proportional to and 

on the right of (1 7) we have p(s - 1 , () follows that in effect jS only appears in equa- 
tion (17) and the boundary condition (39) in the ratio Thus, if ^ be taken as 
the unit of energy in every substance just as I has been taken as the unit of lenglk, 
then the equations and the solutions are the same in all substances for initial energies 



Thecmcadei^^ 

wbieh are the same multiples of yS in each case. JUat as there is a transformation of 
the scale of length in going from one substance to another * so there is a transformation 
of the scale of energy. In mathematical terms the number of partidea loith an energy 
bdmeen fie emd ^{e^de) prodwed by a primary of energy fie^ at any given thickness t 
is the same in all substances. 

Since the right-hand side of (17) is smaller tlxan the left by a factor of the order 
it would appear possible to solve (17) by a perturbation method when E^'p fi, 
This would give for p(e, i) a solution of the form 

ij(8, () = 


where “-iid w^(s) are functions of s which must also depend on in order that 
the boundary conditions (21a) and (39) may be satisfied. A solution of the type 
(40) is nevertheless useless for getting numerical results, for in calculating P{E,t) 
from it by equation (14a), the wth term of (40) leads to an integral of the type 


2mEo'^ J. 


o' + ioo 




~ {v»(«) -f e ds. 

Writing s for s - n this can be written as 
1 / B\^ /E^V 

aS¥.(l) 


(41) 


and sinoe the path of integration can be moved to the right it follows that we can 
replace O’— » by o’ in the limits of the above integral. In this integral n only appears 
in the functions and which do not alter the order of magnitude of the integral. 
Thus in reality (41 ) leads to a solution for P{E, t) which is an infinite series in jiowers 
of in which the coefficients do not vary rapidly with n. Indeed, it can easily 

be Bhow|i that 


P{E,t) 




^ ( ( /)-A,)"«;(8)e- V 

U^.“^»+l) ••• /^»+i) ••• (^. /*.+«) 

^ (X>-/<,)”tg(tf)e~^** ^ 


is an exact formal solution of equation (17) where »(« ) and «;(«) are arbitrary functions 
of a which have to be chosen to satisfy the boundary conditions (21a) and (39). 
They can be given os series in powers of the first terms of the series being 
respectively iiJ8"^(D - — A,) and ~ ^.)> agreeing with the form 

tliey have in (24). If the series for v(8) and tc(8) be inserted in (42) and the terms 
properly bracketed to give a strict expansion in powers of yff, then, as has been shown 
by Iyengar, the ensuing series is absolutely convergent. The series (42) as written 
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is however divergent for ail values of M due to the appearance of /*{« -f n), and as a 
result the series for v(s) and w{s) are also divergent* Thus the series {42) is strictly 
not a proper solution at all. Nor is it possible to look upon it as an asymptotic 
solution of equation (17) valid for small fi, for the successive integrals actually 
increase as one goes from one term to the next when t is large. The solution (42) is 
therefore quite useless for obtaining any numerical results especially for S<fi. 
The methods of solution followed by Snyder and Serber also lead for purpcms of 
calculating the spectniin to series of the type (42) and indeed, Serber's solution can 
be transformed exactly ii\to (42). 

We shall therefore try and find a solution of the equation (17) by generalizing 
(24), which is an exact solution of this equation when = 0. Assume that an exact 
solution of (17) when ^^0 can be written in the form 


P(E,i) 








(43) 


where g{sj) and f{sj;/}) are functions of s and t, but not of E, Assume g to be in* 
dependent of /?. Then / must be a function of /?, and as will appear presently, is 
expressible as a power series in /?. We assume that cr is such that for R{s) > cr, g(s, i) 
and f(s, t, /?) have no singularities. 

Assume further that f{s^tyfi) satisfies the same boundary conditions at I — 0 as 
the corresponding^ function in curly brackets of (24), namely 

/(«,0,/?)=l, (44) 


It can then be shown that in order that (43) should satisfy the boundary conditions 
(20), g{s, t) must satisfy at f = 0 the boundary conditions 

9 ( 8 , 0 )=. 0 , ( 45 ) 

To see that (43) satisfies the correct boundary conditions at « = 0, differentiate (43) 
and write ij for s. Tlien 


X - 




dt 


[E + fig{ti,t)} 


dt 


IL 


Multipljring this equation by and integrating from 0 to oo, we at once get (39). 
Hence the function |)(s, f) connected with (43) by (13a) rigorously satires the oorreot 
boundary conditions (21o) and (39), provided g(a,t) and /(«,«,/?) satisfy (46) and 
(44) respectively, so that (43) rigorously satisfies the boundary conditions (20) 
at t n 0. 
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We now proceed to find, the equations, that glsj) and /(«, must satisfy in 
order that (43) should be an exact solution of (17)* Assume for the moment that 
asymptotically for large s 




when oc*t > 2, 

(46a) 

and 


when x't < 2. 

(466) 


It will be shown in the appendix that ff(s, /), as determined by the equations given 
below, has in fact this asymptotic form for large a. It will also appear that for iJ(s) 
greater than some finite positive number, that is in the whole complex plane to the 
right of some line parallel to the imaginary axis and to the right of it, neither it) 
nor /(«,<,/?) have any singularities. 

If a't>2, then by (46a), g(s,t)->0 as |s|-^qo. Since fi‘'nd/{^,^,^) have no 
singularities for i2(s) > cr, we can always move the contour of the integration in (43) 
to the right and hence in view of (46) by making cr large enough the path of Integra-, 
tion can be changed into another line parallel to the imaginary axis such that 

(47) 

at every point of it. We can then expand (E 4* at every point of this contour as 
a series in ascending powers of t)IE, If a't < 2, then it follows from (46) that a 
similar contour can be chosen such that on it (JB + can be expanded as a power 
series in y?gr(s, t)IE, provided E > fit. In order to find g{8, t) and /(^, t, p), the expansion 
may be carried out formally even for E < (A rigorous proof of the correctness of 
the solution (43) is given in the paper by Iyengar.) If /(s, satisfies certain con- 
ditions at infinity, then the series can be integrated term by term, and 


P{E.t) 


® 1 
„?0 2)71% 


p+i«/^A» /’(« + ») ( 


/’(#) /’(to 4 1 ) 1 

E 1 




(48) 


Writing 17 “ s 4 TO in this integral and shifting the path of integration again to the 
left so that tr 4 to is replaced by a, the (to 4 1 )th term becomes 


2mEQ \ Eq) j tr^ico \ e) to ! 


{g(n - fi) ^v- 


Now calculate the function p(e,t) connected with P(E,t) by the transformation 
(13 a). It at once follows from the property of the Mellin transform that this is 

Hence p{a,t) - jBj-^j^/(«,l,/?)-(fl-l)^jf(s- !,«)/(«- 1,1,/?) 


* 4* 


(s-l)(s- 2) //?(/(*- 2, 1)1* 


2 ! 


I ^0 


'jV(«-2, <,/?)+...]; 


(49) 
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From (40) it can be easily deduced that eatiafiee the boundaiy oonditiotis 

(44), then mustaatisfy (45) in order that j)(a,0 should satisfy (21a) and (30). 
Conversely if gr(s, t) satisfies (45) then/(s, must satisfy (44). 

Now assume that/(s, f, fi) can be expressed as a power series in y? thus 

/(S, j (00) 

and that the coefficient of ^ in this series is zero. It will apjmr presently that this 
is possible. There are now sufficient conditions to determine g and / uniquely. Sub- 
stituting (50) in (44) and equating the different powers of yS to zero, it follows that 
A(a, 0 satisfies the boundary conditions (44), while /„(a, t) for w > 0 satisfies the 
boundary conditions 

/»(«.«) = 0, («1) 

Introducing the series (50) into (49) and rearranging the terms to form a |>ower 
series in ascending powers of /? wo get 

p{8,t) x= !)«'{«- l,<)/o(»- 1.0 

+ (fj* ( {ff(s - 2 , <)}Vo(« -2.0 +/,(». o) + . • .] • (62) 

Write for brevity a ^ + (Ag + D)^ + (AgD—BgCg). (63) 

Introducing (62) into (17) and equating the coefficients of the different powers of 
^ to zero, we get a set of differential equations which successively determine g(a, () 
anid/Js.f), thus 

A,/o(s,t) = ^> (54a) 

l,0/o(»- 1.0} - (|+d)/o(«- 1.0. (546) 

-4.j/,(», 0 + 2.0}Vo(«- 2,f)) 

“ (I + ^) {(« - C (« - 2) Jf(« - 2, 0/o(« - 2. f)}, (64c) 


It follows from (64a) and the boundary conditions (44) that/o(«,0 u pnoisely the 
function we had in the case » 0, namely, 


/o(«.0 


_* e-W+C! — _ e w. 


( 66 ) 
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Substituting this into (646) we get at onoe 

ff(« - 1 , 0/o(« -1,0 = +j,e->^ 




{A,_i - A,) (A,_i -;t,) - A,_i) 






.-w. 


(/».-! - (/t^l -/tj A.-! - 


where we have made luse of relations of the type 


(56) 


A*.i - {A, + D) (A^, ^ A,) (A.^^ ^ ja,). 


A, and are the functions of s defined by (19), and and are arbitrary functions 
of s independent of t which have to be determined so that g may satisfy the boundary 
conditions (45), After some calculation we find 



(i>-A,)»e-V ^ (i>-A,,,)«e-A...< 

iM'B Ag) (A*^_i — A^) Ag) ■" A^+i) (Aj “• A^,^i) (fig -* A^^i) 



(M'g Aji) (A^+i /^tt) (/^8fi *“ /^$) Ag^i) (A^ /^«+i) 

X [ e-A^ + er>^J\ . 


] 


(67) 


Since > Ag for real s greater than 1, the terms proportional to c*-^ are negligible 
for all except very small i, and then to a good approximation 

D-K (jP-A,^0» (/.,-A,)fe-<'^ ..-^.)* 

(K^x-K){N^x-K) a>-A.)(/t,^x-A,;,)T/^.-A.';;)(A.^,-A.)- 

Sinc^e, further, A^^.! > A^ for real s greater than 1, the second term tends to zero for 
large t, and g{8, t) becomes independent of f . For all except small t the second term 
gives a small correction, Tbe values of g{8, i) for ^ « 2, 4, 10 and oo as calculated from 
,(58) are given in table 4 a. For t «= 2 and 4 and large s the figures are in error by 10 % 
as (68) is then not a good enough approximation to (67). This can be seen by com- 
paring these figures with those of table 4b, which are calculated from (67). But just 
for ^<2 the saddle-point usually lies near or below 2, and here the diGTerenoes 
between the figures of tables 4a and 4b are negligible. The figures for t = 10 and oo 
in table 4 a are quite accurate. The general dependence of g{8, i) on i for fij^ed a is 
easily seen. From the boundary oomlitions (46) it follows that for small t 

(69) 

and it rapidly tends to some constant limiting value depending on ^ as t^oo. This 
limiting value is about 0*6 for s « 1*6, about 0*8 for s « 2, and about 1 for a between 
2-6 and 3*0. This behaviour of ?(«, <) is of physical significance, as will appear in the 
next section. From table 4b and (46) it is clear that for large a the curves have a 
*dip" near <-2/a'^}, which becomes more pronounced as a increases, until for 
s 00 it becomes a sharp discontinuity at ^ « 2/a'. 
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Tablb 4 a. Valubs of g { 8 , i ) from fobiiula (68) 



8 

I'l 

1*2 

»(». 2) 

?{*. 4) 

g { 8 . 10) 

g (»* 00) 



0-0000 




0*8099 



1*3 


— 

.... 

0*3928 



1*4 

— 

— 

— 

0*4673 



1-6 

0-6252 

()*6363 

0-5364 

0*6864 



1*6 

— 

— 


0-6008 



1‘7 




0*6609 



1*8 

— 

....... 

— 

0*7167 



X'9 

— 

.... 

..... 

0-7696 



2*0 

0-7599 

0*7981 

0-8177 

0-8186 



2 1 

— 

..... 

— 

0*8641 



2*2 

. — 

— 


0*9061 



2-3 

— 

— 

— 

0*9460 



2-4 

— 

— 

— . 

0*9807 



2 5 

0*896 ♦ 

0*944 

0-9993 

1*013 



26 

0*913 

0-962 


1*043 



2-7 

0*927 

0-976 

— 

1*070 



2-8 

0*939 

0*987 

— 

1-096 



2*9 

0*950 

0-997 

— 

M20 



30 

0*968 

1*004 

1*0835 

Mil 



3 1 

0*962 

1*006 

1 0882 

1*160 



3 2 

0-967 

1*011 

1*0946 

M79 



3*3 

0*972 

1*014 

1*0984 

1*198 



3-4 

0*972 

1*010 

1*0944 

1*209 



3-5 

0*971 

1*010 

1*0944 

1*226 



3*6 

0*968 

1*006 

1*0895 

1*240 



3*7 

0*966 

1*000 

1*0836 

1*253 



3*8 

0*966 

1-000 

1*0817 

1*268 



3*9 

0-966 

0*999 

1*0782 

1*283 



4-0 

0-958 

0*990 

1*0675 

1*292 



4*1 

— 

— 

1*0633 

1*304 



4*2 

— 

— 

1*0559 

1*315 



4*3 


— 

1*0463 

1*326 



4*4 

.... 


1*0406 

1*339 



4*5 

_ 

— 

1*0272 

1*360 



4*6 

. — 

4 

1*0198 

1*360 



4-7 

— 


1*0111 

1*375 



4*8 

— 

— 

1*0021 

1*378 



4*9 

— 


0*9968 

1*383 



5*0 

— 

— 

0*9876 

1*386 



Tablbj 4b. 

Accurate values of g { 8 , t ) from formula (67) 


t 

1*0 

13 

1*5 

2*0 

4*0 

10*0 

1*6 

0*4892 

0*6118 

0-6174 

0-6269 

0-5853 

0-5364 

2’0 

0*6809 

0*7071 

0*7156 

0*7705 

0-8009 

0-8186 

2-5 

0*7264 

0*8298 

0*8760 

0*9389 

0,9564 

0*9998 

30 

0-7738 

0*9036 

0*9659 

1*048 

1*037 

1*083 

3*6 

0*8054 

0*9545 . 

1*029 

1*189 

1*066 

1*094 

4-0 

0*8317 

0*9949 

1-079 

M89 

1*064 

1*067 

4*6 

0*8475 

1*023 

MJ6 

1*839 

1*047 

1*087 

5*0 

0*8680 

1*050 

1*149 

1-887 

1*087 

0*9876 
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If we wish to calculate the limiting form of <) for lai^e s but finite t, it is neces- 
sary to consider all the terms in (57) and (58), for the first and second terms and the 
third and fourth terms in the numerator of (67) largely compensate each other as 
^ 00 , os also do the two terms in (68). The limiting form of g{s, i) as j? oo is calculated 

in the appendix and the result has already been given in (46) above. 

The expression (67) for g{s,t) like given by (56) and indeed, like/„(^,0 in 
general, is symmetrical in A and ja. Hence, although A and /i are themselves not one- 
valued functions of s in the whole complex plane, g(sj),fi}(s,t) and/,^(5,i) are one- 
valued functions of s throughout. Moreover, since they contain and it is 
clear that the points in the 8 plane where A and have singularities are essential 
singularities of g(8y t), f^(s, i) and i). Now A and are singular whenever 
or defined by (16) are singular, and this happens when s is equal to 1, 0 or a negative 
integer. 

The functions etc. can be calculated at once by solving (64c) and 

the succeeding equations of the set. All these equations are of the same type; in 
which the right-hand side is known, and the iinknown function is on the left-hand 
side. The general solution of equations of this type is given in the appendix. But 
(64c) can also be solved directly. We get 


■ /,(«. «) * - {(/(« - 2. t)YU(8 - 2, t) 

j + D 

+ ^ {(«-!)(«- 2 ) g(8 - 2 , t)U6 - 2 , <)} 

+ A:,e-V+Z,e-A.<. (60) 

(66) shows that the term in curly brackets in (60) just contains t in four exponentials, 
and the operator outside the bracket is to be taken in the sense 


.-A../ 

The arbitrary functions and M^hich are indej^endent of have to be determined 
to make/j(«,i) satisfy the boundary conditions (51) at ^ 0. It is clear from (60) 

that f^{8, t) will contain terms proportional to and a similar set 

of three terms with /<. instead of A, Now it will be shown below that for an 

appreciable contribution to Pa(i?,i) only comes from the term proportional to 
except for very small t Hence it is not necessary to determine A, and 
explicitly* The effect of the two terms containing them is largely to cancel the effect 
of the term at small t, and thus to make the total contribution of /j to the 
series (60) quite negligible for small t, as will be seen in the next section. The term 


20 
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prpportional to in can be calculated quite eaeily, remembering (66) 

and (68). We find 






(/^«-a “■ '^#--2) (^«-i ^^-2)^ (/^ 9 - 1 "" * 


I ^*- 2 ) (/^4l ^ 8 — 2 ) 


4* terms containing €r^»* and 


(61) 


The coefficients of the other terms can be calculated easily. 

The functions fz(B,t)y etc., can be calculated explicitly by the method given in 
the appendix. It is therefore clear that an exact formal solution of equation (17) 
with the boundary conditions (21a) and (39) can be written in the form (43) with the 
function gr(d, i) given by (57) etnd given by the series (60). Now correspond- 

ing to the series (60) for/(s, t, /?), P(E, t) given by (43) can be written as a series 


F(E,t) ^ + (62) 


where 


Fo(E\t) 

F,(EJ) 


Me, \eJ J j) 


(63) 

(64) 


and so on. It should be noted that the series (62) is not a simple series in powers of 
/? since, owing to the appearances of in the denominator of the integrand of each 
term, each term by itself is a function of which may be expanded as a power series 
only in certain circumstances. 

We now proceed to calculate (63). The function /<,(«, t) given by (65) is the same as 
the function in curly brackets of (24). The only difference l>etween (63) and (24) is 
the appearance of E-h^g(8, t) in place of E. As in (24) the contribution to (63) which 
comes from the term proportional to in /(,(», i) is negligible compared with the 
contribution which comes from the term proportional to for all except very 
small L Thus to a very good approximation for all except small <, we may write 


PoiEyt)^ 


iTTiEQj ^^ifoxE fig(8)t)j 


( 66 ) 


In view of the properties of g(8, t) discussed above and its asymptotic behaviour for 
large e, it is clear that (65) can again be evaluated by the saddle^point method and 
indeed with the same degree of accuracy. The effect of replacing E in (27) by 
S+^{ 9 ,t) in (06) is. therefore to give E a larger effective value depmiding cm the 
position of the saddle-point s,. The position of the saddle-point which depends on 
E tod t is shifted to somewhat greater values by the presence of ;(«, t), as compared 
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with the oortespondmg values it had in (27). In calculating (65) 
introduce a variable j/q defined by 

1 ^0 

Writing the integrand of (65) again in the form we find 

i^(^) = log (67) 


it is oonvenient to 
( 66 ) 


This differs from the ^ of (29) only by the addition of ^(jsi, 0 in the last term. The rest 
of the procedure of finding the saddle-point and then evaluating (65) follows the 
method of the last section closely. In fact, by using tables 2 and 4 it is no more 
difficult to evaluate (65) than (27). 

The qualitative effect of /^g(Sy t) in the denominator of (63) can be seen at once. It 
follows from (59) that i? 4- jSg(j9, i) — for small f, so that the effect of this t^rm 

is to shift the whole spectrum to lower energies by an amount fit corresponding to 
the energy lost by collision by each particle in the thickness t. For all but very small 
ty however, g(Sy t)^\y as shown by table 4 a and hence E + ^g(Sy t)'^E+fi» In other 
words, instead of the number of particles tending to infinity as E -> 0, as it did in 
(24), the spectrum becomes flat for E<fi and tends to a finite value as 6. Thus 
for all but small t the effect of collision loss is to flatten out the spectrum for energies 
below the critical energy. We see that our present calculations justify the original 
assumption of Bhabha & Heitler concerning the effect of collision loss on the 
energy spectrum of a shower. The finer features of the energy spectrum will be 
discussed in the next section. 

We now proceed to calculate P 2 {E, t) inserting in (64) only the term proportional 
to the expression (61) for /a(^,^). Writing ^4-2 in the integrand in i>laoe of 

^ and moving the resulting contour again to the right, i.e. bringing it back from 
O'- 2 to <r, we get 




jL. ^0 r z e-vrf. 


( 68 ) 


m, denotes the coefficient of exp ( — in (61). E^ appears here in precisely the 
same way as in (65) and ^al 80 appears in an exponential multiplied by the same 
coefficient A,. (68) now differs from (66) first in having g(a+2, t) in place of g{8, t). 
Table 4 shows that for s between 1‘6 and 3*0, g(8 + 2, t)-~g(a, t), so that the effect of 
this difference alone would be to make (68) only slightly different from (65). The 
other difference between (68) and (66) is that the integrand of the former is 

{E+figt+2,t^ fc^**”*-"* 

times the integrand of the latter. Even for E as small as fija and a less than 2*6 this 
factor is less than j). This extra factor decreases aa a inoreases and hence always 
shifts the saddle-point of (68) to somewhat smaller values compared with (66). 


ao-a 
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But since the saddie-point is preoisely the point at which the vadue of the integrand 
is stationary, this shift does not greatly aflFect the value of the integral. Thus, (68) 
will he smaller than (66) roughly by the factor (69). We now see the great advantage 
of putting E + i) instead of E in (43) for it multiplies the nth term of the series 
(62) by a factor -f- n, <)}“’S instead of the factor {fijE)^ which occurs 

in (42). This factor is always less than or of the order imity however small E may be, 
whereas fi/E becomes very large for small Ey and makes the successive terms in 
(42) increase rapidly. 

It is also clear now why the term proportional to in (61) would make a 

contribution to P^iE, t) small compared with (68). For on introducing this in place 
of / 2 (s, t) in (64), one would have to write 1 instead of s to bring the exponential 
to the form V as in (68) and this would give an integral like (66) but with the 
extra factor 

A __ P 

» 

in place of (60). Since the cascade theory this is small compared witli unity 

and hence the contribution of the e“''« »' terms in (61) to Py{E,t) is quite negligible 
provided For smaller E^^ the effect of these terms is actually to compensate 

(68) and make the total contribution of Py{B, t) to the series (62) still smaller. 

In order to compare the contribution of the second term Py{E, t) of the series (62) 
compared with the first P^{E, t) we have worked out (68) accurately by the saddle- 
point method for / * 10, and ranging from 4 to 10 at intervals of 1, and for the 
two cases where E is equal to fi and fije respectively. The results are given in table 6. 
The first and second rows in each case give the values of ^Po(E, t) arid fiPt(E, t) with 
the corresponding positions of the saddle-point. The third row gives the oorre- 
spondiug figures for fiPx{E, t) given by (27) of the previous section, in which collision 
loss is neglected oom])letely. The table shows clearly that the contribution of Py is 
always considerably smaller than Pg, and for large it is about one-fifth. Now the 
thickness t » 10 is approximately that at which a particle of initial eneigy corre- 
sponding to yg ~ 12 produces the greatest number of particles, while for yg «= 4 it 
cori'esponds to a position far beyond the maximum, when the shower is getting 
absorbed by collision loss. We should therefore expect P, to give a greater relative 
contribution for the smaller values of yg in table 6, as indeed the figures show'. Even 
so, the table shows that the figures calculated by using the first term P^(E,t) alone 
of the series (62) will not differ from the true figures by more than about 30 % except 
when E~fije. On the other hand, the figures for the number of particles calculated 
by neglecting collision loss altogether are three to five times too large for electrons 
of the critical energy {B ^ /?), and eight to seventeen times too large for E » filt. 

When E < /ff/e, the factor (69) becomes practically equal to unity and then i^(E, t) 
becomes nearly as great as Pg(E, ()• should then expect that the higher tenns of 
the series (62) would make an appreciable oontribution and that it would be quite 
insufficient to stop at the first term. The range of energy oonoeraed is small com- 
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with the critioal energy, so that the cegion is not important as far as the total 
number of particles is concerned. 


Tablb 5. Comparison of <) ano P ^( E , t ) for i 10 


Fo 

4 

6 

6 

7 

8 

9 

10 

1 ^0 

319 

2*86 

2*63 

2*46 

2*32 

2*21 

2*12 


00819 

0*456 

2*165 

8*822 

32*37 

100*5 

306*0 


2’78 

2 53 

2*36 

2*24 

2*15 

2*06 

2*00 

fiPtiE, t) 

00874 

01614 

0*586 

1*944 

5*842 

15*00 

40*72 

t) 

0*591 

2*84 

11*4 

40*7 

1300 

377*0 

1012 

*0 

3*10 

2*80 

2*59 

2*43 

2*30 

2-19 

2*10 

fiPo(E, t) 

0*2560 

1*209 

6*472 

21*90 

78*97 

247*2 

715*8 

•i 8q 

2*66 

2*45 

2*30 

2*19 

2*11 

2*02 

1*95 

fiP,(E, 1) 

0*1994 

0*7820 

2*789 

8*782 

24*99 

65*17 

* 157*5 

.fiPxiP.’t) 

7*72 

30*9 

no 

354 

1024 

2751 

6912 


Since the second term Pg of the series (62) is of the order /?2, it might appear that 
stopping at the first term means a total neglect of terms of the order y?*. I’his is, 
however, not so, since the integrand of the first term given by (63) itself contains 
in an expression which can be expanded as a power series in /ff, as has been done in 
(48). To compare the contributions to the tenn of order /P in P(E,t) which come 
from Py and P^ respectively, calculate P(E,t) by using the transformation (14a) on 
the series (52). We get* 


wo - 2l^Of)'[/.(*.0-|,(-')i«.-i.0/.(.-i.0 

+ (4)' {— y-- {?(« - 2. 0}*/o(« - 2. t) +Ms, <)} + •••]• (70) 

In this series the term independent of fi, and the term of order fi are entirely due to 
the first term Pf){E, t). Of the contributions to the term of order /?* the first part in 
curly brackets in (70) is due to Pq{E, t) while the second is due to /j(JP, t). To get an 
idea of the relative magnitude of the two terms in curly brackets in (70) consider 
that part of both which has as a factor. Using (68), (67) and (61), and writing 
s for « - 2 for convenience, this part becomes 


1 I ^ g ) (/*»+! ^«) 

1 (A.+,-A,)(/t.^,-A.) 



multiplied by a function of s which we have not written explicitly for brevity. The 
term in curly brackets is the contribution of/,(«, <)• The expression in curly brackets 

* liM same result could be obtained after some elementary manipulation by introducing 
tbe series (SO) into (48). 
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18 0*52 for s w 1*5, 0*40 for « 2 and 0*32 for 8 *= 2-5. Using (26) it can be shomi 

that it tends to xero as It is clear from this that dt least two-thirds of the term 

proportional to JP in the strict expansion of P(JP, t) m a, power series in fi comes 
from Pq, while Pg only contributes less than 36 % to this term. We see therefore that 
the first term Pq of the series (62) already contains the whole contributions to P( JB, ^) 
of the terms indei)endent of fi, and proportional to /?, and the major part of the 
contribution of the term proportional to and probably the important part of 
the contribution of higher powers of The terms jf^, etc., then only give small 
corrections to the terms proportional to and higher powers of fi. 

We have therefore established that (62) is an accurate formal solution of the 
equations of the cascade theory taking collision loss into ac<50unt. The convergence 
of the series (62) has not been proved, but this is not necessary since we have shown 
that in general it ia sufficient to take only the first term, the second being small com- 
pared with the first, even for energies below the critical energy, so that it is possible 
to look upon (62) as an asymptotic solution of the problem should the series (62) 
not converge.*** 

Values of P^{Ey t) have been calculated by the saddle-point method for between 
3 and 10 at intervals of 1, and three values of E equal to eji, fi and fije re8[)ectively. 
Table 6 gives the figures for i « 2, table 7 for < = 4, and table 8 for ^ « 10. The 
corresponding valpes of Sq are given in table 7 as an indication. The figures for P;^(i&, t) 
are those given by formula (27) where collision loss is neglected completely. The 
tables dearly show that for large t and small the figures given hitherto, neglecting 
(xdlisum loss altogether, are too large by a factor two even when E is e times the 
critical energy, and for E equal to the critical energy, the old figures neglecting 
collision loss are sometimes too large by a factor seven. This is as we should expect, 
for it is just for relatively large t and small y^^, that is after the shower has passed its 
maximum, that collision loss has the greatest effect. In this region our calculations 
show that the previous theories in which collision loss was neglected completely 
cannot claim accuracy even for energies which are two or three times the critical 
energy. 


EnJUROY distribution of the cascade KI.ECTBON8 

Small thicknesses. Firat consider the energy distribution of cascade electrons in 
a shower as it appears after passing through a very thin layer of substance such that 
< < 1 . (62) is stiU a correct solution, but in f^is, <), f^is, t), etc., it is no longer possible 
to neglect the terms containing For M 1 it is therefore simpler to start directly 
from the expression (43) and to insert in it for g and/the expressions they assume for 
very small t . Since /q satisfies the boundary conditions (44) it follows from (54a) that 

Al + BgCg. 

* The convergence has been proved in the paper by Iyengar (t<>4i). 
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Tablb 6. t IB 2 



Vo 

3 

4 

6 

6 

7 

8 

9 

10 



0*259 

0*603 

0*763 

M2 

1*62 

2-18 

2*86 

3*84 


pPiJ,E, t) 

0*391 

0*619 

0*955 

1*39 

1*91 

2*59 

3*45 

463 

E-fl 

fiPoiE, t) 

0*831 

1*519 

2*27 

3*34 

4*66 

6*19 

8*16 

10*7 


fiPx(B. t) 

1-68 

2*60 

3*78 

6*19 

7*06 

9*37 

12*3 

16*3 

It 

> 

fiPo(E. t) 

1*87 

3-14 

4*97 

7-14 

9*89 

13*6 

17*9 

23*6 


fiP^, t) 

705 

10*3 

14*1 

19*2 

26*5 

33*5 

410 

49*7 




Table 7. t 

=^4 






Vo 

3 

4 

5 

6 

7 

8 

9 

10 


»a 


2*63 

2*24 

2*01 

1-86 

1*75 

1-67 

1*61 


fiPaiE, t) 

— 

0-333 

0*989 

2*39 

4-90 

9*41 

16-6 

26*3 


»o 

2-96 

2-30 

2*10 

1*92 

1*79 

1*71 

1-64 

1-68 


fiPAB. t) 

0U71 

0-609 

1*60 

3-62 

6*88 

13*0 

2M 

36*0 


^0 

300 

2*43 

2-13 

1-94 

1*81 

1*72 

1*64 

- 1*69 


fiPa(E, t) 

0-385 

1*29 

3-61 

8-00 

16*3 

30*3 

62*0 

87-9 


»« 

2-39 

2-10 

1*92 

1-79 

1-71 

1*64 

1*68 

1*64 


fiP^iE, t) 

1-66 

4 34 

9*57 

18-7 

36-2 

67*3 

97*7 

1600 


#0 

2‘84 

2-37 

2*09 

1-92 

1*79 

1*71 

1*64 

1*68 


fiPoiE. t) 

0-931 

3-11 

8*13 

18-6 

36-8 

67-4 

116*0 

189-0 


*0 

2*10 

1*92 

1*79 

1*71 

1*64 

1*58 

1*64 

1*50 


flPxiE, t) 

11-8 

26-0 

60-8 

96*8 

166*8 

266*0 

436*0 

671*0 




Table 8. < =■ 10 






Va 

4 

5 

6 


7 

8 

9 

10 


fiPaiE, t) 

0-0138 

0-0870 

0*471 

2*04 

7*89 

26-1 

80*6 


fiP^iE, t) 

* 0*0379 

0-217 

1*06 


4*18 

15*0 

47*9 

139*0 


fiPaiE, 1 ) 

0-0819 

0*456 

2*15 


8*82 

32 4 

100*0 

306*0 


PPKiE.t) 

0*691 

2-84 

11 4 

40*7 

130*0 

377*0 

1012 

4c 

It 

fiPo(E. t) 

0*266 

1-21 

6*47 

21*9 

79*0 

247*0 

716*0 


fiPx(E.t) 

7-72 

30*9 

110*0 

364-0 1024 

2761 

6912 

This 

together with (44) shows that for small t 







Us,t)^ 1 -A,t + UAl+B,C,)t*+0{t») (71) 


86 could be derived after some calculation from (66). Further, in view of the boundary 
conditions (44) and (46), it fallows from (646) that 

Hence for small / + C^^) 

By using the boundary conditions (44), (46) and (61 ) it can then be deduced from 
(64c) and the subsequent equations that d*ldt*fn{8, t) = 0 for all n > 0, so that/„(s, () 
is of order <•. All the following terms in (60) are therefore negligible compared with 
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/j for small t. It follows from this that for small t all tho terms in (62) except the first 
are of order fl and negligible compared with Pq{E, t). Hence, inserting (71) and (72) 
into (43), 


P{E,t) 


1 ^ 

2niEf)j o--ioo [E + fill — ^{A 


»+x 



[I 


-A,t + i(Ai+B,C,)P]d€. 


Correct to terms of order t* this may equally well be w'ritten after some elementary 
transformations 


P(E,t) 





A 



After inserting the expressions (16) for and C, in (73) the resulting integral 

can be evaluated exactly. We give only the result here. It is convenient to intro- 
duce a quantity y' defined by 


y' = log 


^0 


(74) 


The 1 in the square brackets in (73) gives as usual 


(75) 


This, of course, just ^presents the original electron which has lost an energy fit 
by collision. 

The term proportional to t in the square brackets in (73) only contains It is 
obvious from the way that equation (15a) was derived from (12a) that Ag represents 
the eflFects of radiation loss only, so that the 8|)ectrum of electrons created in a very 
small thickness is due to one radiation process only. The term proportional to t in 
the square brackets in (73) gives 

- {a’K - a' + i) + - + 1 - e-vj , (76) 

where . 

JO A 


K is therefore an infinite constant which multiphos the d function. The spectrum 
reaches a finite value as iS? -> 0, increases with increasing E, and tends to infinity 
m E-*E^ — fit, that is as y' ->■ 0. This form of the spectrum is quite understandable, 
for the spectrum of low energy quanta given by formula (1) is of the form dE'jE', 
so that the probability is greatest for the electron losing a very small part of its 
energy. The d function in (76) diminishes the S function in (76) corresponding to the 
removal of the initial electron by radiation loss. The diminution is, however, infinite, 
just because the total chance of a quantum being emitted is infinite according to (1). 
Both the singularities in (76) are due entirely to afailure of the Betbe-Heitlerformida 
(1 ) for quanta of very low energy, and here, as has been shown by Bloeh & Nordsieck 



( 1937)1 ^ have to comider the simultaneous emission of a large number of quimta 
involved in a transition to the classical theory. (76) could of course be derived by 
a direct integration of (12a), The resulting electron spectrum is given in the third 
column of table 9 for ^ = 0- 1 . 


Table 9.^ Energy sbeotrum of electrons at different thicknesses for 



\ / 

(70) 

(77) 

(78) 



Total 




\ V 

Ovl 

0*1 

0*1 

0-1 

0-3 

2-0 

4-0 

10-0 

0*37 


O-lOOl 

00274 

3-250 

3-387 

20-94 

736-95 

1206-0 

179-4 








(2004) 

(7530) 

(4582) 

1 

0 

0-1003 

0-0231 

1-356 

1-470 

11-74 

337-3 

5S6-4 

67-67 








(660-3) 

(1420) 

(421-7) 

2-72 

1 

0-1007 

0-0185 

0-6C35 

0*0227 

4-660 

111-7 

146-8 

12-91 


* 






(141-7) 

(237-0) 

. (32-20) 

7-30 

2 

0-1022 

0-0137 

0*1709 

0-2868 

1-920 

33-83 

33-24 

2-063 

20-1 

3 

0-1078 

0-0000 

0-0512 

0-1680 

0-8683 

7*865 

3-443 


54-7 

4 

0-1424 

0-0042 

0-0121 

0-1587 

0-5730 

— 

— 



— 

4-8 

0-6315 

-0-0862 

0-0019 

0-6472 

1-130 


— 

— 


Tho figures in brackets arc those neglecting collision lose. All the other figures represent Eyf*o(E, t)* 


The first term proportional in the equate brackets in (73) has a part proportional 
to Al, representing the spectrum created by two successive radiation processes, 
which merely results in a spectrum of the general form (76) but still more flattened 
out. It gives 

(ix'k-x' + 1)H^S{E ,- + + 1 -€-v)log(l -c-»' ) 

+ 1 (e^l + 1 + (^ - 2«') e-"] y' + ^T' + (a' -i) (1 - «-"')] • (77) 

The resulting spectrum is given in the fourth column of table 9 for ^ = 0* 1 . The other 
part is projiortional to BgOtf. It is obvious from the way these quantities were 
derived that Cg represents the creation of quanta by radiation, while Bg represents 
the creation of pairs by quanta, so that this part represents the electron spectrum 
produced by the original electron through the intermediary of one quantum. The 
resulting spectrum due to this port is 


^ j^a'.D(e‘'' - «-»<'■) + (l-a' + 



e v')-^aV(l *+• ^ 


V')]. 


(78) 


It tends to zero as y' -► 0, i.e. j 5? -> — ySlf, and increases monotonically as E decreases, 

reaching its maximum value when £ ->0. This is again what we should expect, for 
the spectrum of low energy quanta being of the form dE'/E', the spectrum of 
eleetrons created by these quanta rises to a maximum mE-*-0. It should be noticed 
that owing to the appearance of e*' in (78) its order of magnitude is in general much 



300 H. J. Bhttbha aM 

larger than (76) or (77). The spectrum due to (78) is given by the fifth column of . 
table 4 for 1 «= O-l. 

The last term in square brackets in (73) is proportional to /ff. It can be written 


a 

"2 SE 







m) 


The exprosaion in curly brackets is just equal to (76) and is the spectrum created by 
one radiation process only. The meaning of the term (79) is then the following. In 
(76) the spectrum proportional to t has been shifted down to smaller energies by an 
amount as if all the electrons had lost this amount of energy by collision. This is 
obviously incorrect, since some of the electrons are created at some intermediate 
point of the layer and hence lose less energy than fit by collisions. The purpose of 
the expression (79) is to correct for this error. Moreover, the energy of the primary 
particle is not Eq, as it appears in (76), at every point of the layer, but less than this 
by the ainouiit lost by collision. This also introduces a slight correction to the 
spectrum (76), and this correction is included in (79). It should be noticed that since 
E^> fit always, (79) is of order i, and is hence small compared with 1 for small t. It 
is always small compared with the sum of (76), (77) and (78). In the fifth and sixth 
columns of table 9 we have given E^ times the resulting spectrum, namely, Ea^ times 
the sum of (76), (77), (78) and (79) for ^ « 0*1 and t = 0*3, and 5. The spectrum 
is quite different from what has been generally supposed. There is, as has been 
shown above, a ^-function hXE ^ fit, the height of which decreases as t increases. 
A more detailed investigation by K. S. K. Iyengar in which terms of all orders in i 
have been considered shows that for t>lj(xf this ^-function at E ^ fit com- 
pletely disappears and the spectrum then decreases monotonioalJy as E increases 
from zero. In particular it shows that the spectrum given by Arley for small thick- 
nesses is not even qtialitatively correct. This is mainly due to his neglect of the 
electron spectrum produced through the intermediary of one quantum. But quite 
apart from this, his assumptions about the collision and radiation loss are too 
artificial to have any claim to physical reality. 

Formulae (75) to (79) could be derived for small I from a direct integration of the 
equations (12). Thus every part of the expression (73) has a direct physical meaning 
and this affords another verification that the solution (43) is correct for small L In 
deriving expression (73) from (43), no assumption was made about the magnitude of 
Ef^, Indeed, (43) is also valid when EQ<fi, As mentioned in the first section, collision 
loss alone would prevent the electron from penetrating to a thickness t greater than 
SJfii which in this case is small compared with 1 . Hence, for E^4,fi^ (43) automatically 
reduces to (73), and this is therefore the complete solution of the problem of the 
absorption of a low-energy electron by collision loss and cascade production. 

Large thickneaam. For large thicknesses the solution (43) can be calculated in the 
form (62), where as waa shown in the last section, the major port of the contribution 
comes from the first term alone, and it is possible in general to restrict Oneself to this 
term. The form of the spectrum can be obtained from tables In table 9 the 
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spectra for < » 2, 4 and 10 have again been given for « 5: The figiures in braokete 
give the spectra that would have been obtained if ooHiaion losa had been neglected. 
Even for energies near the critical energy, the figures neglecting collision loss are 
sometimes six times too large. It is clear from the correct figures that the efTect of 
collision loss is to flatten the spectrum for E <Ji provided t is not too small. The 
spectrum of electrons in a shower never falls off {or E<fi as has been suggested by 
Arley. 

The calculation of the total nxunber of particles in a cascade as a function of 
Efi and t has been carried out by \i8 on the baeds of (02) in another paper (1042). 

Appendix 

(consider the function 

t) - Jyo(», t - n Y{s, t') df, (80) 

where /o(tf,^) is the function defined by (55) which satisfies the equation (54a)' and 
the boundary conditions (44) at i = 0. Then 

= Y(s,t)+ Y(s,t')di\ 

Hence, remembering that fg satisfies (45a), 

4X(«,«) = (|+i))7(«,o. (81) 

Hence, if a function X(^r, t) is to be found satisfying an equation of the type (81 ) in 
which the right-hand side is given, the particular integral is at once given by (80). 
To it may be added the complementary function satisfying the left-hand side of 
(81) equated to zero, in order that X may satisfy the given boundary conditions 
at ^ = 0. 

Now all the equations (64) are of the form (81). Hence, from (546), 

g(g-l, t)Ua -!,«)» |yo(«. t - <')/o(» - 1 , <') *'. ( 82) 

This already satisfies the correct boundary conditions (46) at t =. 0. It leads at once 
to (67). The subsequent equations may be solved in the same way, where the direct 
method given ia the text fails for n > 2. 


To calculate the asymptotic forms of /#(«,<) and g{8,t) for large a we notice that 
according to (26), as s->oo, 



2 

^ ^a'«*log«' 

(83a) 

while 

‘'•■^aVlogs* 

(836) 
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Hence, together with (26), for large s 


. ? e“^ 4- ~ 

a'*«®(log «)* 5*'^ 


( 84 ) 


/o therefore tends to zero quite differently depending on whether aft is less than 
or greater than 2, for in the former case the second terra, in the latter the first term, 
of (84) becomes the dominant one as 

Now calculate the asymptotic form of g($yt) given by (67), The first two terms in 
the numerator must be taken together, and in view of (836) writing 

^ I _ - A^) ty 

these then give 




[(/<.- 




(D-A, 


■fi+t) 


(D 






:]■ 


The last term in the above square brackets is of higher order, and the first two give, 
neglecting terms of a higher order, 


-ZH 

I 


2D-A,- A^, 
(/^s — A^) An) 


[a'V{log«)»]’ 


(85) 


The third and fourth terms in the numerator of (57) must also be taken together. 
In view of (25) 

a' 

o 

for large 5, so that writing 

1 - t, 

the third and fourtli terras of the numerator of (60) then give 




,r. 




(/*»+!- 






The last term is of order “ /^/i) while the first two combine together to give 
a term of higher order. Hence, as ^ oo the above expression reduces to 


Adding this to (86) and dividing by (84) the asymptotic form of ?(«,<) for large s is 




* 

2 

a'*fl*(loga)** 




8*’‘ 


( 86 ) 


Depending on whether a't is greater or less thsji 2, the first or the second terms in 
the numerator and denominator of (86) dominate, leading to (46a) and (466) 
respectively. 
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A magnetic study of the two-phase iron-nickel alloys, II 

By K. Hosblitz and W. Suoksmith, F.R.S. 

H. H. Wills Physical Lahoratory, University of Bristol 
{Received 1 April 1942) 


The method of using meosuroments of magnetic saturation intensity of armealed iron-nickel 
alloys for the determination of the equilibrium phase boundaries, as demonstrated by Pioklea 
& Suokaraith, has been extended. 1’he phase diagram of the system has been determined 
accurately between 626 and 366® C. 'J''ho meclmnism of phase «egn>gation from the single.phose 
a-state has been studied, wliere it was found that contrary to the usual case, one of the phases 
orystalUsee out in its equilibrium concentration whilst the residue of the alloy progressively 
and uniformly approaches equilibrium composition. It was possible to study and express 
qtiantitatively tlie rate of attainment of equilibrium, and on evidence obtained in this way 
the vi«iw is baaed that the lower practical limit of temperature where the equilibrium diagram 
can be studied by annealing experiments has been reached. 


Iktboouotjok 

In a recent paper Pickles & Suoksmith (1940) described an investigation of the 
magnetic properties of the two-phase iron-nickel alloys. Magnetic measurements 
showed the existence of a two-phase field an<i the phase diagram above 450“ C 
was determined. The relations between the magnetization temperature curves and 
phase changes suggested that the magnetic method of investigating the phase 
diagram was capable of being extended to lower temperatures, if a method could 
be evolved which allowed the extrapolation to equilibrium conditions from inter- 
mediate stages of phase segregation. It was therefore the object of the present 
work to study the mechanism and kinetics of phase changes in the iron-nickel 
system and to extend the phase diagram so far as possible to lower temperatures. 
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Expbbimbntai* 

Pure iron-nickel alloys ranging from 3 to 50 atomio % nickel were obtained 
from Dr Bradley, their purity and preparation being described before (Bradley & 
Goldschmidt 1939). Measurements of tr, the magnetic saturation intensity per unit 
mas6, were carried out at various temperatures. High magnetic fields (^16,000 
gauss) were used since the values of (r so observed are independent of physical 
properties and depend only upon the phases* of the ferromagnetic material. As 
will be seen, curves of cr as a function of the temperature lend themselves readily 
to an exhaustive examination of the phases present in a ferromagnetic specimen. 
The experimental determination of the intensity-temperature variations was the 
same as used before (Pickles & Sucksmith 1940) ^jxd a detailed description of the 
apparatus and method has been given in an earlier paper (Sucksmith 1939). 

As a preliminary heat treatment the specimens wore kept at 1000^ 0 for 4 hr. 
and subsequently quenched in water. They were then cooled to — 180^ C for 
48 hr. The rapid quenching ensured that all the alloys were left in a pure single- 
phase state, those below 33 % Ni coming into the body-centred cubic a-state, 
only the Ni richer alloys remaining in the face-centred y-state. This quenched 
state formed the most suitable basis for further annealing experiments, because 
it left the greatest possible part of the range of alloys in the a-state, and only the 
(jfdattice shows perceptible changes after reasonable times of anneal at the low 
temperatures employed in this work. Specimens left in the y-state show no change 
towards equilibrium, even after prolonged times at these temperatures. It was 
found that the rate of quenching from 1000® C influences the resulting a-lattice 
and further that the previous method of air cooling did not yield sufficiently con- 
sistent results owing to the dependence of the rate of cooling on the size of the 
specimen and heat capacity of the quartz tubes in which the specimens were sealed. 
It seems reasonable to assume that this is due to the fact that specimens so cooled 
exhibit some separation into two phases whilst passing through' the two-phase 
r^on, when diffusion is still comparatively easy, so that a good single-phase 
specimen can only be obtained by as rapid quenching as possible. 

Heat treatments were carried out at various temperatures down to 326® C 
for suitable periods. For this purpose large thermostatically controlled electric 
resistance furnaces were used enabling the temperature to be maintained constant 
to within ± 2® C for periods of the order of months. For reasons explained latery 
most of the alloys were subsequently cooled once more to — 180° C for 12 hr. 

ThH JJQUIUBEITrM DIAGRAH 

Pickles & Sucksmith (1940)^ using the magnetic method, showed that it was 
possible to detect the presence of two phases in some alloys after asmealing. They 

* It should bo noted, howovar, that a superlattioe may have a diffem&t intensity froxxf that 
of tlie same disordered alloy. Ix^orma^on bearing on this will be published in another place* 
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determined the |duMae beundaries by comparmg the magnetic properties of quenched 
and annealed alloys. In that case the method of fixing the a-boundary consisted 
in observing a change in magnetic saturation intensity at room temperature, any 
7 *phase formed out of the original single-phase a-lattice being evident by a decrease 
in intensity. It is pointed out by Pickles & Suoksmith that for the lower annealing 
temperature this method is not so suitable, as such changes are very small. 
Furthermore the room temperature intensity even in the highest fields employed 
depends also to a certain extent on the rate of cooling, and generally on the state 
of purity of the phase. In the present work another method has been devised which 
is less sensitive to the conditions of quenching and does not depend on the observa- 
tion of minute changes in intensity. It has the additional advantage of giving the 
a- and y-phase boundaries simultaneously, even if the alloys have not reached 
complete equilibrium in the annealing treatment. This method is described below. 



temperature (°C) 

Fuwhic 1. Intensity temperature curves of quenched alloys, (a) 2B% Ni alloy, 
characteristic a-phase, (6) 50% alloy, clmractoristic y^pliase. 

It is known from previous work (Pickles & Suoksmith 1940 ) that a definite 
relation exists for each of the two lattice forms between the transition temperature 
and the nickel content of an alloy. Figure 1 shows two typical cr-T curves for 
single-phase quenched alloys. Curve (a) was obtained for a 23 % Ni alloy; this 
has an a-lattioe and the graph shows the characteristic features of comparatively 
constant intensity at lower temperatures with a subsequent sharp fall towards 
the well-defined transition temperature at 560'" C. The non-reversibility of this 
transition temperature (Pickles & Suoksmith 1940 ) shows that an irreversible 
change into the y-phase has taken place. Curve ( 6 ), corresponding to a 50 % Ni 
alloy, illustrates the oharaoteristics of a y-phase by the gi^ual fall of intensity 
with rismg temperature and the Ul-defined Curie point at about 560^ C. This 
transformatioh is purely magnetio and hence is reversible, the lattice retaining its 
structure throughcFut. The point is therefore a true Curie point. Such <r - T curves 
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of well-quenched alloyB are repeatable to a high degree of oomoidenoe. Figure 2 
is obtained by plotting the transition temperatures in the case of alloys in the 
a-phase, and the Curie points for y-alloys, determined from the or— T curves of 
pure single-phase quenched alloys against their nickel content. 

Using figure 2 it is therefore possible to determine the percentage nickel of an 
unknown single-phase alloy from its cr— T curve. This relation allows the deter- 
mination of the composition in the case of an a-lattice to within ± 1 % Ni and in 
the cose of an alloy in the y-state, where the transition is not so sharp, to within 
± 1 to 3 % Ni. 



peroontage Ni 

Fkjukk 2. Curves showing relationship between magnetic transition temperature (cc-phaae), 
resp. Curie temperature (y-phase) and Ni content of an alloy. 

Fpr an al^oy in the two-phase state the <r — T curve shows two transition tem- 
peratures, the one by an inflexion in the curve and the second at the point where 
the magnetization finally falls to zero. Examples of such alloys are given in 
figure 3. Curve (a) shows a 16 % Ni alloy after 18 days at 525“ C. From 140“ C 
upwards this curve takes the form for a single-phase (a) aUoy. The dotted section 
below this temperature is the result of extrapolation. The difference between this 
and the experimental result is the effect of a y-component with a transition tem- 
perature at about 140“ and is shown by the broken line curve (5). The Curie point 
of the y-phase is obviously not well defined but from figure 2 we deduce that the 
Ni content of this phase is about 27 + 3 % Ni. If the same alloy, however, be 
cooled to - 180“ C for even a short period before examination, the Ni-rioh phase 
will undergo an irreversible change to the a-structure without changing its com- 
position, provided it contains less than 33 % Ni. This change is an allotropic 
transformation of the lattice and as the temperature is much too low to allow 
diffusion to take place, it is justifiable to conclude that the composition of the 
phase cannot alter. The resulting tr — T curve is that labelled (c) in figure 3. Here 
the transition temperature of the Ni-rich phase is sharp at 520“ C so that its com- 
position can be deduced more accurately from the graphs of figure 2, i.e. --26 % Ni. 
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Jn both cases the iron-rich phase fbUows the same curve, thus indicating that 
neither its composition nor its amount is altered by the cooling in Mquid air. This 
fact is an additional indirect proof that the composition or amount of the other 
phase present cannot be affected by its irreversible aOotropic change of lattice 
structure. In figure 3 only a few of the numerous experimental points are included 
for the sake of clearness, but the others lie on the same smooth curve. 



tein pemture ( " C) 

Figure 3. Intonsity-tiimjKi'raturf^ (nirv<5S of 10% Ni alloys showing uiodificationa produced 
by cooling a two -phase alloy to — IHO^C: (a) annealed 18 days Rt 525® C, (c) annealed and 
subsequently cooled to for 48 hr. 



percentage Ni of original single -pliaae alloy 
Figure 4. Theoretical form of relation between Ni content of alloys 
l>efore and after anneal. 


Let us now assume that we anneal a set of alloys at a temperature T until 
equilibrium is obtained. Prom the cr— T curves of these specimens the oom- 
|K>sition of the components after anneal can be determined with the aid of figure 2 
and a graph can be plotted giving this composition as a function of the composition 
of the original single-phase alloy. From the following considerations we should 
expect the form of this graph to be that shown in figure 4. In the region of com- 
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plete 8olubility of nickel in iron no segregation into two phases will hare taken 
place and the alloy remains unchanged. The same will apply for the region of 
complete solubility of iron in nickel. In these cases the graph should therefore 
consist of straight lines through the origin, OA and BD respectively, making an 
angle of 46® with the axes. But in the two-phase region every alloy will have split 
up into a mixture of the two equilibrium phases. The nickel concentration of 
respective phases will be the same for all the two-phase alloys and only the amount 
of one phase relative to the other will be different in the various specimens. This 
will not affect the transition temperatures but only the relative intensities. The 
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percentage Ni of original single- phase alloy 

Fioubk 6. Experimental relation between Ni content of alloys before and after anneal. 

graph in this region should therefore show two horizontal lines AE and FB, and 
the points where these intercept the line 01), A and B, give the composition 
Co and of the equilibrium i>haseB at the temperature T. For the accurate experi- 
mental determination of it will be of advantage if the y-phase is irreversibly 
changed into the a-struoture, by cooling in liquid air, as demonstrated before. 

This method of determining the equilibrium phase boundaries was employed for 
alloys annealed at 626® C for 18 days, at 420® C for 100 days and at 366® C for 
150 days. In figure 6 these results are shown and thus the phase boundaries deter- 
mined for 526® C at % Ni and 26^ % Ni, for 420® C at 12 J % Ni and 32 % Ni, 
and for 366® C at 16 % Ni and 34 % Ni respectively. The equilibrium diagram 
arrived at is shown in figure 6. 
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It will be seen that the phase boundaries differ somcAyhat from those given by 
Pickles Sc Sucksmith, shown dotted in figure h. The main difference is in the 
a-boundary, but as mentioned before, the previous method did not lend itself 
readily to the accurate determination of the a-boundary at low temj>eratures* 
However as a check the a-boundary given by the above method was compared 
with that given by the earlier method of taking the room temi>erature intensities 
before and after annealing and observing the composition of the Ni poorest alloy 
which showed a fall of intensity after anneal. The a-boundary so determined is in 
good agreement with the newer method. The values found are between 7*6 and 
9 % Ni for 526° C and between 12 and 13 % Ni for 420° C. These points are 
shown as crosses in figure 6. At 365° C the changes in intensity were too small to 
be observed at all. 



atoi7)ic poroentage of nickel 

FiGiTKJB 6. Equilibrium phase diagram of the iron-rich Fo-Ni alloys. 

The y-boundary, however, agrees with the present results, with the exception 
of the point for 460° C, which was thought to bo at about 34 % Ni. Pickles & 
Suoksmith concluded that alloys annealed at 460° C were reversible between room 
temperature and liquid air temperature and that therefore the y-phaso contains 
more than 33 % Ni, the limit of irreversibility. In the light of recent evidence, 
however, it appears likely that the earlier preliminary heat treatments may not 
have been adequate in eliminating the effects of previous history. In the present 
work a very large number of alloys were brought into the quenched state with 
great care and were subsequently annealed at these low temperatures. All alloys 
annealed at 450° C, even at 420° C, were found to be irreversible and this is in good 
agreement with the fact that the y-boundary at these temperatures is now located 
below the limit of irreversibility, i.e. below 33 % Ni. 
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Mkohakism of kkgeboation 

In the curves of figure 5 a surprising feature is clearly borne out which, it is 
thought, throws light on the mechanism of phase segregation from the quenched 
state. It will bo seen that although the lines in the two-phase field are in the main 
straight lines and allow a satisfactory determination of the equihbrium oonoen- 
trations, they are not horizontal lines, as would have been expected. The alloys 
in this region have not split up into two phases with constant nickel percentages, 
but the concentration of the iron-rich phase is still a linear function of the con- 
centration of the original single-phase alloy. The nickel-rich phase, however, is of 
constant percentage for all the two -phase alloys. This suggests that the process of 
segregation takes place by the y-phase crystallizing out in its equilibrium f)er- 
centage whilst the residue continuously changes its composition until equilibrium 
is finally reached.* In the usual case of a two-phase alloy both equilibrium phases 
crystallize out of the original lattice until the whole of this is used up. If this had 
also been so in the present case, one would have expected to find the presence of 
three constituents in specimens where equilibrium had not been reached. Although 
many specimens were far from equilibrium when examined, in most cases only two 
constituents were present. The few remaining oases were all in the neighbourhood 
of 25 7o Ni, where there is reason to suspect a superlattice in the a-phase. Experi- 
ments were made to obtain definite information about a possible state of order in 
FejNi ; the magnetic changes are so small that they fail to yield definite informa- 
tion. The fact that only two constituents were found in all other cases, supports 
the hypothesis put forward above with regard to the process of attainment of 
equilibrium. 

In order to test this hypothesis still further, and also to investigate the rate of 
approach to equilibrium, a second series of ex})eriments was carried out. Speci- 
mens with 10 % Ni were annealed for 2, 5, 9 and 18 days at 525“ C. In each case 
only two constituents could l>e ibundl The nickel-rich phase had always the same 
composition, 26^ % Ni, i.e. equilibrium percentage, and increased in amount, 
whilst the other mnstiriient approached a percentage of % Ni with increasing 
time of anneal. Also these experiments therefore confirm the suggested mechanism 
of phase segregation. 


The time-tempeeature law 

With the experimental material available it was thought possible to make an 
attempt at estimating the rate of attainment of equilibrium. Assximing that the 
speed of approach to equilibrium of the uniformly changing a*phase is proportional 

♦ In a similar way, Ocrlach (1936) showed the precipitation of one phase of Ni-Ke in its 
final concentration with simultaneous uniform change of concentration of the residue. He 
also used the magnetic intensity at fields, and later with Hammer (Oorlach A Hammer 
1936) BUpplemented these measurements by experiments on the electrical reristanee of the 
aUoys. It appears likely that a similar process occurs in tither alloy systems. 
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to the difference of its composition from equilibrium composition, similar to 
radioactive decay, we can write 
dc 

(I) — Cq), where c is the concentration after the time t of anneal and 

C 0 the equilibrium concentration at 7\. Assuming that the final state Cq is constant, 
Ay is a function of the absolute temperature T only. We have thus, according to 
statistical considerations 

(II) Ay “ where A is a constant of the dimension of a reciprocal time, 

the exact meaning of which is not yet correctly understood, and q is the activation 
energy in cal. /mol. , necessary for an atom to move in the lattice. 

The assumption that the final state Cq is constant is not exact, but in view of the 
slow change of the a-equilibrium percentage with temperature, we can assume 



log (C-Co) 

FiGirKE 7. Approach to oquilibriiun of a 1S% Ni alloy aanoah.'d 
for various {wriods at 625'^ C. 

to be constant at a first approximation. Furthermore, the crystallisation of the 
y-phase is probably dependent upon the presence of crystallization nuclei, which 
may have some influence on the rate of attaimnent of equilibrium, and this in^ 
fluenoe is not taken into account. The alwve formulae are therefore to be regarded 
as giving a crude description of actual conditions. They can be used to estimate the 
time necessary for an alloy in the quenched state to approach equilibrium to a 
desired degree. 

From (I) by integiution we see that when log (c - is plotted against the time, 
the experimental points should lie on a straight line. Figure 7, showing the experi- 
mental results for the 16 % Ni alloy annealed for various j>eriods at 525"" C, is in 
reasonable agreement with this relation. This graph shows that Ay is really in- 
dependent of the time of anneal and it remains now to test the relation of Ay as 
a function of T. From the experiments at the temperatures where the values of 
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c — Cq could be determined with accuracy, JTy can be calculated uBing (I). The values 
of thus obtained are: 


T *^0 

ICf 

525 

0'22 

490 

012 

420 

0-77 X 10~> 

365 

0*2 xlO-» 


These values allow the calculation of the ‘half- value times’, i.e. the times in which 
the composition of the a-phase of an alloy changes half way from original to 
equilibrium composition; thus according to (I) and (II), if log t is plotted against 
IjT for any given c — in our case again a straight line would be expected* 
Figure 8 shows this graph for the four experimental temperatures. Here again the 
agreement of experiment and theory is satisfactory. 



Fic^ukk 8. Half-value times of Fe-Ni alloys for various temperature^s. 

It is now |>ossible to determine the values of A and q, which are -'10®/day and 
34,000 (ial./mol. respectively. The value of A is smaller than that given by 
Dehlinger (1939) for Au-Ni, by a factor of 10*, but in view of the sluggishness and 
slow rate of diffusion in the nickel-iron system, this is not surprising, since A is in 
some way connected with the frequency of an atom to change its place in the lattice, 
q is of the right magnitude. Jost (1937) gives values of 20,000 to 40,000 cal./mol. 
for the activation energy of intermetallic diffusion in mixed crystals with sub- 
stitution lattices. Considering the approximate character of the suggested theory, 
the agreement can be regarded as satisfactory. 

It might be of interest to remark that according to this treatment it is possible 
to throw light on two experimental questions. The first is the time of anneal 
necessary at 1000^^ C to bring an alloy into the single-phase state. It is found that 
from the quenched state the alloy would be in complete equilibrium after 4 hr. 

10“*°], i.e. adequate time is allowed. It seems, therefore, that the traces 
of two phases w^hich were found in the earlier work after heating times shorter than 
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24 hr. at 1000® C were due to the fact that the epeoimeris in these oases were cooled 
too slowly. The second question of interest is that it is now possible to estimate the 
lower temperature limit at which any observable changes in the alloys can be 
expected within periods that can be used in laboratory experiments. For instance, 
at 300® C the half-value time would be about 40 years, at 325® about 10 years. 
Indeed, specimens annealed at 325® C showed no change after 6 months. It seems 
therefore reasonable to state that the lower practical limit of temperature, where 
the equilibrium diagram of the system can bo investigated by ordinary annealing 
experiments, has been reached in the present work. 

It should be emphasized once more that in all the experiments described above, 
the single-phase a-state was the original state of the alloys. Alloys that are left in 
the y -state need much longer times to change towards equilibrium. Alloys that 
are annealed from an intermediate two-phase state show very complex character- 
istics, but in spite of this it is often possible to interpret their a — T curves in terms 
of the above mechanism of segregation. 

One of us (K. H.) wishes to record his thanks to the British Electrical and Allied 
Industries Research Association for a grant. 
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The crystal structure of 4 : 4'-dinitrodiphenyl [Ci2H8(N02)2] 
By J. N. van Niekhbk, M.Sc., University of Cape Town 
(Communicated by Sir Laturence Bragg, F.R.S. — Received 20 April 1942) 


The crystal of 4:4'-dmitrodiphonyl [(>i*H,(NO,)g] is an example of one tJiat can for pur- 
poses of measurement be referred to orthogonal axes, but ivhich further investigation shows 
to be structurally znonoclinio. The dimensions of the orthogonal unit cell, which contains two 
molecules, are a 3*77 A, h « 9-56 A, c » 15-39 A, and the space group is Pc. 

The method of tlouble Fourier series has been applied, and projections of the electron 
density on two of the axial planes have been made. The most important projection, that on 
the be plane, has no centre of symmetry, and the phases of the Fourier components had to 
be estimated before siunming the series. Although so far the »i>ace group is concerned the 
molecules need have no centre of symmetry, it is almost certain that such centres exist. 

Within the errors of ox{>eriment, the benzene rings are regular hexagons of side 1*41 A, the 
two rings in the juolecule being co-planar with a common axis. 1'he C-C link between rings is 
1*42 A. The C-N links do not lie in the plane of the rings, but make angles of about ±22” 
with it. The two N-O distances in tlie nitro-group are not quite equal, being l-H and 1-21 A, 
the 0-0 distance being 2*00 A. The linos joining O to O in the nitro-groups am nearly parallel 
to the plane of the benzene rings, but lie about 0-42 A above and below it. The closest appro*mb 
of O to CH in adjoijont moleciiles is about 3-0 A, and that between CH and CH, 3-0 A. 

A discussion of the packing of the molecules in the structure is given. 


ORysTALLOGRAPHY AND OPTICAL PROPERTIES 

The material used in the investigations was prepared by Dr W. S. Rapson of the 
Chemistry Department of the University of Cape Town by the method of Gull & 
Turner {1929). Suitable crystals for examination by means of X-rays were obtained 
by slow evaporation of a solution in ethyl acetate. The crysta-k are light amber in 
(5olour, and are usually in the form of flat plates or thin elongated needles, some of 
which show the (Oil) i>risrn faces round the zone [100]. Goniometer measurements 
gave the angles between such faces at 63^^ 30' and 11 6*^ 30'. The directions of the 
crystal axes were chosen so that the angle between the (Oil) and (OTl) faces was 
63^ 30'. 

As an aid in guessing a provisional structure, the refractive indices of the crystal 
for light vibrating along the three principal axes were determined. Small crystals 
immersed in mixtures of a-monobromonaphthalin and paraffin, or for bigger refrac- 
tive indices in methylene iodide and sulphur, were examined under a polarizing 
microscope. The conc^entration of the mixture was altered until the crystal became 
nearly invisible. The Beoke line phenomenon was used as an indication of the direc- 
tion in which the concentration had to be altered in any given case. By suitable 
manipulation of the crystals all three refractive indices were investigated in this 
way, and the values 

a =1-49, /^>l-78, y>l-78 

were obtained with sodium illumination for light vibrating parallel to the a, 6, c 
axes respectively. The crystal is therefore optically negative, and very strongly 
doubly refracting. 
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ThB TTKTT CKIX AND THfi SPACE OEODP 

A series of oscillation photographs was made with CnKa radiation.*** The dimen- 
sions of the unit cell obtained from these are 

a=«3'77A. 6-9-56A, c«J5‘39A. 

The density of the crystal, as determined by the method of flotation, lies between 
1 -4 and 1 *5 g./o.o. The unit cell must therefore contain two molecules of Cj2H8(N02)2, 
corresponding to a true density of l*45g./c.c. 

All the spectra recorded on the oscillation photographs fell accurately on both 
layer-lines and row’-lines, and the films were indexed without ambiguity on rect- 
angular reeij>rocal lattice nets, suggesting orthorhombic symmetry; however, for 
reasons given below it is clear that the crystalline symmetrj" is actually only 
monoclinic. General reflexions hkl of all types occur, showing that the unit cell 
having the above dimensions is primitive. Reflexions hiU are present only if I is 
even. The structure therefore has glide planes of symmetry parallel to (010) with 
a glide There are no other systematic absences. 

That this structure cannot be orthorhombic may be shown as follows. If 
the crystal belongs to the orthorhombic class, there must be at least one, and 
])08sibly two, mirror planes of symmetry in addition to the single glide plane deter- 
mined by X-ray measurements. Since the crystal contains only two molecules to 
the unit cell, both of which are acujounted for by the glide plane, it follows that these 
additional mirror planes, if present, must be symmetry planes of the molecules 
themselves. Consider first the (100) planes. The observed spacing, 3*77 A, is about 
equal to the thickness of a benzene ring as determined from the structure of a number 
of aromatic compounds. The widtii of the rings is considerably greater than this 
(about 6*0 A), and so, if the (100) planes are symmetry planes of the molecule, they 
must coincide with the planes of the benzene rings. There are then two possibilities 
for the nitro-groups. Either the plane of these groups must lie in the (100) mirror 
planes, or the mirror planes must contain the nitrogen atom and be [)ert)eudicular 
to the line joining the oxygen atoms. The 0-0 distance in a nitro-grouj) is 2* 14 A 
according to the work of James, King & Horrocks (1935) on para-dinitrobonzene. 
Adding the distance 2-7 A for the radii of the oxygen atoms, we obtain a width of 
at least 4-8 A for the group, considerably greater than the (100) spacing of 3*77 A. 
The arrangement with the 0-0 distances perpendicular to the (100) pianos is there- 
fore ruled out, and the only possibility consistent with the molecular dimensions is 
that in which all the atoms of the molecule lie in the (100) planes. This means that 
all the atoms would scatter in phase for spectra of type /iOO, The 1 00 8i)ectrum should 
be very strong, and the successive orders should diminish steadily in intensity. The 
100 spectrum is actually weak in comparison with some of the stronger spectra 
recorded on the films, whereas on the assumption we are discussing it should have 
♦ The observations for the AC/ spectra wore made lafcet' using Fe Kcc radiation. 
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been the strongest o all. Moreover, 200 is absent and 300 very weak. We must 
oonclude therefore that all the atoms cannot lie in the plane (100), and that this 
plane cannot be a mirror plane of the struoture. 

A similar argument, based on the molecular dimensions, and the size of the unit 
cell shows that the (001 ) planes carmot be mirror planes of symmetry of the molecule, 
and we are therefore left with the glide planes (01 0) as the only remaining symmetry 
planes of the structure. If this argument is correct, the structure is therefore not 
orthorhombic but monocliuic. 

The results of this discussion, which is based principally on packing considera- 
tions, are supported by a closer examination of the crystals themselves, and of the 
rotation photographs. It is found that (1 ) tHe crystals do not show straight extinc- 
tion when examined between crossed Nicols in a polarizing microscope, and (2) there 
is in some cases a marked difference between the intensities of the corresponding 
spectra hkl and %kh or of hkl and hkl, while the intensities of hkl and hM are always 
equal. At a< later stage in the work, relative intensity measurements of all spectra 
of the form hM were made, and it was found that hQl and hOl frequently differed 
greatly in intensity. These results are inconsistent with orthorhombic but con- 
sistent with monoclinic symmetry. 

The elimination of the possibility of orthorhombic symmetry fixes the space- 
group as (7J or Pc in the Hermann-Maugin notation, a group of the monocHnic 
hemihedral class. The rotation photographs show row-lines as well os layer-lines, 
and all the spots can be indexed accurately on recjtangular reciprocal lattice nets. 
The crystal axes chosen are thus orthogonal, and although the crystal is structurally 
monoclinic, the monoclinic angle y?, referred to them, is very nearly equal to 90°. 


Pkeuminakv estimate of the structure 

In attempting to estimate a probable structure for the crystal, it was assumed that 
both benzene rings lay in the same plane and had a common axis, so that the point 
midway between the two rings was a symmetry centre for the double-ring system. 
Provisionally, it was also assumed that the links from the benzene rings to the 
nitrogen atoms of the NO^ groups were continuations of the axis of the ring system, 
and that this axis was also a two-fold symmetry axis of the nitro-groups ; but rotation 
of the nitro-groups about the axis was assumed possible, in such a way as to maintain 
a symmetry centre at the point midway between the rings. Each ring was assumed 
to be a regular hexagon of side 1 -40 A, in accordance with the results of Mrs Lonsdale 
(1929), Robertson (1936) and others. According to Dhar (1932) the C-C link in 
diphenyl has a length of 1-48 A, and this distance was assumed provisionally for 
dinitrodiphenyl. The size and shape of the nitro-groups assumed in this work were 
based on the results of James, King & Horrocks (1935) on pam-dinitrobenzene. 

With the assumed dimensions, solid cardboard models of the molecules were made 
to scale, and an attempt was made to pack them into the volume of the unit csell, 
with due regaixl to the symmetry conditions. In this preliminary work, the refractive 
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index measurements ^ere of oonsiderable help. The crystal has two very large refrao^ 
tive indices ( > 1-78) for light vibrating parallel to the b and c axes, and one much 
smaller (1*49) for vibration parallel to the a axis. We may therefore infer iiiat the 
directions 6 and c are nearly parallel to the plane of the rings, and that a is nearly 
perpendicular to the plane of the rings. 

It was therefore assumed that the two benzene rings, and the two nitrogen atoms 
in the molecule lay parallel to the plane (100). In order to pack the molecules into 
the unit cell it was then necessary to incline the long axis of the molecule at an angle 
of about 36^ to the h axis, and to tilt the nitro-groups so that the line joining the 
oxygen atoms made an angle of about 25° with the (100) planes. 

The type of arrangement to which this reasoning leads may be seen from figure 2, 
which represents the projection of the final structure on the be plane, viewed parallel 
to the a axis. More detailed work, based on intensity measurements, shows these 
preliminary ideas to be very near the truth. 


8TBUCTUKE FACTOR CALCULATIONS 

If the origin of co-ordinates is taken midway between the two glide planes (010) 
in the unit cell, the fractional co-ordinates of the two equivalent general points for 
the space-group Pc are 

Xy !/, z; a;, i-y, 

It will be assumed in calculating the structure factors that the molecule has a centre 
of symmetry. The structure as a whole has no such centre; for this in conjunction 
with the glide plane would imply a screw axis, which does not exist. The centre of 
the molecule must therefore be displaced from the origin midway between the glide 
planes by a distance p, say, parallel to the b axis. There is no need to introduce any 
displacement parallel to a and c, for the distances between corresponding atoms in 
these directions are fixed by the translations of the cell and of the glide planes. The 
co-ordinate of an atom and of that symmetrically disposed to it relative to the 
centre of symmetry of the molecule may then be written 

±(a;,y-p,z), 

and those of the corresponding atoms derived from these by the symmetry elements 
of the space-group 

The structure factor F(hkl) for the general planes (hkl) may then be written 

F(hkl) A{hkl) + iB(hkl), 

where, if (k + 1) is even, 

Aihhl) 4i^oofl 2nkp ooa 2n(hz+lz) cos 2nky, ] 

B{hkl) -i£fmn27rkpmn2n{h»+h)aia2nky,f 


(J) 

(2) 
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and if <4 4-21) is odd, 

A{hkl) « — 4^oos 2nkp sin 2iT(hx 4* Iz) sin 2nhyy \ ^ 

B{hkl) = 4r/ sin 27rkp cos 2n(kx: + Iz) cos 27r%. j 

In (2) and (3) / is the appropriate atomic scattering factor of the atom whose 
co-ordinates are (x, y, z), and the summation is to be taken over all the atoms in 
one-half of the molecule. 


This Foitbieb synthesis of the stritctttee 

In determining the structure, the method of the double Fourier series, developed 
by W. L. Bragg (1929), has been used. If, as we have provisionally assumed, the 
molecule has a centre of symmetry, the projection df the structure parallel to the 
b axis on the plane (010) has also a centre of symmetry. The surface density of the 
projection p{x, z) may therefore be written in the form 

p(x,z)^ ^ 2 ^ F{h0l)ms2Tr{hx + lz), (4) 

aC^^.„ao 

F{h(H) being given in magnitude and sign by A{h0l) in equations (2) and (3). 

The projections along the a and c axes have no symmetry centres, even in the case 
of the symmetrical molecule. The density p(y, 2) of the projection parallel to a on the 
br jdane is given by 

P(Pi * r 2 S i F{0kl) I cos {2n(ky + Iz) - a(Ofcl)}, (5) 

PC ... <x> — tX) 

where a(0fc?) tan~^ , ami (F{0H) | ^ B^). The projection p(y,z) was 

determined first, since the provisional structure promised clear resolution of the 
molecules in the be plane. 


Relative intensity measurements 

In order to evaluate the series for p{y, z) it was necessary to determine the structure 
factors of the type F{0kl) for all spectra of appreciable strength. For this purpose 
crystal prisms, elongated along the a axis, were used. One such prism, 0*3 mm, long 
and of nearly square cross-section with a side about 0*2 mm., was set for rotations 
about the a axis, the crystal being completely immersed in a beam of Cu Ka radia- 
tion. For a crystal of this si^e, the absorption of the radiation could be neglected. 

An ionization spectrometer and integrating photometer were not available, so 
that no absolute measurements of intensity could be made, and a set of relative 
measui'ements hod to suffice. These were obtained l>y means of a photographically 
recording microphotometer, calibrated by a sector-wheel arrangement. Common 
spectra on successive films were used for standardizing one film with respect to the 
next, until the strength of each spectrum was given by at least six independent 
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determinationB. The mean of these values was taken to represent the intensity of 
the spectrum, 

The exact relationship between the relative strengths of the spectra measured in 
this way and their corresponding integrated intensities was not known; and this 
was a fundamental difficulty m the work, since it made a truly absolute comparison 
between observed and calculated values of | F{hkl) | impossible. The assumption 
was made that the heights of the peaks on the photometer trace, properly (calibrated, 
were proportional to the integrated reflexions of the corresponding spectra. This led 
to no inconsistencies, and was certainly a much better approximation to the truth 
than could bo obtained by mere visual estimation. The way in which it proved to 
be possible to relate observed and calculated intensities when the nature of the 
structure was known showed that no great error had been introduced in this way. 


The projection on the be phane 

Before evaluating the series, it was necessary to adjust the provisional structure 
until there was general agreement between the observed structure factors | | 

and those (calculated from the assumed atomic co-ordinates. As a first step, spectra 
of the type OOi were examined, for which the structure faictor has the simple form 

A( 0 ()l) = 42/ 008 27r/2. 

It was found j)ossible to adjust the z co-ordinates so as to got a good general fit as 
regards rise and fall of intensities between observed and calculated values; and once 
this was done it was possible to get an idea of the absolute value corresponding to 
any observed strength of spectrum. The calculations were then extended to the 0/?0 
spectra, and an approximate value for the parameter p, which gives the displacement 
of the assumed centre of symmetry of the molecule from the origin in the dii’eotion 
of the b axis, was determined. Finally, spectra of the tyi)e Okl were considered, and 
it was found possible to adjust the provisional co-ordinates in such a way as to 
obtain a fairly good general fit between the observed and calculated values of 
I F{Okl) |. With these adjusted provisional co-ordinates a complete set of values of 
A{Okl} and S{Okl) was calculated from equations (2) and (3), and from these the 
values of a(OM) were evaluated for use in the Fourier series given by equation (5). 
In the calculations of A[(Ofc/) and B(Okl) the values of / for C, N, and 0 tabulated by 
James & Brindley (1931) were used. No correction was made for thermal move- 
ments. Data for this purpose were entirely lacking, and in any case the motions 
involved are probably as much intramolecular as intermolecular and are conse- 
quently very difficult to allow for. 

With the calculated values of a(Okl) and the observed values of | F(Okt) j, the 
series was evaluated, the method used being substantially that described by Lipson 
& Beevers (1936). 

The contour diagram obtained from the final values of p{y, z) for the projection 
parallel to a on the be face is shown in %ure 1. It may be interpreted by means of 
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Fioube ] , Fourier projection of the stmoture in direction a on the piano 6c. Contours 
at intervals of 1-36 electrotis per A*. The outer line is the 2- 72 electron contour. 



Fxoubk 2. Projection of the structure in direction a on the 6c plane. 
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the key diagram, figure 2. The projection giVes a good outline of the moleeuIeB^ and 
shows clearly the general scheme of packing. It suggests (a) that the two benzene 
rings in the molecule are oo-planar, (6) that there is probably some tilt of the planes 
of the rings relative to the 6c plane, but that this tilt cannot be very large, and 
(c) that the line joining the two oxygen atoms in the nitro-group is inclined to the 
be plane, an* assumption made provisionally in the tentative structure. It is not 
possible to determine with any accuracy from this projection the direction and 
amount of the tUta. The y and z parameters can be determined with considerable 
accuracy, but all the information that the projection gives about the x parameters 
is that these are relatively small, because of the approximately regular form of the 
projections of the benzene rings. 

The strongest reflexions of the type OH are 008, 0411, and 043. The projection 
accounts for this, since it shows that most of the atoms lie on or very near sets of 
planes with the corresponding spaemgs. With the co-ordinates obtained from the 
projection, the calculated intensities of 008, 0411, and 043 are respectively 53; 57 
and 51 % of the possible maxima. Assuming this to be correct, it is possible to get 
an approximate absolute standardization of the observed intensities, and this was 
of great value in determining the x parameters when the structure was projected 
parallel to 6 on the ac plane. 

ThK PBOJBCnON OK THE ac PLANE 

Inspection of the projection on the be plane shows at once that in neither of the 
other principal projections will there be any clear resolution of the atoms. It is 
evident also that of the two remaining projections, that parallel to 6 on the ae 
plane is likely to be the better. Moreover, with the assumption made as to the 
molecular symmetry, this projection has a symmetry centre, so that only the 
observed numerical values of the coefficients | F(h0l) \ need be used in evaluating 
the series. It is, however, necessary to get some idea of the probable value of the 
X parameters, in order that the correct sign may be given to the principal coeffi- 
cients. The z co-ordinates of all the atoms were assumed to be known from the be 
projection. 

A number of preliminaxy tests showed that it was not possible to explain the 
observed hOl intensities by assuming the carbon atoms of the benzene rings and the 
nitrogen atoms of the nitro-groups aU to lie in the (100) planes while an appropriate 
tilt was given to the line joining the oxygen atoms in the nitro-groups. It was soon 
evident that the plane of the benzene rings must be inclined to the (100) planes. 
There is a large difference in intensity between certain corresponding spectra of the 
type hOl and XOl, particularly between 102 and T02, 204 and 204, 200 and f 06, which 
can be accounted for on no other assumption. 

The clue to the oc projection is given by the very strong 102 reflexion. From the 
approximate absolute standardization of intensities described above, it appeared 
that the intensity of the 102 reflexion was 66 % of the possible maximum. This value 
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con be compared with those of the strong 008, 0411 and 048 reOexions referred to 
at the end of the previous section. The atoms were in these oases found to be 
distributed roughly in sheets with the spacing about equal to that of the oon^e- 
sponding crystal planes. It could therefore also be inferred that the atoms of the 
molecules are arranged approximately in layers parallel to the (102) planes, with a 
spacing nearly equal to the (102) spacing. It was also found that 200 was absent, 
and that the intensity of 104 was 44 % of the possible maximum. These observations 
suggest a heavy concentration of scattering matter on or near the (102) and (104) 
planes to account for the strong 402 and 104 reflexions, and also a maximum dis- 
tribution of atoms at intervals of roughly Ja to account for the 200 spectrum being 
absent. 

Attempts were made to fulfil these conditions, ’•while maintaining the assumed 
molecular symmetry, and to establish general agreement between observed and 
calculated values of | F{h{)l) | . With the co-ordinates obtained in this manner, the 
signs of the principal coefficients of the series (4) for p{x, z) were determined, and 
the series evaluated with the observed values of | F(hiS() \ . The final contour diagram 
for the projection parallel to 6 on the face (010) is shown in figure 3, which can be 
interpreted by means of the key diagram, figure 4. The resolution of the atoms is 
very poor, and it is not possible to fix the x co-ordinates with any accuracy from it. 
Nevertheless, any x parameter which is finally chosen must be consistent with this 
projection. 

It is evident from the 6c projection that resolution in the ab projection will be 
worse than in the ac projection. No attempt was therefore made to determine the 
ab projection, and the final estimate of the parameters was made from the 6c and ac 
projections. 


Estimation of the farameteks from the oontouk diaobams 

In making the final estimate of the parameters the following assumptions were 
made: (a) that the benaene rings are oo-planar, (6) that each is a regular hexagon of 
side 1*41 A, and (c) that the molecule as a whole has a centre of symmetry mid-way 
between the two benzene rings. AU these assiunptions are in themselves probable, 
and it has been found possible to give a consistent explanation of the contour 
diagrams and of the observed intensities without going beyond them. 

From the be projection it is evident that assumptions (a) and (6) are not far from 
the truth. It will be seen by following the dotted lines in figure 2 that the atoms 
marked C^, C^, and are displaced in the projection from their positions in a 
regular hexagon ; but the displacements are not symmetrical, and have every appear- 
ance of being due to experimental error. There is no evidence of a regular distortion 
such as was suspected by James, King & Horrooks {1935) in pam-dinitrobenzene. 
The shortening of the C-C link between the two benzene rings to 1^42 A os compared 
with Dhar’s (1932) value of 1*48 A in diphenyl is probably due partly^ if not wholly, 
to a displacement of the atom Ci- It must in fact be admitl^ that the accuracy of 
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the methocU of mtensity measurements used was not mch as to permit the deter- 
mination of the finer quantitative detaHs of the structure. On the other hand, the 
general evidence from the projection supports the assumption of regular and 
co-planar rings. The y and z co-ordinates were estimated on this assumption. 



Fiottbm 3. Fourier projoction of fcho «tructuro in direction b oii tho piano ac. Contours at 
intervals of 3*45 o]e<;trons per A®. The outer line is the 6*90 electron contour, and the dotted 
line the 18*98 electron contour. The inolooulo inai'kotl 02 (in figure 4) is not shown in this 
diagram. 
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Figure 4, Projection of tho styruoturo in direction 6 on tlio piano ac. 

In determining tho x parameters and tlxe tilt of the benzene rings relative to the 
(iOO) planes, assumptions (o), (6) and (c) were retained throughout. The atoms were 
given co-ordinates relative to axes lying in and perpendicular to the plane of the 
benzene rings, and various inclinations of these axes relative to the crystal axes 
were tried, until atomic co-ordinates, consistent with the ac projection and with the 
observed intensitieB, were obtained. The final agreement between observed and 
daloxtlated intensities for spectra of the types OU and hOl was reasonably good, and 
tbere were no bad inoonsistenoies. For reaeona of economy of spaoe no actual tables 
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showing this agreement are published. These have, however, been submitted with 
the paper, and can be seen by those interested* 


DifiSCRIPTIOK O}? THE MOLEOUliBS AND OF THEIR 
ARRANGEMENT IN THE STRUCTURE 

In doscTibing the individual molecule, it is convenient to use a new set of axes, 
I, Tj, fixed relative to the molecule. The origin of this set of axes lies at the point 
mid-way ^between the two benssfene rings, the ^ axis is perpendicular to the plane 
of the rings, and in the positive direction of a, the axis rj along the long axis of the 
ring system and in the direction 0^04, and the ^ axis is in the plane of the rings 
perpendicular to g and The co-ordinates, in A, '"of the atoms of the nitro-groups 
relative to these axes, as determined to give the best agreement with observations, 
are shown in table 1 . The numbering of the atoms corresponds to that in the diagrams. 


Tabus 1 


Atom 


V 


N, 

-0-49 

4-5J3 

4- 0-26 

N, 

-f-0‘49 

-4*97 

-0-31 

Ob 

- 0*48 

4-6*69 

4-1*27 

o„ 

4-0-47 

-5-77 

- 1*28 

0 . 

- 0-40 

4-6-48 

-0*66 

o„ 

4-0-44 

- 5*61 

4-0*77 


For the carbon atoms of the rings, the ^ co-ordinates are all zero, by assumption, 
and the jy and ^ co-ordinates such as to form regular hexagonal rings of side 1-41 A. 
It will be seen that the co-ordinates of the two nitro-groups are very nearly sym- 
metrical about the origin; indeed the departure from symmetry is within the limits 
of experimental error, and a symmetrical molecule may be assumed as consistent 
with observation. 

The molecular dimensions, as based on the observations, arc shown in table 2. 

Table 2 

C-C aromatic J-41A 1 2I A 

C-C b(?tW 0 on rings 1-42 A N 7 -O 4 M4 A 

C-N l-SOA Og-O, 2'OOA 

The figures for the nitro-group may be compared with those found by James d ah 
(1935) for pam-dinitrobenzene, 1*25, MO, and 2*14 A respectively. The projections 
of the molecule on the planes ii/} and ayf are shown in figures 5a and 66. 

The arrangement of the molecules in the unit cell is best understood from figure 6, 
in which the structure is viewed parallel to the a axis, projected on the plane 6c. 
The origin of the co-ordinates x, y, z lies at 0, and the traces of the glide planes are 
indicated by the discontinuous lines OP. We consider one of the two symmetrioally 
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eqxdvakat moleouies. lt» centre of symmetry I, the origin of the coordinates g, if, ^ 
fixed in the molecule, lies at the point (0, - 0*16, 0) relative to the axes a, 6, e, and 
is thus displaced from 0 by a distance of 0*16 A in the negative direction of 5. IQbe 
orientation of the molecule in the unit cell is perhaps most easily described in the 
following way. Assume as a first approximation that ^ is parallel to the a axis, while 
Tj and ^ lie in the be plane, with the positive direction of nj (IC4 in figure 6) rotated 
away from the positive direction of the b axis through an angle of 30® towards the 
positive direction of the c axis. Next suppose the plane of the benzene rings to be 
rotated about IC4 through an angle of 24® in such a direction as to depress the posi- 
tive direction of ^ below the be plane. The portions of the benzene rings so depressed 
are shaded in figure 6, while the unshaded portions lie above the be plane after this 
tilt. Blnally , suppose tlu^ molecule to bo tilted through an angle of 7® about an axis 
through /, lying in the be j^lane and perpendicular to the axis 7 }, in such a direction 
as to displace. C4 below the be plane in the negative direction of a. The direction of 
the projection of IC4 on the be plane is not altered by either of these tilts. The pro- 
jections of lines such as CgCg or C3C5 wliioh are perpendicular to the 17 axis should 
make an angle of about 93° with the line IC4 in the projection. 

Those portions of the molecule depressed below the plane of the figure by the 
second tilt are shown dotted in figure 6. In this figure throughout, the dotted outlines 
refer to the depression produced by the tilt of the long axis relative to the plane ftc, 
and the shading to that produced by the 24® tilt of the molecule about the long axis. 
The undotted and unshaded portions represent ooixesponding elevations. The corre- 
sponding elevations and depressions of the second molecule in the mxit cell are at 
once obtained by considering the action of the glide planes, and are also indicated 
in this diagram. 

In the be projection, figure 2, the nitrogen atoms lie very nearly in the same line 
as the long axis C4C4 of the rings. They therefore lie nearly in a plane tlirough C4O4 
perpendicular to the be plane. Calculations from the co-ordinates show that the link 
C4N7 makes an angle of about 22® with C1C4. The lines joining the pairs of oxygen 
atoms irr the nitro-groups are very nearly parallel to the planes of the benzene rings, 
but about 0-42 A above and below them. 

The packing of the MOLEOtlLBS IN THE 8TKTT0TITEE 

In discussing the packing of the molecules and their distances of closest approach, 
it is convenient to consider first of all the relationship to each other of the molecules 
whose centres of symmetry all lie in the same (100) plane. These molecules are of 
two types. In one type, that denoted by A, all have the same orientation and are 
derived from a single molecule by the 6 and e translations of the unit cell. Those of 
the other type, denoted by B, are derived from those of type A by the operation of 
the glide planes. Molecules of each type are shown in figure 7, 

The closest distance of approach between neighbouring oxygen atoms is about 
4*5 A, much greater than the corresponding distance in inorganio structures, whidh 
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is about 2-7 A. The linkages holding the stractuie iK^Cher are therafiite probably 
not oxygen to oxygen. The closest links between adjacent moleoules appeu to be 
those between O and CH units. We may distinguish two types of 0-CH linkages, 
(1) l^ose between adjacent A moleoules or adjacent B molecules, such as the links 
0«C«> OgCs, OgCj, OjCj, referred to as p linkages in figure 7, and (2) those between 
adjacent A and B molecules, such as the links OgCg, OgCg, OgCg, UgCg, r^erred to 



as q linkages in figure 7. The links of type p have values between 2-9 and 3'2 A, while 
those of type q have values between 3’4 and 3-6 A. Considering the molecular 83 nn- 
metty and the values of these links, it appears that all thep linkages tend to approach 
a mean value 3‘0 A, and the q linkages a mean value 3-6 A. Tins suggests that the 
forces between two moleoules of type A, or two molecules of t 3 rpe B, are greater 
tiian ^ose between a molecule of t 3 rpe A and one of type B. 

The closest approach of OH to CH in adjacent molecules is 3*6 A, and is indicated 
by the lines C!«Cg between two adjacent A or £ molecules in figure 7. This value may 
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be compared with 3*60 to 3*72 A for naphthalene, ^*7% to 3*80 A for anlhraoeiie, 
obtained by Roberteon {1933); 3*42 A for ohryeene, obtained by Iball (1934); and 
3-83 A for pam-dinitrobenzene, obtained by James et al. (1935). 

Reference to the molecule marked B in figure 7, shows that there are eight 0-CH 
links of the typep with an approach of about 3*0 A to neighbouring B mdeoules in 
the same (100) plane. There are also eight 0-CH links of the type q with molecules 
of type A, where the distance of approach is about 3*5 A. The values 3*0 and 3*5 A 
may be compared with the values 3*33 and 3*42 A found by James et ah (1935) for 
the 0-CH links in pam-dinitrobehzene. 

The linkage between the molecules in adjacent (100) planes must now be con- 
sidered, Figure 4 shows the structure projected on the (010) plane, and molecules 
of ty pes A and B are again indicated. The a spacing is 3*77 A, so that corresponding 
atoms in molecules of tyjje A or ty|)e B approach to within this distance of one 
another. The closest 0-CH linkages between adjacent A molecules in different (100) 
planes is 3*9 A, and the closest link of any kind is that between Og and Og whicli is 
3*4 A. The 0-CH links between adjacent A or adjacent B molecules lying in different 
(100) planes are therefore longer than the corresponding links between molecules 
in the same (100) plane. 

Reference to figure 4 shows however that the molecules form a series of sheets 
nearly parallel to the planes (102), suggesting that the principal linkages will 
probably lie between the molecules in these sheets. We find in fact that between the 
molecules A^ and Bi the links OgCg, Og Cg, OgCg, OgCg, all approximate to the value 
3*1 A, which may be compared with the links of typep between molecules in the same 
(100) plane. These shorter 0-CH links between A and A or B and B molecules in 
the same (100) plane, and between A and B molecules in adjacent ( 100) pianos, form 
a system of zigzag chains running through the structure, and probably represent 
the main binding forces in the crystal. 

To sum up, every oxygen atom of the type Og approaches to within 3*6 A or less 
of six CH units, two such approaches being between molecules in the same (100) 
plane, and four between molecules in adjacent (100) planes. Each.oxygen atom of 
the type O9 approaches to within about 3*0 A of two CH units. Each NOg group, 
considered as a unit, thus makes eight such close contacts. 

We have throughout this section used the term linkage in a purely geometrical 
sense, as denoting the distance of approach between atoms. It seems probable that 
the close 0-CH links are in fact responsible for the greater port of the actual binding 
together of the crystal. The whole structure is very compact, the crystal posseseumg 
the fairly high density of 1*45 g./c,c., and is, for an organic crystal, comparatively 
hard. In this it resembles pam-dinitrobenzene, and it is tempting to associate these 
properties with linkages of the type discussed between NOg groups and CH units. 

In conclusion I wish to express my sincere thanks to Professor R. W. James, of 
the University of Cax>e Town, for his many invaluable suggestions and constant 
interest and encouragement throughout the course of this work. My thanks are also 
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due to Dr W- S, Bapson for preparing the crystals and Tor valuable information on 
the chemistry of this compound^ and to Mr J. J. Duminy for help in connexion with 
intensity measurements and structure factor calculations. To the Research Grant 
Board of South Africa I am indebted for a grant. 
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FkBRIKR Le(5TURE 

Fatigue following highly skilled work 

Bv F. C. Bartlett, F.R.S. 

[Delivered 29 May 1941 — Received 29 May 1941) 

If the character and causation of fatigue following highly skilled work are to be 
understood, the first need is for the discovery of more relevant and oxi)erimentally 
controlled facts. Unfortunately, almost all the investigators who have attempted 
to study fatigue of this type have adopted methods taken over with very slight 
change from those which have proved valuable in the study of simple muscular 
fatigue. They have chosen elementary operations usually considered to require some 
‘mental’ effort — such as easy calculations, word or colour recognition and naming 
and the like — have repeated these operations over and over again for long periods, 
and have tried to express the resulting fatigue in terms of the diminution in quan- 
tity or quality of the work done. The skill fatigue of daily life is not set up under 
such conditions. Routine repetition of simple actions is not a characteristic of any 
highly skilled work, and least of all of work having a strong ‘mental’ component. 
The operations involved here are marked by complex, co-ordinated and accurately 
timed activities. Tfi® stimuli in response to which these activities are set up are 
niaitiiter simple nor do they usually fall into an order of fixed succession. They have 


330 


F, C. Bartlett 


the character of a field, or a pattern, which has become very highly organized, and 
may retain its identity in spite of a great diversity of internal arrangement. 

It is possible to develop fully controUed experimental situations in which these 
realistic considerations have full play. When this is done the picture of fatigue 
following highly skilled work which emerges has certain strongly marked characters. 

In such fatigue the ‘standards’ accepted and followed by the central nervous 
system unwittingly deteriorate. The operator tends to think that he is doing better 
work, because errors treated as significant all the time get wider and wider limits. 
Until a stage of great fatigue is r6ached, it is far more likely that the right actions 
will be performed at the wrong times than that the wrong actions will be performed. 
If accurate timing is insisted upon, gross mistakes of action tpay appear. The stimulus 
field s])lits lip. Its pattern character alters. It becomes a collection of unconnected 
signals for action, Avith some of these predominant over all the others. Particularly, 
stimuli which are in the margin of the pattern, not closely organized with the 
central field, are ignored, ‘forgotten’, and serious lapses of specific reactions occur. 
There is a marked change in the effect of certain ‘ distracting ’, or additional stimuli. 
Sensations of bodily origin, in particular, become more pressing and insistent and 
affect the performance in ways peculiar to the tired operator. Side by side with 
all these changes go constant subjective symptoms. Verbal reports about any 
circumstances connected with known failure of perfbrmance become increasingly 
inaccurate, and errors are regularly projected upon objective conditions, or attri- 
buted to the interfereiHje of other people. There is a tremendous growth of irrit- 
ability. 

An attempt is made to discuss the light thrown by this picture upon the relation 
of high-level central nervous functions to simpler neuro-muscular mechanisms. 


[ This lecture has been printed in full in Proceedings B, 
volume 131, pages 247- 257] 



The structure of electro-deposited chromium 

By William Htimk-Rothery, F.R.S. and Malcolm R. J. Wyluk 

(Recewed 15 December J94 ) — Revised 20 July 1942) 


Tho vijBual aj^pwarauco aud crystal structurQ oriontatiou of electro-doposited chromium 
have boon studiod for deposits prepared at current donsitioa from 50 to 3000 amp, /sq.ft., and 
temperatures from ] 2 to 86‘' C, using a standard cliromic acid bath containing 250 g. OrO, 
per litre, and a ratio of OrO^ to sulphatfj ion of 1 00 : 1 . Homo measure! non ts were also matle at 
OS'* C, A diagram has l>een constrtioUxi showing tho effect of temperature and current 
density on the appearanue and crystal orientation of the deposit. 

The brightest deposits are oharatiteri/iOd by a (1 U) preferred orientation, and no indication 
of any other fibre structure has iKMiU obtaincHl. If the current densities are plotted against the 
logarithms of the t^unperaturo at which tlio brighttist deposit.s are formed, a linear relation 
is obtained. 

With inoroasing variation of tho conditions of deposition (ternjjoraturo or current density) 
from those characteristic of tlio V)rightest deposits, two effects are produced: (a) an increasing 
number of particles of purely random orientation are present in the deposit, and {b) tho 
perfect! oji of aligmnoiit of tho particles of proforreil orientation l>ec(>mos less. 

Tho residual stress present in electro- tlepositt'd chrorniuin has been measured by the 
method of Stoney. If at a given current density the temperature of deposition is increased, 
the residual stress, which is contractile at first, rises sliarply and may roach vaUies as high as 
110 tons/Kq.in. This rise continues until the temperature is n^acjheti at which particles of 
preferred orientation first make their appearance. With further rise of temperature, the 
residual stress falls imtil it is procjtically zero at the temperatum at which the brightest 
deposits are formed, and then rises again at higher temperatures. 

The hardness of electro -deposited «?hromium has been measured for deposits prepaid 
over the range C at current densities of 5(K), 1000, and 1750 ainp./sq.ft. The deposits 

of completely preferred orientation have the greatest hardness, and this maximum hardness 
is the same for all three current densities, although the temperatures of deposition at which 
the maxima occur are of course different. The temperature /hardness curves at different 
current densities can be almost exactly superposed by a mere shifting of the temperature 
scale, and it appears that the hardness is a property depending solely on the structxire as 
revealed by X-rays, and is independent of the exact conditions under which the structure 
of a given type is produced. 


I . Introditotion 

Although clirornium (!an be deposited eleetrolytically from several different 
solutions, most if not all of the present-day chromium plating involves the use of 
chromic acid solutions containing small additions of sulphuric acid. It has been 
shown by Wright, Hirst & Riloy { 1935 ) that the body -centred cubic modification of 
chromium is always formed from solutions containing less than 1 8 % of chromium 
in the reduced (trivalent) state, irrespective of conditions of acidity, temperature, 
current density, etc., and this imx)lie 8 that the hexagonal modification is not to be 
expected from what may be called the standard chromic acid bath, containing 
250 g. CrOa per litre, and a ratio of CrOa to sulphate ion of 100 : 1 . When this electro- 
l 5 rte is employed, the nature, ap|>earanoo, hardness, and other physical properties 
of the deposit are affected to a remarkable extent by the current density and tem- 
perature of deposition, but in spite of the wide use of chromium deposits, no syste- 
Ibatio examination appears to have been made of the relations between the con- 
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ditions of deposition, and the structure and properties of electro-deposited chromium. 
Glooker & Kaupp (1924) examined one sample of a chromium deposit of 0*1 mm. 
thickness, and found it to possess a marked fibre axis with the [HI] axis perpen- 
dicular to the plane of the deposit, but the conditions of deposition were not stated,* 
Wood (1931, 1935) investigated the structures of some deposits formed at low 
current densities, and interpreted abnormal relative intensities of the diffraction 
lines first (1931) as the result of particles of a definite shai>e relative to the crystal 
axes, and later (1935) as the result of preferred orientation, the nature of which was 
not determined. The only previous systematic investigation by X-ray methods 
appears to be that of Arkharow (1936), who showed that at the three current 
densities 20, 40, and 100 amp./sq.dm., lustrous deposits produced at 50-80^0 
possessed a [111] fibre structure, whilst grey matte deposits obtained at room 
temperature possessed a [100] fibre structure; the evidence for the latter was not 
very complete, and this fibre structure has not been confirmed by the present work. 
There appears to have been no previous systematic investigation of the relation 
between the structure, and properties of electro-deposited chromium, and even the 
visual appearance of the deposits has been examined systematically only at the 
lower current densities and temperatures. We have thought it of interest, therefore, 
to examine the visual appearance, and crystal structure orientation, over the whole 
range 50-3000 amp, /sq.ft., and 12-85° C; some measurements were also made at 
95° C. These measurements were supplemented by measurements of the hardness of 
deposits prepared over the temperature range 25-90° C, and at the current densities 
of 500, 1000, and 1750 amp./sq.ft., and of the residual stress in deposits prepared 
at 2000 amp./sq.ft. over the range 35-90° C. This extensive survey has shown how 
misleading conclusions were drawn from the observations at the lower current 
densities. 

2. Experimental details 

(a) Electrolyte, The electrolyte employed was of the chromic acid type, and 
contained 250 g. CrOg per litre, with the addition of sufficient sulphuric acid to give 
a CrOg/SO^ ratio of 100:1. The earlier experiments were made with ‘Analar* 
chromic acid, and when this became unobtainable, use was made of chromic acid 
supplied by the Research Department, Woolwich. This material contained 0*00 % 
of trivalent chromium, and 0*21 % of sulphate, and was free from iron. Duplicate 
experiments indicated that identical results were obtained from the two varieties 
of chromic acid. The electrolyte in quantities of 2 L was contained in a cylindrical 
glass beaker of diameter 17 cm. and height 10 cm., immersed in a thermostat con- 
trolled to within ± 0*2° C, Loss of water by evaporation was minimized by a clock 
glass cover. The electrolyte was usually changed when 0*005 % of the chromic acid 
had been reduced to metal, and in this way the accumulation of trivalent chromium 
(and of iron) in the electrolyte was kept very small. 

♦ The deposits were prepared by the Grub© process (U.8. Patent 1,490,845, 1924) using 
an aqueous solution of Cr,Oj, Or(OH),, and H,S 04 , but the exact conditions are not stated. 
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(6) Current supply. The current for deposition was supplied by a 12 V accumulator 
of large capacity, and the circuit was provided with a mercury cup reversing switch 
which enabled the specimens to be anodically etched for a short time. The current 
was controlled by an adjustable rheostat, and was measured by means of a milli- 
arameter or ammeter; the actual voltage across the terminals of the bath of course 
varied with the current density. 

(c) Preparation of specimens. The preliminary experiments referred to on p. 335 
were made with chromium deposited on steel wire of diameter 0*7 mm., but the 
remainder of the work has been carried out on specimens prepared from annealed 
steel sheet of 0*5 mm. thickness. An X-ray diffraction photograph of the steel 
showed that the crystal orientation of the material was entirely random. After 
cutting to the desired shape, the specimen was rubbed flat on no. 1 Hubert emery 
paper, and copper leads were soldered on at suitable places. These were protected 
from the solution by means of gloss tubes, and cellulose varnish was used to stop 
off all ports on which deposition was not required. On placing in the solution, the 
specimen was made anodic, and a current of 200 amp./sq.ft. was passed for 75 sec. 
in order to remove any abnormal surface layer, and to degrease the specimen. The 
current was then reversed, and adjusted to the required value; this process usually 
required leas than 3 sec. 

(d) Methods for the calculation of current density and for obtaining uniform deposits. 
The mean current density was calculated from the mean current flowing, and the 
actual area plated. In the experiments with plated wires, a satisfactorily uniform 
deposit was obtained by the use of a lead anode bent into the form of a cylinder. 
With the plane specimens there was always a tendency for the current density to be 
higher at the edges of the specimen, and the deposits were not of uniform thickness. 
In order to allow a wide range of current density to be obtained, most of the work with 
flat specimens was carried out on rectangular sections of area 0-5 cm.®. The centre 
of the deposit was used to obtain X-ray diffraction photographs, and the major 
axis of the elliptical X-ray beam at the surface of the specimen was found to be 2 mm. 
After the completion of the X-ray experiments, the specimen was mounted in 
Wood’s metal, and was then sectioned, and two sections at right angles across the 
deposit were examined at a magnification of 760 in a Vickers Projection Microscope, 
and any specimens which were markedly irregular in thickness were rejected. In 
other oases, the thickness of the deposit was measured at intervals of 0-1 mm., and 
a diagram was constructed showing the thickness of the deposit as a function of the 
distance from the edge. If the irregularity of the deposit is slight, it is reasonable to 
assume that the efficiency of deposition is constant over the small range of current 
densities concerned, and in this way by measuring the area under the curve, it was 
possible to estimate the true current density for the portion submitted to the 
X-ray beam. 

The results obtained by the above methods were quite consistent, but as an ^ 
additional precaution the results for some of the more critical deposits were checked 
against further deposits prepared on circular disks of diameter 2*6 or 1*7 cm., 
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according to the current densities used. These disks were placed inside cylindrical 
bakelite troughs, arranged as shown in figure 1. The bakelite is unattacked by the 
electrolyte, and the devic/O enabled very uniform deposits to be obtained. This 
apparatus was only perfected towards the end of the present work, after a number of 
other devices of the ‘robber bar' type had been tried. It was found that the more 
critical results obtained in the earlier work, and corrected as described above, were 
exactly confirmed by the more uniform de})osit8 obtained with the apparatus of 
figure 1, and it was, tlierefore, not thought necessary to ref)eat the whole of the 
earlier results. 



Figure 1 Figure 2. Section tiirough pinhole systoTu 


(c) X~ray technique. The preliminary work was done with wire specimens in a 
Debye-Scherrer camera, whilst the detailed work was carried out with plane speci- 
mens which were mounted in a s}jeoially designed X-ray camera of the tyi)e shown 
in figure 2 which is self-explanatory. The angle between the plane of the specimen 
and the incident X-ray beam can be varied by rotating the specimen holder, and the 
diffraction lines and spots are recorded on a film of size 12 x 9 cm, which is bent into 
a cylinder inside the camera. The construction of this camera, the methods of 
measurement, and the interpretation of results are being described by one of us 
(M. R. fT. W.) in a separate paper. Figure 3 A shows a typical film of a deposit with 
completely random orientation, and figures 3 B, C and D are from three deposits 
with different degrees of preferred orientation. When compared with an X-ray film 
from electro-deposited nickel, the films from the chromium dej) 08 its were found to 
l>e characterized by very intense general scattering, and many photographs were 
therefore taken through a screen of aluminium foil which greatly reduced the 
general scatter. 



The structure of electro-deposited chromium 


335 



PlCUIBE 3 

3, ExPKKIMKNTAL KESai^TS 

( 1 ) Effect of temperature and current density on appearance of deposits 

Our first work was with deposits made on steel wires, and we have to thank 
Mr E. E. Jarvis for making an extensive survey of the subject which has been of 






336 


W, Hume-Rothery and M* R. J. Wyllie 

great use in leading to the final results. It was found that the ourrature of the wire 
led to difficulties in interpreting the X-ray diffraction patterns, and the deposits 
were therefore repeated on plane specimens, and the results are summarized in 
figure 4 in which the co-ordinates are temperature and current density, and the 
nature of the deposit is indicated. The field of this diagram may conveniently be 
divided into four zones with the following characteristics; 



^ brown matte 
dark grey matte 
• light groy matte 
O bright matte 
■ milky bright 
□ bright 
•f no deposit 


Zone /, The deposits in this zone are not lustrous, but are dark matte in appear- 
ance, and at the lower temperatures are of a dark brown or chocolate colour. At the 
lowest temperatures, they become more and more flaky as the current density 
increases. This last observation confirms the work of Shishkin & Gemet (1927). 

Zone IL In this zone the deposits are definitely lustrous, and they become more 
and more bright on passing from the left to the right of zone II in figure 4. The 
brightest deposits occur at the boundary between zone II and zone III, and show 
specular reflexion. Although not absolutely sharp, the boundary between zones I 
and II is much more definite than that between zones II and III, and it will be seen 
from figure 4 that with current densities greater than 800 amp./sq.ft. the boundary 
between zones I and II only varies by a few degrees, although below 500 amp./sq.ft. 
the temperature of the boundary varies rapidly with current density. 
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Zone III. In this zone the deposits become less bright and develop more of a 
milky or matte appearance. The boundary between zones II and III is not a very 
definite one, and is therefore represented by a shaded area instead of by a single 
line, and this resembles the boundary between zones I and II in that, at the higher 
current densities, the effect of temperature is predominant. The upj>er part of the 
boundary between zones II and III in figure 4 is not, however, exactly vertical, and 
it is perhaps significant that if the current density is plotted against the logarithm 
of the temperature at which the brightest deposits are formed, a linear relation is 
obtained, suggesting that there is an exponential relation between the two variables. 

Zone IV. In this zone, no deposition occurs, in agreement with the views of Blum 
(i932)andBiriukoff (1936) that a critical current density is required before deposition 
occurs. 

Diagrams resembling figure 4 have been shovm over a limited range by earlier 
workers (see for examjtle, Blum 1932), but the present work appears to be the 
first to have covered such a wide range of temperature and current density, and is 
the first to show the predominant effect of temperature at the higher current 
densities. 


(2) The crystalline nature of the deposits 

As will be appreciated from what follows below, some of the deposits were cha- 
racterized by a preferred orientation or texture, and the degree of texture was 
sometimes profoundly influenced by the thickness of the deposit. For this reason 
we have made first a survey of the crystalline nature of deposits of a standard 
thickness of approximately 10//, and the effects of increasing thickness are dealt 
with later. 

With deposits of thickness approximately 10/^, the deposits formed in zone I, 
whether of the brown or grey matte types, always possess a body-centred cubic 
structure, and no trace of the hexagonal modification has been found. The X-ray 
diffraction lines are reasonably 8har|> and well defined, and the Debye-Scherrer 
rings are continuous without any sign of preferred orientation. These results 
indicate that the deposits in zone I have a crystal size of the order 10“®- 10"* cm., 
and that the orientation is perfectly random. No evidence was obtained for the 
existence of the (100) preferred orientation claimed by Arkharow (1936). 

The deposits in zone II of figure 4 are all characterized by a preferred orientation 
in which the (111) planes of the crystal tend to be parallel to the plane of the deposit. 
At the left-hand side of zone II in figure 4 there is still a number of particles with 
random orientation, and the X-ray films show continuous Debye-Scherrer lines, of 
non-uniform intensity (cf. figures 3 B, C), the darkened portions* being in the 
positions required by a (111) orientation, but with a certain amount of variation in 
the exact alignment. As the right-hand side of zone II is reached, the continuous 
Debye-Scherrer lines vanish, showing that the number of particles with random 
orientation has become negligible, and at the same time the darkened arcs become 
• The dark and light portions are reversed in reproduction. 
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shorter (cf. figures 3 C, D), showing that the orientation is much more perfect. At 
the boundary between zones II and ITT where the deposits are brightest, the depar- 
ture from an exact (111) orientation is of the order ± 7 1 whilst at the left of zone II 
the variation is of the order ± Table 1 summarizes the data obtained in this 
connexion. Movement from the left to the right of zone II thus produces two distinct 
effects, namely, (I) a decrease in the relative number of crystals with a purely 
random orientation, and (2) an increase in the perfection of the exact alignment of 
the orientated crystals. Some of tl»e bright deposits on wires gave very diffuse lines 
in the Debye-Scherrer camera, and application of the usual formulae connecting the 
particle size with the JiaJf- breadth of the lines suggested a particle size of the order 
10~’ cm. We think, however, that this figure must be accepted with the greatest 
reserve, because the whole problem of the line widflis of the diffraction lines from 
these deposits is extremely (’.oinf)licated. Apart from the question of the validity of 
tlie particular equation used for the calculation of partit^le size, there are also the 
possibilities of (1) abnormal lattice spacings due to co-deposited hydrogen, (2) effects 
of high stress in some deposits (sec f). 3311), and (3) the effect of superposition of the 
continuous Debye -Seherrer line (due to the random ])arti(des) on the arcs due to the 
particles with preferred orientation.* 


M’ABLIi: 1 


current 

density 

temp. 


amp,/s(pft. 


a[>fHiariinc(^ 

2500 

45 

rinrk grey matte 


fjO 

briglit matte 


00 

bright matte 


05 

milky brigld 


70 

brig} 6 


75 

!nilk;s' bright 


S5 

brig} it matte 

1000 

35 

<lark grey matte 


50 

bright matte 


55 

i>rig}it matte 


65 

brigfit 


75 

milky bright 


85 

light grey matte 

200 

35 

light grey matte 


45 

bright matte 


55 

bright 


60 

bright 


65 

milky bright 


divergeiKje from 


exact ( 111 ) 

relative jiroportion 

orientation 

of random crystals 


all 

— 

bulk 

±16J‘‘ 

considerable 

± 

trace 

± 7'^ 

none 

± 9J'^ 

trace 

±17- 

fonsiderable 


very considerable 

± 14i- 

<;onsic]erab)o 

± 6- 

none 

± 15" 

considerable 

— 

very considerable 

± 15- 

considerable 

± or 

none 

± 9 ^ 

none 

± 12" 

considerable 


On passing from zone II into and across zone III the relative number of crystals 
with purely landom orientation increases continuously, and at the same time the 

♦ Calculation suggests that if tlie deposits oxaminod by Wood ( 1931 ) possessed the same 
oharactoristicH as our own, the grain size given by the latter refers to the partioles of random 
orientation, niui not tliose of preferred orientation. 
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perfection of the exact alignmentof the crystals with preferred orientation decreases. 
At C the deposits still show a certain degree of preferred orientation, but at 95° C 
they are completely random , There is also a remarkable increase in the shar]>ness 
of the dift'raction lines on passing from 70 to 96° C, which suggests that the grain 
size of the deposited metal is increasing. 

The effect of thickness on the degree of preferred orientation depends markedly 
on the nature of the deposit. In the case of the brightest deposits at the boundary 
between zones IT and III, a highly preferred orientation is rapidly acquired, and in 
de]:)ositH of thickness ]/i the preferred orientation is fnlly as great as in a film ot' 
thickness 10//. In those deposits which consist of a mixture of parti ch^s with random 
and preferred orientations, the effect of the thickness of the deposit is very marked, 
and as the deposit becoiiies thicker the degree of oxat^t alignmentof the ]>articles 
with preferred orientation becomes more perfect, although they are still accom- 
panied by rough iy the same j)roj)ortion of random particles. Thus with a deposit of 
thickness 36/4 ])roduced at 85° 0 and 1000 am j). /sq.ft., the departure from an exact 
(111) orientation was f>nly about one-third as great as for a dejiosit of thickness 1 0/4 
produced under the same conditions. 

(3) The existence of stress in the deposits 

It is well known that many electro -deposited metals are de])08ited in a stressed 
condition, but no fuevious systematic investigation af)pears to have been made of 
the magnitude of the residual stress in chromium deposits, or of its dependence on 
the conditions of deposition, although for nickel Stoney (1909) has shown that 
stresses as great as 19*2 tons/sq.in. were reac^hod. This work was carried out by 
depositing nickel on one side of a flexible steel strip, and measuring the direction and 
magnitude of the curvature of the strip after the deposition was comfdet^e. We have 
used the same method for the study of residual stress in chromium, deposited on 
one side of tliin steel strip sup})lied by the Research Department, Woolwich. This 
materia] was 5 mm, wide, and 0*35 mm. thick, and possessed very uniforn» properties. 
It was cut into lengths of 13 cm,, and one side was completely stopped off with 
cellulose varnish, and the other side was stopped off* for a distance of 3 cm. from one 
end, this end being held securely in a suitable holder, A length of 10 cm. was thus 
left for deposition, and the movement of the free end relative to a fixed glass point/cr 
was measured. From tliis deflexion, the stress which was always contractile was 
calculated by the method described by Stoney (1909). 

Figure 6 shows the results obtained for deposits prepared at 2000 arnp./sq.ft and 
at temperatures from 35 to 95° C. From this it will be seen that, on increasing the 
temperature, the stress increases rapidly to a maximum value of 110 tons/sq.in, at 
the boundary between zones I and II of figure 4. On entering zone II the stress 
falls rapidly as the degree of preferred orientation increases, and becomes almost 
zero at the boundary between zones II and III where the brightness and degree of 
preferred orientation are greatest. On entering zone III the stress rises to a much less 
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pronounced maximum at about 85^ C. This work therefore establishes conclusively 
that the bright deposits with preferred orientation have the lowest residual stress 
as measured by Stoney’s method. 

The results of figure 5 refer to the residual stress in the deposit os a whole, but 
information regarding the distribution of stress through the deposit can be obtained 
by dissolving away the steel basis with nitric acid, and examining the direction of 
curvature of the chromium film. Working in this way we have found that the dark 



tomporature ("0) 

Figurk 5 

matte deposits formed at the low -temperature side of zone I show little or no 
tendency to curl. The bright matte deposits formed at the left of zone II show a 
clear tendency to bend so that the convex side is that originally facing the steel. 
This shows that the tension is greater in the outer layers of these deposits, which 
consist of a mixture of particles with preferred and random orientations. In contrast 
with this, the bright deposits tend to bend slightly so that the concave side is that 
originally facing the steel. This shows that for these deposits which consist entirely 
of particles with preferred orientation, the tension is somewhat greater on the inner 
layers of the deposit. 
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The hardness of electro^deposited chromium 

The hardness of electro-deposited chromium is known to be very great, but the 
only extensive previous investigation of the relation between the hardness and the 
conditions of deposition appears to be that of Cymboliste (1938). This work was 
confined to the range 35 “ 75 '^ C, and 160-800 amp,/Bq*ft., and showed clearly that 
at a given current density of deposition, the hardness at first increased with in- 
creasing temperature of deposition, rose to a maximum, and then decreased at the 
higher temperatures. The absolute numerical values of Cymboliste are open to 
doubt, because although the Vickers Pyramid Indenter was used, for the tests, the 
results are only given in Brinell units, obtained by means of an unstated conversion 
table, and it is known that such conversion methods are unreliable for very hard 
substances. Although it is generally known that the bright deposits of chromium 
are the hardest, there appears to have been no previous systematic investigation of 
the relation between the hardness of the deposits and their structure, and we have 
therefore made a comprehensive investigation for deposits prepared over the range 
26 - 90 ° C, at current densities of 600 , 1000, and 1760 amp./sq.ft. respectively. 

For this purpose deposits were prepared on standard i in. diameter Hoffmann 
steel balls,* electrical connexion being made by means of a glass -encased copper 
wire. By using cylindrical lead anodes, a perfectly uniform deposit was obtained; 
this method was suggested to us by Mr A. W. Hothersall, and has proved most 
satisfactory. The hardness tests were made with a standard square-based diamond 
pyramid indenter, using a load of 6* 1 kg. applied by means of a simple lever machine, 
the use of which has already been described by Frye & Hume-Rothery (1942). 

Preliminary tests were made with deposits prepared on the hard steel balls, and 
also on balls softened by annealing. These experiments showed that the measured 
hardness was independent of the hardness of the basis metal, provided that the 
thickness of the deposit was from 10 to 13 times the depth of the indentation. All 
measurements were therefore carried out on deposits at least J 6 times as thick as 
the depth of the indentations,! and all the usual precautions for accurate hardness 
testing were adopted, including that of allowing for the fact that the impression was 
on a curved and not on a plane surface. 

The results obtained are shown in figure 6 and are of considerable interest. At each 
current density, increasing temperature produces first a marked increase in the 
hardness, which reaches a well-defined maximum at the boundary between zones II 
and III of figure 4 , and then falls rapidly as zone III is entered. The deposits of 
completely preferred orientation have thus the greatest hardness, and this maximum 
hardness is almost the same for all three current densities , alth ough the temperatures of 
deposition at which the maxima occur are of course different. Further, the complete 

* These are made to rigid standards for ball bearings, and proved very satisfactory and 
uniform. 

t Although a full investigation was not made, it seems certain that the hardness values 
are not affected by variations in thickness between 15 and 30 times that of the indentation. 
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curves at all three current densities can be almost exactly superposed by a mere 
shifting of tlie temperature scale, and it appears that the hardmss ia a property 
depending solely on the structure of the deposit as revealed by X-rays, and is independent 
of the exact conditions under which a structure of a given type is produced. Thus at the 
boundary between zones I and II in figure 4, where the prefen*ed orientation begins, 
the liardness is 830-850 v.p.h. for all three current densities, although the tem- 
peratures of deposition at which this type of structure is produced are quite different, 
Again, the grey matte deposits produced in zone III appear to I)o characterized in 
every case by a hardness of about 500 v.p.h. 



teinperaturo ('^C) 

Figurk 6 

4. Conclusion 

The preceding sections have dealt with the appearance, structure, residual stress, 
and hardness of electro-deposits of chromium prepared under very strictly con- 
trolled conditions. In the course of this work, some other points have been in- 
vestigated, and may be referred to briefly, since they refer to deposits prepared under 
identical conditions. 

(1) The effect of the basis metal. The present work does not support the view that 
the orientation of the deposit, at the thicknesses concerned, is controlled by the basis 
metal, since it shows that deposits of highly preferred orientation are obtained on 
steel strip of random orientation. As a further test of this point, a thin (Ip) deposit 
of chromium was made on an etched nickel base, but although the nickel possessed 
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a marked (100) orientation, the chromium had the unusual orientation. These facts 
suggest that the orientation of electro -de})osited chromium, at the thicknesses 
concerned, is a property of chromium itself, and not that of the base. 

(2) Efficiency data. Figure 7 A shows efficiency data we have obtained at 2500, 
1750, and 1000 amp. /sq.ft., and figure 7 B shows similar curves obtained by Sehneide- 
wind, Urban & Adams at current densities from 50 to 800 amp. /sq.ft. Although 
the solution tisod by Schneidewind, Urban &’Adams (1928) differs from our own, it 



tcrnp^ratu ro ( ) 

Fioork 7 

will be seen that the shapes of the curves in figures 7 A, B are essentially similar. For 
the three curves we have obtained, it is found that bright deposits are formed at the 
same efficiency — approximately 8 % — and that the transition from zone I to zone I I 
(figure 4) is characterized at each current density by an efficiency of approximately 
15 %. At constant current density, the efficiency decreases steadily with increasing 
temperature of the electrolyte. At constant temperature, the increase of efficiency 
with current density follows an exponential curve, i.e. the same percentage increase 
in efficiency results from increasing the current density from 100 to 200 amp./sq.ft. 
06 is caused by an increase from 1000 to 2000 amp./sq.ft. It appears, further, that 
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similar types of deposit, e.g. Itistrous. are produced at the same deposition efficiencies 
from the same solution. 

The authors must express their gratitude to Professor C. M. Hinshelwood, F.R.S., 
for laboratory accommodation and many other facilities which have greatly en- 
couraged the present research. Thanks are also due to the Research Department, 
Woolwich, for much help and advice. Approval for publication has been granted 
by the Director-General of Scientific Research and Development, Ministry of 
Supply. 
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Applications of the photographic method to problems 
in nuclear physics. I 

(a) The determination of the energy of homogeneous 

groups of a-particles and protons 

(b) The determination of the energy of fast neutrons 

By C. F. Powell, The H. H. Wills Physical Laboratory, University of Bristol 
{Gormnunicated by A. M. Tyndall, F.R.S. — Received 17 June 1942) 


A detailed account is given of an application of the photographic method to the determina- 
tioti of the energy of homogeneous groups of particles from nuclear reactions. The particles 
studied are (o) a-partioles from thorium and uranium; (6) protons from the disintegration of 
boron and lithium by 600 ekV deuterons, and (c) neutrons from the deuteron bombardment 
of deuterium, beryllium, boron and fluorine. It is shown that the experimental width at half 
maxinuun of a homogeneous group of particles is nearly independent of the energy in the 
range from 1 to 13 eMV, and is equal to 0-3 eMV for protons and 0*6 oMV for a-partioles. In 
modern conditions the photographic method provides a powerful and reliable instrument for 
nuclear research. . 
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h Inteoduotion 

Knowledge of the atomic nuclei comes largely from observations involving the 
detection and the measurement of the energy of the various particles and y-rays 
resulting from nuclear interactions. In view of the great technical advances which 
are likely to occur with increasing knowledge and control of nuclear processes it is 
important to develop more powerful methods of making such observations. New 
methods are particularly desirable for measurements with neutrons and y-rays, 
since the expansion chamber methods which have hitherto been the most powerful 
for this purpose are slow and arduous. 

Just before the war I gave a preliminary account (Powell et al. 1939, 1940) of 
experiments which strongly suggested that in modern conditions the old photo- 
graphic method had a useful contribution to make to the solution of this problem, 
and that it deserved much more serious attention than had hitherto been given to it. 
In particular, it was shown that in suitable conditions the distribution in range of 
the tracks produced by a homogeneous group of protons gives a measure of the energy 
of the group which is not inferior to that obtained with the best applications of the 
counter and expansion chamber methods. In this and subsequent papers a detailed 
account is given of the methods developed and of their application to a wide range of 
problems in nuclear physics. Most of the material is now some years old, its pre- 
paration in a form suitable for publication having been much delayed by circum- 
stances connected with the war. 


2. History of the method 

Since the discovery by Kinoshita {1911) of the photographic action of the a- 
particles, and the subsequent recognition of the fact that with certain types of 
photographic plates the tracks of any a-particles which have passed through the 
emulsion are represented after development by a line of developed grains, several 
observers, and notably Blau & Wambacher (1932, aZ.),have employed the method 
for experiments in nuclear physics. An account of the history of the development of 
the method and a bibliography has been given recently by Shapiro (1941). 

Whilst the potential power of the method has been generally recognized, the 
scope of its application has, until recently, been very restricted. This has been due 
to technical difficulties. In work with the a-particles emitted by the natural radio- 
active elements, it was found that the total number of developed grains in the track 
of a single a-particle with a range of 6 cm. of standard air was small, of the order of 
twenty. It followed that the length of a track, defined as the distance between the 
first and last grains recognized as belonging to the track, did not give a sufficiently 
precise measure of the energy of the particle which produced it. Thus, it was found 
that if the lengths of the tracks produced in a suitable emulsion by a large number 
of a-particles of the same initial energy were plotted as a range distribution, the 
resulting peak had a large spread; an effect analogous to the straggling of a-particles 
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in a gas, but more serious. The corresponding uncertainty in the determination of 
the energy of an individual particle from the length of the track it produced in the 
emulsion made it impossible to apply the method successfully to the study of in- 
dividual disintegrations involving the emission of a-partioles. The individual tracks 
from a disintegrating nucleus could be recognized, but the accuracy of the deter- 
mination both of the energy of the particles and of tlie spacial orientation of the 
tracks was greatly inferior to that achieved with the expansion chamber. 

These difficulties wore found to be less serious in work with protons. It is found 
that the density of grains along a track depends on the ionization density but varies 
only slowly with it. Thus in a 'half-tone’ emulsion the grain density in a proton 
track is 80 % of that for an a-particle of the same velocity whereas the ionization 
in a gas is only 25 %. Further, the range increased with energy much more rapidly 
for a proton than for an a-])article so that the uncertainty in the range determina- 
tion due to the spacing of the grains leads to a smaller uncertainty in the energy. 

In spite of the more favourable conditions thus provided for work with protons, 
some experimenters concluded that the remaining di 9 ic\ilties are so serious that the 
method cannot be af)pUed to the accurate determination of proton and neutron 
energies. Thus Taylor (1935) examined the possibility of determining the distribu- 
tion in energy of neutrons passing through an emulsion by measuring the lengths 
of the directly knocked-on proton tracks, and concluded that the uncertainties 
did not allow the method to be successfully employed for this pur|>o8e. Similar 
experiments were made by Blau & Wambacher {1932, 1934), but like Taylor they 
had at their disposal only neutron sources produced by bombarding light elements 
with the a-particles from the naturally occurring radioactive elements and the 
strength of the neutron sources was relatively small. Even using thick targets and 
‘ poor geometry ’ , long exposures gave so few tracks in unit area of the emulsion that 
the work of examining the plates was extremely tedious. The energy distribution 
studied was complicated and it had not been measured by expansion-chamber 
methods so that a comj)ari8on of the two methods was not possible. In these cir- 
cumstances it is not surprising that the results were not sufficiently conclusive to 
demonstrate the advantages and invportance of the photographic method and to 
lead to its widespread adoption. 

The great potential power of the photograj)hic method lies in the fact that if the 
range measurements cjan be made sufficiently accurate and simple, and if the spacial 
orientation of a track in the emulsion can be determined, then the photographic 
plate becomes an instrument equivalent to an expansion chamber with certain great 
advantages. The most important of these are: 

(1) Whereas the expansion chamber detects particles during only about 1/1600 
of the working time, the photographic plate is continuously sensitive. 

(2) In contrast with the automatic expansion chamber which is elaborate and 
costly to operate, the photographic plate is extremely simple and cheap. 

( 3 ) The determination of the range of a particle from stereoscopic pairs of 
expansion-chamber photographs depends upon subsidiary measurements, such as 
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the pressure and the constitution of the gas in tlxe chamber, whereas with the 
photographic method the measurement depends upon a single determination of a 
direct permanent record of the track. 

The following experiments show that with modern sources of particles and using 
the most suitable microscopic equipment, these advantages can be fully realized. 


3. Photographio and microscopic tkohniqt^e 

There are three main aspects of the problem of determining the range of charged 
particles from the tracks they leave in the developed emulsion. First the emulsion 
must be suitable in giving a sulficiently high grain density along the tracks without 
a large background. Ilford ‘half-tone’ plates have been employed throughout the 
present work. Emulsions of different thickness up to a maximum of 150/t have been 
used for different f)urposes. Plates with emulsions of thickness 50/^ and less are 
developed after exposure by immersion for 25 min. in 1 in 16 'RodinoP at a tem- 
perature of 18® C, hardened for 10 min. in 1 % acetic acid, and fixed in acid ‘hypo’ 
for periods depending on the thickness of the emulsion. In the case of the emulsions 
thicker than 50/i it is desirable to maintain the various baths at a constant tern- 
fierature during the processing of the plates, and during the final washing, in order 
to prevent ‘frilling i.e. the peeling of the emulsion from the glass. Large plates are 
less subject to ‘frilling’ than small, and greater liberties can be taken with them. 
With emulsions thicker than 50/4, in order that the deeper lying parts of the emulsion 
may be developed, the development time is increased up to 2 hr., with a proportionate 
^ decrease in the dilution of the developer. 

The second problem is connected with the examination of the plates and the 
determination of the length of the tracks. In all the plates which we have examined, 
hitherto, there is a background of grains produced by chemical fog or otherwise, 
and these must be distinguished as far as possible from the developed grains in the 
track. Microscope objectives of high aperture have the advantage of a restricted 
depth of focus with the result that the visible background of grains is reduced as 
compared with objectives of lower aperture. Further, if a grain is to be associated 
with a given track, then it must lie not only in the line of the track as seen in the 
microscope, i.e. in the line which is the projection of the track in the focal plane of 
the objective, but also at the depth in the emulsion consistent with it being in the 
track. The depth of focus of a good oil-immersion objective is sufficiently small to 
make this second criterion an important aid in deciding whether a grain should be 
regarded as belonging to a given track and, hence, in decdding the correct ‘length’ 
of the track. 

The use of oil immersion objectives has the additional advantage over ‘air’ 
objectives that the refractive index of the emulsion is sufficiently close to that of 
immersion oil to ensure that the optical quality of the image of grains lying deep in 
the emulsion is good even with the thickest emulsions employed ( 150 / 4 ). It seems 
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probable that emulsions of 250/i thickness could be examined successfully if they 
could be developed in depth. 

Because of these advantages oil-immersion lenses of high aperture have been 
employed in the present work. They are used in conjunction with high-quality 
substage condensers with a maximum numerical aperture of 1'30. Some observers 
have reported that contact with immersion oil is harmful to photographic emulsions. 
Although I have not found this, in order to protect the emulsions from possible 
damage, I covered them with a number ‘0* cover-slip, thickness 0*1 mm., mounted 
on Canada balsam in xylene. I have had experience with a number of objectives 
and find the most suitable to be a 3 mm. apochromat, numerical aperture 1*30, 
magnification 60 and free- working distance 0*25 mm. This objective is normally 
emj)loyed in conjunction with a x 6 ‘Periplanatic' eyepiece provided with an eye- 
piece scale 5 mm. long divided into 100 parts. With this arrangement and in the 
'half-tone' emulsion the range of a particle which appears to equal the length of 
the scale has been found to be 14*6 cm. of air, its actual length in the emulsion being 
0* I mm. Other eyepieces giving higher magnification are occasionally employed for 
special pur{)ose8. 

The third problem is to reduce to a minimum the nervous strain on the observer 
in counting or measuring large numbers of tracks. Experience has shown that in 
this connexion it is a great advantage to use binocular microscopes with inclined 
eyepieces. Even small improvements in the optical quality of the objectives, leading 
to improved definition of the image, gives appreciable relief to the observer, and 
the apochromat of which the characteristics are described above appears to be the 
best available. Aj)ochromat8 with an aperture of 1*4 are obtainable, but their free 
working distance is too small for them to be used for the examination of the thickest 
emulsions, if a cover slip is used. 


Drtrkmtnatton of the energy of charged particles 

(4) a-j^ariicU^s from thorium and uranium 

The first experiments were made on the tracks of thorium a-partioles, obtained 
by soaking an emulsion in a weak solution of thorium nitrate, drying, leaving it for 
some days and subsequently washing and processing the plate. It is well known that 
an emulsion so treated shows the presence of characteristic thorium stars : groups 
of a-particles radiating from a single centre, and corresponding to the successive 
disintegration of thorium nuclei scattered throughout the emulsion. Some of the 
tracks lie nearly in the focal plane of the objective and their length can be measured 
directly to the nearest eyepiece scale division. The lengths of 750 tracks were 
measured and the corresponding frequency -range curve constructed. There was a 
tendency for the observer to measure the lengths to the nearest even digit and, to 
eliminate this bios, the number of tracks in three successive values of the range in 
eyepiece scale divisions were summed and plotted against the mean range as shown 
in figure la. 
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It will be seen from figure la that five groups of a-particles are clearly resolved. 
The ranges of the particles from the complete succession of disintegrations of thorium 
are shown by arrows in the same diagram, the stopping power of the emulsion being 
determined from the experiments with protons described later. The two ranges of 
4*8 and 5*0 cm . of air are unresolved but the two groups together produce a broader 
and higher gtoup than those due to the single groups of particles. No attempt was 
made to ensure that a fair sample of the tracks was taken for measurement, and 
no significance is to be attached to the fact that the peak of lowest range is less intense 
than the otljers. 



range in cm. of air 

FiotJUic 1 . Curve (a), distribution in range of the a-partiel(vs arising from the successive 
disintegrations of thorium. Cui've (t), distribution in raixge of tiie a-j)articIos from uranium 
and 

An examination of figure 1 shows that whilst the |)eaks ])resent very sharp maxima, 
BO that the energy of homogeneous groups of a-particles can he deduced from such 
observations Vith considerable accuracy, the ‘wings’ of the distribution arc rela- 
tively broad, so that individual determinations of particle energy from the lengths 
of single tracks are subject to relatively large errors. 

Figure 1 b shows the distribution of the lengths of the tracks of a-particles from 
uranium obtaii^ed by similar methods, the two groups arising from Ur®®* and 
Here again no precautions wore taken to obtain a true sample of the two groui)8 and 
no significance can be attached to the relative intensities of the two grou])s.* 

(5) Protons from the tra^ismutation of boron and lithium by dmierons 

For the examination of the aetmracy of the method for work with protons experi- 
ments were made with the protons resulting from the disintegration of boron and 
lithium under bombardment with 500 kV deuterons provided by the Biistol 700 kV 
generator, the target system being shown in figure 2. The disintegration protons 

♦ Foo^note added in proof. Reprofluctions of muro photographs of these tracks }iave been 
published recently — ^l^owell, 1942. 


24-2 
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emerged from the vacuum chamber through a mica window, and then passed into 
the plate holder through a thin aluminium foil to enter the emulsion at a glancing 
angle of 6°. The plate holder contained air at atmospheric pressure, and in examining 
the plates, allowance was therefore made for the fact that the total stopping power 
of material through which the protons passed before entering the emulsion was 
diiferent for different areas of the emulsion. 



Figukk 2 

Owing to the presence of elements of high nuclear charge in the emulsion, such as 
silver and bromine, the proton tracks are more subject to scattering than is the case 
when using the hydrogen or air-filled expansion chamber, or with counter methods 
of detection, but except in rare instances and at the ends of the tracks the angles of 
scattering are less than 5 °. A track (;an be easily recognized if it makes an angle of 
‘ dip ’ into the emulsion of less than 25 ° with respect to the focal plane of the objective. 

If therefore we define the range in the emulsion as the quantity J da measured along 

the length of the track, we can ex7)ect the errors introduced into the measurements 
by elastic scattering of the protons in the emulsion to be negligible. With protons 
of high energy we must expect inelastic collisions with the nuclei of the atoms 
forming the emulsion to take place, collisions which leave the struck nuclei in excited 
states and from which the proton leaves with reduced energy. Experiments (Wilkins 
1940, 1941 ; Powell ti al, 1940) show, however, that such collisions are very rare com- 
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pared with elastic collisions, and it is therefore certain that no appreciable error 
will be introduced into the measurements by processes of this kind. 

In the case of tracks whose images are longer than the eyepiece scale, the length is 
determined by first setting the scale parallel to the initial direction of the track and 
the beginning of the scale coincident with the first grain in the track. A grain in the 
emulsion is chosen which coincides with the end of the scale, irrespective of whether 
it lies in the track or not, and the mechanical stage is moved until this grain coincides 
with the other end of the scale. This operation is continued until the end of the 
track lies within the limits of the scale. If the direction of the track changes at any 
point corresponding to the scattering of the original particle, the scale is rotated 
to lie parallel to the new direction. 


C6 



range in cm. of air 

Fiquke 3. Distribution in range of the protons from the transmutation of boron by 500 okV 
deuterons. Curve (a), photographic method. Curve (b), counter experiments of Cockcroft 
& Lewis ( 1936 ). 

The frequency-length curve, deduced from measurementa on 700 proton tracks 
from the disintegration of boron, is shown in figure 3a. The range distribution of 
protons from the same reaction obtained by counting methods as determined by 
Cockcroft & Lewis ( 1936 ) is shown in figure 3&, the range scale and origin in the two 
curves having been adjusted to make the peaks ‘a’ and ‘y’ in the two curves to 
have the same separation, and the corresponding peaks to come one above the other. 
The results obtained by the photograpluc method are clearly satisfactory in that 
the general form of the proton-range distribution obtained is closely similar to that 
obtained by counting methods, and that the ’straggling’ of the individual peaks is 
similar in the two oases. 

From the results represented in figure 3 it was possible to determine the stopping 
power of our emulsion since the distance between peaks ‘a’ and ‘y’ is known both 
in terms of cm. of air from the counter experiments and in terms of our microscope 
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eyepiece scale divisions. The value obtained is that given in § 3. With this calibration 
the range in cm. of air of peak ‘ S ' can be calculated and is found to be 14*6 cm. of air. 
This is equal within the errors of experiment to the expected range of the protons 
from the reaction D® + D* H ® when the bombarding deuterons ha ve an energy 

of 500 kV and the peak is evidently due to the contamination of the target with 
heavy hydrogen. Figure 4 shows the experimental results transformed to a dis- 
tribution in energy, and it will be seen that the width of the peaks at half maximum 
is nearly constant in the range from 2-8 to 8*5 eMV and equal to --O’SeMV. It 
follows that with protons in this range of energy, the uncertainties due to straggling 
are not worse using the photographic method than those met in experiments with 
counters. 



Figiikk 4. Distribution in onorgy of tiio protons from the transmutation of boron by doutorons 
as obtained by tim j)hotograpbic rnotiiod. Tiio peak at lowest onorgy is duo to the prosonoo of 
deuterium absorbed in the target. The widtli of the different |>eaks at half maximum is less 
than 0-3 eMV' in each case. 


The distribution in range of the particles resulting from the transmutation of 
lithium by 500 ok V deuterons has been investigated by similar methods and the 
results are represented in figure 5. Curve (a) gives the distribution as determined 
in the present experiments, and curve (6) shows the corresponding results obtained 
by Rumbaugh & Hafsted (1936) using counter methods of detection. The particles 
of longest range are protons from the reaction Li* (d,p) Li’, the Li’ being formed in 
the ground state or in an excited state at 0-44 eMV. The low range peak is due to 
a-particles from the reaction Li* {d, a) He*, and the particles of lowest range con- 
stitute the high-energy end of the continuous distribution of a-particles from the 
reaction Li’ -f 2He* + ri^. 

As in the experiments with the boron protons, the range scale of the results 
obtained by the photographic method has been adjusted to make the high- and 
low-range peaks fall under the corresponding peaks as determined by the counter 
experiments. We are thus provided with a second determination of the stopping 
power of the emulsion, and the value so obtained agrees with that previously deter- 
mined with an error of less than 1 %. Figure 5 also shows the results transformed 
to an energy scale in the case of the a-particle and proton groups, the width of the 
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peaks at half maxiamm being 0*3 and 0*5 eMV for protons and a-particles respec- 
tively. 

The observed width of the a-particle peak in figure 5 is greater than that obtained 
in the observations on the thorium a-particles. This is due to the fact that with the 
thorium stars the beginning of any track is subject to very small uncertainties, since 
we take it to be the point of origin of a number of tracks radiating from a common 
centre. With the lithium a-partioles, however, we take the beginning of a track to 
coincide with the first developed grain recognized as belonging to the track , The range 
determinations of the thorium a-particles are therefore subject to roughly half the 
error of the lithium a-particle«, and this is reflected in the increased energy spread 
of the latter. 



Kioure 6. ParticloH from tho trftnsrnut.ation of litliiurn by deutororis. Curve (a), range dis- 
tribution by the pliotograpliic method. Curve (6), range distribution from counter experi- 
ments of K\imbaugh Ar Hafsted (1936). Curves (c) and (d), energy distribution of the a- 
particles and jjrotons from the photographic meosurornents. 


In the present experiments the groups of particles from the various transmtitations 
are inhomogeneous as a consequence of the penetration of the thick target by the 
bombarding deuterons. We may therefore infer on the basis of the present results 
that using the photographic method the experimental width at half maximum of a 
homogeneous group of protons, in the energy range from 1 to 9 eMV, is less than 
0*25 eMV; and of a-particles, less than 0^5 eMV. The intensity of the different peaks 
are also in satisfactory agreement with the values obtained by the counter methods. 
In this respect the photographic method has the particular advantage that particles 
of different range are simultaneously recorded in the emulsion so that determinations 
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of the relative intensity of different i)eak8 are independent of fluctuation in the 
intensity of the bombarding stream. 

We may conclude that the photographic method provides a reliable method for 
determining the energy and intensity of homogeneous groups of protons and a- 
particles. This suggested that the method might be used with great advantage for 
scattering experiments using the high-energy proton and deuteron beams provided 
by the cyclotron, and this application has now been made. It also showed that it was 
reasonable to attempt to apply the method to the determination of the energy of 
groups of fast neutrons. 


Dkttsrminatxon of the energy of fast neotbons 

(6) Netdrons from beryllium and 6oron under deuteron Ixmbardmeni 

The most satisfactory method hitherto developed for determining neutron energies 
in the range of 1 eMV and upwards is that based upon the hydrogen- or helium-filled 
expansion chamber. If a neutron of energy collides with a proton at rest and 
throws it forward in a direction making an angle 6 with the original direction of 
motion of the neutron, then the proton receives an energy If 

008^6^^ 0-09 and the initial energy of the proton after impact is sensibly equal to 
the original energy of the neutron. If high-energy neutrons are passed through the 
plate, then, since a photographic emulsion contains combined hydrogen, one may 
expect to find the tracks of knocked-on protons in it after development. If the 
direction of the neutrons passing through the plate is known, then one can choose 
those protons which make only a small angle with the direction of motion of the 
neutrons, measure their ranges and deduce the distribution in energy of the neutrons 
forming the original directed stream. 

The first experiments were made with the Bristol generator on the neutrons 
resulting from the disintegration of the light elements under deuteron bombardment 
and the apparatus is shown in figure 6. It is designed to reduce to a minimum the 
amount of material in the neighbourhood of the neutron source in order to reduce 
the scattering of the neutron beam. The deuteron beam passes through the hole in 
the quartz disk, 4 mm. in diameter, and is focused on to the target. When the beam 
passes directly through the middle of the hole in the quartz disk its edges become 
just red hot under the impact of the particles in the periphery of the beam. If the 
beam becomes displaced, then the glow from the quartz becomes unsym metrical 
and, if the main beam hits it, glows white hot and rapidly disintegrates at the point 
of impact. The quartz thus provides an indicator which enables us to maintain the 
beam focused on the centre of the target. Focusing is carried out by voltage control 
of the first accelerating gap and can be made extremely sharp. The greater part of the 
beam strikes an area of the target about 2 mm. in diameter and the neutron source 
isjthus highly localized. The target'system is cooled by water, the whole construction 

* It is assumed that radiation losses, neutrino interactions, etc., are negligible. 
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deuteron beam 


window 


being kept as small and thin as possible.* The neutrons from boron and beryllium 
were first examined because the energy speotrmn of these neutrons had already 
been examined by the expansion-chamber methods aiul would therefore provide a 
reliable test of the accuracy of the method. 

Twelve plates, each measuring 5 by 2 cm., were arranged in small metal boxes 
around the neutron source in a position, as shown in figure 6, to detect neutrons 
emitted at an angle making about 100° with 
the direction of the bombarding stream, the 
neutrons passing through the emulsion in a 
direction parallel to its surface. The plates 
were given different exposures so that one 
among them would contain a convenient 
number of tracks per field of view of the 
microscope for examination and measuring. 

With the middle of the plate at a distance 
of about 5 cm. from the neutron source and 
with 30 /^A in the deuteron beam {unre- 
solved) exposures of about 2 min. with a 
lithium target, 15 min, with a beryllium tar- 
get, and 40 min. with a boron target were 
found to be satisfactory. 

After development the plates were mounted 
on the mechanical stage of a microscope, 
provided with and ‘y’ motion, in such a 
way that tlie original direction of the neutron 
beam was parallel to one of the direotiotis of 
motion of the mechanical stage. Only those 
tracks were measured which made small 
angles of dip from the plane of the emulsion 
and which were inclined at angles less than 5° 
to the direction of the neutron beam through 
the plate. The angle which the projection of 
the track makes with the direction of the 
neutroii beam can be measured by providing 
one of the eyepieces with a fiducial line, which 
in its normal position is kept parallel to the 

direction of the neutrons in the plate, and measuring the angle through which 
this eyepiece must be turned in order to make the line coincide with the track. The 
angle of dip can be estimated with sufficient accuracy by taking those tracks which 
are seen in focus over a certain length of the track. With a little experience tracks 
which make an angle of less than 5° with the original direction of the neutron beam 

♦ Subsequent experiments on the elastic and inelastic scattering of neutrons have shown 
that elaborate precautions of this type are uimecessary. 



quartz disc 
water cooling 


photographic plate 


water cooling 


Figukk ft. Apparatus for the investi- 
gation of the neutrons from the light 
elements under deuteron bombard- 
ment. 
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can be quickly identified without recourse to actual measurement of the precise 
angle by the methods described in a later paper. 

In order to obtain a true sample of the tracks which satisfy the angular require- 
ments, and to avoid errors due to any tendency on the part of the observer to choose 
either the longer or the shorter tracks, it is sufficient to measure all tracks within a 
given area which satisfy the angular requirements. Asa further precaution against 
prejudice the plates were examined independently by two observers using micro- 
scopes with different magnifications. The two results were then transformed to the 
same range scale and from this result the energy distribution deduced. 



energy in oaiV 

Fiourk 7. Distribution in energy of the protons projwtefi by the neutrons from beryllium 
bombarded by 600 ekV deuteroiis. Curve (a), pbotogtuphic uiethod. Curve ( 6 ), expatision 
chamber results of 8 taub & Htephons { 1939 ). 

The results obtained from the bombardment of beryllium and boron targets are 
shown in figures 7 and 8, the expansion-chamber measurements beitig reproduced 
for comparison in the case of beryllium. It will bo seen from figure 7 that the 
width at half maximum of the diff'erent groups is -- 0-3 eMV, as with the proton 
groups previously examined. In the case of boron, the group at 13 eMV, which 
arises from the reaction the being left in the ground state, has a 

half-width of about 0*6 eMV. The j^aks of lower energy, oorresponding to the 
formation of in excited states, have a half-width of 0-7 eMV. This is more than 
twice the value to be expected for a homogeneous group of particles in this range 
of energies and must be due to a natural width in the excited levels of or to the 
fact that they consist of unresolved multiplets. 

The measurements denjonstrate clearly the power of the method in dealing with 
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neutron experiments. The spectrum of the neutrons from each element was deduced 
from an examination of about 2 cm.* of a single photographic plate. The material 
for the measurement of a thousand times as many tracks could have been obtained 
without difficulty during the same ex|>osure. The speed with which results can be 
obtained depends to some extent on the experience of the observer, but it is not 
difficult to measure 200 tracks a day. With three observers it is therefore possible 
to make an analysis of a complicated neutron spectrum in three days. This time is 
to be compared with a period of from three to six months which is necessary to obtain 
the same information by expansion-chamber methods. Thus in investigating the 



in oinV 

FlcurKK 8. Distribution in oimrgy of tho protons projoctocl by tho neutrons from the trans- 
mutation of boron by 500 ekV douterons, by photographic method. C-urve (a), 700 tnwks. 
Curve (6), metisuromcnts on 000 tracks witli bias in favour of choosing trttcks of long rtuige to 
increase the accuracy of the distribution in the high energy region. 


neutrons from beryllium under deuteron bombardment, Staub & Stephens made 
20,000 stereoscopic pairs of expansion-chamber photographs from which 3000 
tracks were chosen as suitable for measurement. Aj)art from tfie great saving in 
money and labour wliich the method thus affords, it is evident that experiments 
with very weak neutron beams, which could not be attempted witli the expansion 
chamber, become possible. Such effects can be investigated more rapidly by other 
methods, such as those based upon the radioactivity induced in certain nuclei by 
neutrons above a certain critical energy, but in many cases the photographic method 
has the advantage that the information which it provides is much more detailed 
than that obtained by other methods. 
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FiviVJHK DiflT>ributvou m energy of the prot/ona projected by 
the neutrons from the transmutation of deuterium by deuterons. 



Fiouke 10 . Curve (a), distribution in energy of the protons projected by the neutrons from 
the transmutation of fluorine by 900 ekV deuterons, as determined by the photographic 
method. Curve (fc), distribution in energy of the neutrorm from the transmutation of fluorine 
by 900 ekV douteroris, from the expansion chamber exptjriments of Bonner ( 1940 ). 
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(7) Neutrons from the transmutation of deuterium^ and fluorine by dmterons 

Two other neutron spectra have been examined by the same method. In figure 9 
is shown the analysis of the neutrons from a boron target bombarded by low-energy 
deuterons. They are from the reaction Df -f wj, the deuterium being 

adsorbedinthesurfacelayersof the target. Like other observers we find no evidence 
for a group of low-energy neutrons from this reaction due to the existence of a 
postulated excited state in Heg. Figure 10 shows the results obtained by bombarding 
fluorine with 900 kV deuterons from the Cambridge high-tension set. The last result 
was obtained through the kindness of Professor Cockcroft and Mr Det^, who made it 
possible for me to make the necessary exposures. This spectrum has also been 
examined by Bonner (1940) by the expansion-chamber method. His results were 
not published when the present measurements were made, so that there was no 
{)os8ibility in this case of the analysis by the photographic method being influenced 
by the results of previous experiments. Once again the agreement between the* two 
methods is satisfactory. In addition to the tracks represented in figure 10, two tracks 
were observed with energies of 13*2 and 13*4eMV respectively which are certainly 
due to boron contamination of the target. Such contamination may account for 
the peaks of low intensity at 9*3 and 4*3 eMV in figure 9. 

The interpretation of this neutron spectrum in terms of the excited states of 
has been discussed by Bonner, and furtlier confirmation for the existence of the 
first excited state at 1*5 eMV has now been obtained in the inelastic scattering of 
protons by neon (Powell et al, 1940). 

I am greatly indebted to Professor A. M. Tyndall who made it possible for me to 
construct the 700 kV generator and who has always followed the development of 
the work with the closest interest. In the construction of the generator I had the 
advantage of the assistance of Mr W. F. Cox and Dr G. E. F. Fertel. Without their 
collaboration it would not have been possible to bring the work to a successful 
conclusion, and I take this opportunity of expressing my grateful thanks. 
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The reflexion of X-rays from the ‘anti-phase nuclei’ of AuCus 

By A. J . 0. Wilson , Cavendish Laboratory, Cambridge 
(Communicated by Sir Lwurrencs Bragg, F.R.S. — Rex^eived 10 July 1942) 

Jonos &: Sykes have observed that the superlattioo lines in X-ray photographs of AuCug 
are not always as sharp as the main lines, and that the broadening depends markedly on the 
indices of the line. Tliey explain these phenomena by assuming that the crystals of AuChi* 
contain many ‘anti -phase nuclei’ in which the superlattice is organized in different ways. 

In the present paper it is shown that the integral breadth of a reflexion from a crystal in 
which all the unit cells are not tlie same is AJ(,/eo8 B whore is the mean value of the 

product FF* of the structiiro factors of two unit cells sepai*ktod a distance t in the hkl direc- 
tion. Petal led calculations are made of the broadening to be oxfHwted from five different 
ways in which the nuclei can ‘change step’. Closest agrcsemont with the observed broadening 
is given by a manner of ‘changing stop’ in wdiich the gold atoms avoifl one another. 


Introduction 

Jones & Sykes (1938) have observed that the suf)erlattice lines in the alloy AuCug 
are not always as sharp its the main lines, and that the sharpness is a function of the 
heat treatment. The alloy is face-centred cubic, so that it is possible for the sujier- 
lattice U) form in four diiferent ways: 

A, with gold atoms in the centres of the 100 faces, 

B, with gold atoms in the centres of the 01 0 faijes, 

C, with gold atoms in the centres of the 001 faces, 

D, with gold atoms at the cube corners. 



Figurk 1 . The structure of AuCuj, showing alternative sitoa for Au atoms. 

It appears that within the smgle crystals practically all the material is ordered, 
but occasicmally it ‘changes step’, so that the domains of perfect: order are smaller 
than the crystals. The thickness of the transition layer between domains appears 
to be of the order of one unit cell. Jones & Sykes have worked out the size of the 
domains on the assumption that they may be treated as ‘small particles’ and the 
Scherrer formula applied. The size they obtained depended markedly on the indices 
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of reflexion. Details of the variation have not previously been published, but 
Dr Jones heis kindly supplied some typical figures, reproduced in table 1. 


Table 1. Appahent particle sizes (in Angstrom units) of the anti-phase 

DOMAINS IN a specimen OF AuGUjj (JONBS & SyKKS, PRIVATE COMMUNICATION) 


apparent particle aiste 

. . A „ 


A* 4 -^* + /* 

film i 

film 2 

film 3 

film 4 

film 5 

moan 

1 


— 

206 

— 

192 

200 

2 

96 

107 

102 

— 

94 

100 

5 

110 

129 

120 

113 

127 

120 

6 

126 

149 

143 

147 

146 

142 

0 

122 

134 

127 

149 

127 

132 

10 

126 

134 

113 

114 

— 

122 

13 

136 

218 

148 

J42 

129 

150 

14 

102 

132 

139 

129 

118 

124 

17 

118 

137 

143 



115 

128 

J8 

131 

106 

143 

— 

126 

141 

21 

105 

148 

106 


107 

115 


The explanation of the variation is to bo sought in the manner in which the 
changes of step occur. It has been shown (Wilson 1942) that the integral breadths 
of reflexions from a structure containing faults of this kind depend on the prob- 
ability that two non-adjacent cells are alike. There are several assumptions which 
can be made about the way in which the changes of sU^p occur. The simj)lest is that 
they occur without reference to crystallographic direction, i.e. that the probability 
of two cells being alike depends only on their distance aj)art. Another possibility is 
that they occur on 100 planes, i.e. the probability of two cells being alike depends on 
the projection of their distance apart on the nearest 100 direction. In the present 
paper the following possibilities are considered: 

(1) mistakes occurring without reference to crystallographic direction, (2) mis- 
takes occurring on 100 planes, (3) mistakes occurring on 110 planes, (4) mistakes 
occurring on 1 1 1 planes, (5) mistakes occurring so that gold atoms do not come into 
contact. 

It is found that no one of these models gives satisfactory agreement with the 
observed apparent sizes. The fifth is the closest approximation, and a combination 
of mistakes of the first and fifth kinds is found to give fairly good agreement. 


General OALCULATiONt 

For the general calculation it is convenient to choose orthorhombic axes such that 
the 100 reflexion is that called hkl when the crystal is referred to the usual cubic 

t Tlie argument in this section is very Himilar to that of Stokes A Wilson (1942); it is 
therefor© given in condensed form. 
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axes. This is always possible. Then the amplitude of the radiation reflected in the 
direction HKL {H, K and L not necessarily integral) is proportional to 

S S S ^;exp{-27ri(ji//+y,A+j,L)}, (1) 

it it 


where the j’s are integers giving the positions of the unit cells of the crystal and the 
F/s are the structure factors of the unit cells. The intensity reflected with H between 
H and H + dH, K between K and K + dK, L between L and L -i- dL is proportional 
to (1) multiplied by its complex conjugate: 


- S S S ^ S S Ff exp {2m[ij[ - A) H + ( j' -^j,) K + (i' L]} dH dKdL. 

ii it it ?, 

( 2 ) 

The intensity reflected on to the film in the neighbourhood of 100 is 
^ S ? S S i'} exp {2ni(j[ - j, ) //} 

ii it it i, 

X I" ^exp {2m;( j' -j^) K}dK J ^ exp {27rf:0'3 - jg) L} dL. (3) 


The integrals vanish unless and jg ~ jg, when they have the value -f 1. Then 


= S E i: ? Pi Pf exp {2m{j[ -},) H], 

ii it it i| 

the total intensity is / — f (dl ldH)dH « 

J* h it it 

and the intensity at 1 is 



. Hith i,Uit' 

3t it j, 


(4) 

( 6 ) 


( 6 ) 


Lot o, b, c be the lengths of the orthorhombic axes, let Jf, where t = ma, be the mean 
value of FF* for two cells separated by a distance ma in the 100 direction (i.e. the 
hkl direction when referred to the usual cubic axes), and let the volume of the part 
of the crystal in which the unit cells have others at a distance ma from them be 
V (the Vjf of Stokes & Wilson). Then 

1 = Vf,Jojabc, (7) 



= (ljaH>c)jj,V,dt, 


( 8 ) 
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on replacing the summation by an integration. If the integral breadth of a reflexion 
is defined as its total intensity divided by the intensity for J? = 1 ,t 

- 2II(dIldO)Q = 21l(dIldH)^(dHldO)^ 

2 ^qj0/a6c 

(l/a36c) (2acoB6^/A) iv^J^dt 


ao^O ^ViJ^dt 


If is a constant this is (as it should be) the expression for the integral breadth of 
a reflexion from a perfect crystal (Stokes & Wilson 1942, equation (17)). In the 
applications considered in the present paper it happens to have the form 

Joexp(-(y 1« I), 

where ^ is a positive quantity large compared with the recij)rocal of the dimensions 
of the crystal. will normally be of the form (a polynomial in ^), and will 
become negligibly small before PJ differs appreciably from To a sufficient 
approximation therefore equation (9) may be written 


= AJy/cosfi^ Jfdt (10) 

J -CO 

= A/cobO j exp(-#| t\)dt ^ (yA/2eos^. (11) 

The apparent paHicle size is defined by Jones (1938) as e = A//? cos(?. It is perhaps 
worth remarking that for perfect crystals this is the volume average of the thickness 
of the crystal measured in the hkl direction (Stokes & Wilson 1942, equation (2)). 
For crystals containing nuclei of the type considered here it is 


A 2 cos 0 2 

" S' 


Calculations for particular models 

It is now necessary to calculate for the particular models listed above. The first 
four are similar and may be considered together. Suppose that for every increase 
in distance ads measured in a certain direction there is a probability of a change 
of step occurring, where a is a constant and a is the edge of the (cubic) unit cell. 

t Under exceptional circuiustoncos it is possible for the maximum intensity of reflexion to 
occur for non-integral values of the indices. A hypothetical example is hexagonal cobalt 
containing so many ‘mistakes' that its structure is approaching faco-centred cubic (Wilson 
1942, equation (16)). The 2 comes into the expression for ft because it has become conventional 
to measure intregrol breadths in x ” 20, 


as 


Vol. t8i. A, 
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Let the probability that a cell at a distance as from a given unit cell is like the given 
unit cell be P(«). If no change of step occurs, and the cell at de is like the given cell, 
the cell at a(«H-d5) will also be like the given unit cell. If a change of step occurs, 
and the cell at as is not like the given cell, the cell at a(s + d5) has a chance of 1/3 of 
being like the given cell, since the change may be to any of the three types of cell 
which the cell at as is not. Then the probability that the cell at a{s + ds) is like the 
given cell is 

P(s-\-ds) = P(8) + P\s)d8 ^ P( 5 )(l — + — 

P'(.s) + 4aP(«)/3=:a/3, (13) 

P(s) = 1/4-f A'exp( — 4ae/3), (14) 

where A is a constant. Since P(0) = 1, A is 3/4 and 

P{8) ==: {1 4-3exp{ — 4as/3)}/4. (16) 

Suppose that the unit cells are separated by unit cells in the x direction, in 
the y direction and in the z direction. The possibilities are that as is 

(1) the distance between the cells, 

(2) the distance between the cells measured in a 100 direction, 

(3) the distance between the cells measured in a 110 direction, or 

(4) the distance between the cells measured in a 111 direction. 

Let Wj, Wg be the positive values of m,, arranged in decreasing order of 

magnitude. Th(?n for the four cases, 

( 1 ) 5 - + ( 2 ) ^=^ 1 , 

(3) s = (ri| 4" '/i 2 )/V^> (^^ ^ ^ (?^i 4" w <.2 + '/2'3)//^3. 

What it is necessary to calculate, however, is the probability that two cells separated 
a distance t in the hkl direction should bo the same. For this case mj “ Mj^Na, 
= ktl^JNa, ^ Itj^Na. If u, v, w are the positive values of h, k, I arranged in 
decreasing order of magnitude, the four values of s are 

(1) s^\t\/a, (2) s^u\t\I^Na, 

(3) s ^ (u-\~v)\t\ly/(2N)a, (4) s ^ (u-\-v-i-w)\t\l^(3N}a. 

The possible structure factors are 

Afl “ Cu -f Au (exp 7ri{k + i)} 4- Cu exp {ni{l 4* h)} 4- Cu exp {m{h 4- A)},' 

Afc = Cu 4- Cu (exp ni{k + 0} + Au exp {ni(l 4- A)} 4- Cu exp {m{h 4- A:)}, 

■v ^ \ ^ 

Ap =a Cu 4“ Cu (exp m(k 4- i)} + Cu exp {niH + A)} 4- Au exp {7Ti(h 4- A;)}, 

IJ, = Au + Cu {exp m(k + 1)} + Cu exp {jri{l + A)} + Cu exp {ni{h + A )}, , 

where Au and Cu are the structure factors of the respective atoms. The mean t’alue 
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of the product FF* for two cells separated a distance t in the AH direction is 

J, = j;[P(.) F* + {1- P(s)} (Ft + Ft + Ftvm ' 

+ F,[Pis) Ft + (1 - P(S)} (F* + Ft + F5)/3]/4 I 

+a;[/>wf*+{i-p(s)}(F*+f?+f5V3]M| ^ 

+ FAP(S) FJ + {1 - F(«)} (Ft + Ft + F?)/3]/4., 

If hy ky I are all even or all odd, all the F'% are (Au + SCu), and JJ is (Au+SCu)®, 
independent of s. The main lines are therefore as sharp as is permitted by the size of 
the crystals. If A, k, I are not all even or all odd, the jP’s are (Au — Cu) or (Cu — Au), 
and (10) reduces to 

Jt = (Au - Cu)2exp ( 4a^/3). (20) 

The apparent ])article sizes for the four cases are therefore 
(1) 3a/2a, (2) 3^Aa/2aw, 

(3) 3V(2i\^)a/2a(ii4-i;), (4) 3^(3A)tt/2a(w + v + wO- 

Perhaps the easiest way of comparing the predictions jfrom the four models with 
the observed apparent particle sizes is to arrange the reflexions in order of decreasing 
apparent size, and give also the predicted orders of apparent size. This is done in 
table 2. The ' observed’ particle sizes for reflexions 221 and 41 1 have been calculated 
from the observed sizes from lines 8 and 18 on the assumption that 300 would give 
the same result as 100, and 330 as 110. Unfortunately line 17 (410 + 322) cannot be 
separated in this way. Model 1, which predicts the same aijj)arent size from each 
line, is omitted. None of the four gives reasonable agreement with the observed 
order of apparent size. Model 3 is perhaps the closest. 

Table 2 . (Comparison op observed and caloitlated apparent sizes 




order 

^obs. 

order 

order 

order 

ordtjr 

(6) 

error 

obs. 

A 

(2) 

(3) 

(4) 

(5 and 6) 

A 

To 

100 

200 

221 

100 

100 

100 

203 

+ L5 

41] 

161 

no 

411 

310 

411 

167 

-2‘5 

320 

150 

410 + 322 

410 + 322 

210 

320 

152 

+ 1-2 

211 

142 

321 

211 

320 

211 

J35 

-^5-2 

410 + 322 

128 

211 

310 [ 

no 

210 

131 

+ 0-2 

321 

124 

320 

421 

410 + 322 

410 + 322 

J27 

-0'8 

310 

122 

421 

221 [ 

411 

321 

122 

~1*6 

210 

120 

210 

321 

421 

310 

114 

--6-6 

/421 

116 

411 

210 

321 

421 

112 

-2-6 

\221 

115 

310 

320 

211 

221 

112 

-2-6 

no 

100 

100 

no 

221 

no 

109 

+ 90 


The fifth model, i.e. that in which mistakes occur in such a way that gold atoms 
do not come into contact, requires more complex treatment. Consideration shows 
that only on 100 planes is it possible to have such mistakes. In the x direction, for 
instance, the A arrangement can change to the D, in the y direction to the C, and 

as-a 
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in the z direction to the B, without contact of gold atoms. The complete list of 
possible changes of variety of order is 


X direction 

•y direction 

z direction 

A-^JJ 

A-yG 

A ~y B| 

B-vG 

B-yD 

B-yA\ 

G-^B 

G-yA 

C-yDi 

DyA 

D-yB 

D-yG) 


Suppose that AJ^x, y, z) is the prolxabihty that a cell with a displacement ax, ay, az 
from a given A cell is also A, B„(x,y,z) the probability that it is B, CJx,y,z) the 
probability that it is G, and D^x, y, z) the probability that it is D. Then the prob- 
ability that a cell at a: 4- dx, y + dy, z + dz\& A 

AJ,x-^dx, ...) ~ Aa + {dAJdx) dx + (dAJdy) dy -f (dAJdz) dz 

= A„{ 1 — <x(dx + dy + dz)} + aD^dx + aOady + aB^dz. (23) 

The diflferentiaJ equations satisfied by A„ are therefore 

dAJdx = a,[Da - AJ, dAJdy = a{C„ - A„), dAJdz = a(Zi„ - A„). (24) 

Similarly the differential equations for B^, 6’,, £{, are 

dBJdx = a(C'a - BJ, dBJdy = a{D„ - B„), dBJdz = a(A„ - BJ), 

BGJdx = a( -CJ, dCJdy = a(A„ - CJ, dCJdz = x{D, - C„), i (25) 

dDJdx = a(A„ - DJ, dDJdy = ct[B„ - DJ, dDJdz = a{C„ -DJ. . 

There are also similar sets of equations giving the probabilities A/,, Bf,, ...,A^, B^, ... 
of the cell at x, y, z being A,B, ... when the given cell is B,C,.... The solutions which 
satisfy the boundary conditions X^(0, 0, 0) = 1, X^(0, 0,0) = 0, are 

Aa « iSj = (7„ = /)(, = [1 -f exp { - 2a(y z)} + exp { - 2a(z + a;)} + exp { - 2a(a: + f/)}]/4, ’ 

Aj, = jBa “ = [ I - exp { - 'My + z)} - exp { - 2a(z + x)) -P exp { - 2a(a; + y)}]/4, 

Aa = = Ca = = [1 - exp { - 2a(it/ + z)} + exp { - 2a(z -f- x)} - exp { - 2a(x + j/)}]/4, 

= Ba = Cj, = Da == [ I -+- exp { - 2a(y + z)} - exp ( - 2a(z •+• x)} - exp { - 2a(x + y )}]/4. 

( 26 ) 

In deriving these equations it has been tacitly assumed that x, y, z are positive. 
Actually all the exponentials should be written with | x |, | y j, | z | in place of x, y, z. 
The mean value of FF* for two cells separated by the displacement x, y, z is then 

FJFlA, + FtB, + FtC„ + F*,DJI4. ' 

+ F,{FlA, + FtB, + FtC,^F*MI4: 

+ Z;{nAa-^B?Ba + B?Q.-pB3DJ/4 I 
+ A, -f. Ft B, ^ Ft + Ft D„}/4 , 


-A„(Z:.n + ZlB? + Z;B?-hZiB5)/16 ’ 

+ AJF„Ft + F,F*-^F,Ft + F^Ft)l\(i 
+ AjF^Ft + F^FUF,Fl^F^Ft)llQ ' 
+ AJF„Ft + Ft - 1 - F,Ft F^FDjlQ.] 
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This takes several forms, depending on the relations between h,k,U 
hy ky I all even or all odd: (An + 3Cu)®, 

h even or odd, k and I odd or even: (An — Cu)® exp { — 2,!x{y + s)}, 
k even or odd, I and h odd or even : (An — Cu)^ exp ( - 2a(2 4- x)}, 

Z even or odd, h and k odd or even : (An — Cu exp { - 2a(x 4- y)]. 

The main lines are therefore sharp, as they should be. Jf, the moan value of FF* 
for two cells separated a distance t in the hkl direction, is got by replacing x, y, z 
in these expressions by \h\t/^jNa, Iklt/^jNay (ZjZ/y/Aa. The apparent particle 
size from the superlattice lines is therefore 

e = ^l{Na)la.{]) + q), (30) 

where p and q are tlie positive values of the indices of the same parity, i.e. the two 
which are even or the two which are odd. The order of decreasing particle size pre- 
di(5tod by this model is given in column 6 of table 2. It will he noted that all lines 
except 210 are in the correct order. This is much more satisfactory than the pn^vious 
models, but it is not possible to choose a so as to obtain quantitative agreement. 
In particular, line 100 should be as sharp as the main lines for all values of a. 

This result suggests that a combination of two varieties of mistake, one which 
occurs only on 100 planes to give a nearly correct order of apparent particle sizes, 
and another which occurs without reference to crystallographic direction to give 
a general broadening of the superlattice hues, might produce reasonable quantitative 
agreement with the observed apparent particle sizes. Suppose that the })robability 
of a mistake of the first kind in a distance is adsy of the second kind is yds. Then, 
with etc. having the same meaning as before, 

dx -f (dAJdy) dy -h i^AJdz) dz 

= A^,{ 1 ” a{dx 4 - dy + dz) — y{xdxjr 4 - ydyjr + z dz/r)} 

+ ocD^dx 4- ocC^idy -f ocB^dz 4 7(1 - (xdx/r 4- ydyjr 4 - (3 1 ) 

where r = >/(x®4-?/^4”3’®). The differential equations for A^ are therefore 

dAJdx = a(D^ “ - ^yxAj*6r + yx/Sr (32) 

and two similar, with nine more for D^, The solutions are similar to those 

for the preceding model, but with the exponentials 

exp ( - 2ot(y + 2 :) - 4yr/3}, exp { - 2oc(z 4- x) - ^yr/S}, exp { « 2a(x + y) - 4yr/3}. 

The apparent particle sizes predicted are therefore 

^ = a/[2y/3 + (x(p 4- ^ )/^W], (33) 

where p and q are the positive values of the indices of the same parity. This gives 
the same order of apparent particle sizes as the previous model, but with 

2y/3a = 0*00492 and aja - 0*00303 
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fair quantitative agreement ia obtained. The greatest error (9-2 %) is in line 210, 
the only one which is in the wrong order. 

Criticism of the theory 

The agreement between the observed apparent particle sizes and those calculated 
from model 6 is sufficiently close to give some probability to the idea that even when 
the nuclei ‘ change step ' the gold atoms tend to avoid one another. At the same time, 
it does not seem impossible that by the exercise of sufficient ingenuity other models 
could be found that would give as good or better agreement. The chief objection to 
the general method of the calculations is that it does not take into account explicitly 
the ‘ foam^ structure proposed by Bragg ( 1940 ). * 

The author desires to thank Professor Sir Lawrence Bragg, F.R.S., and Dr A. J. 
Bradley, F.R.S., for their interest in this work. 
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An X-ray study of the dissociation of an alloy of copper, 

iron and nickel 

By Vera Daniel, Ph.D. and H. Lipson, M.A., D.Sc. 

Cavendish Laboratory, Cambridge 

{Communicated by Sir Laivrence Bragg, FM.8, — Revived 10 Jtdy 1942) 

[PlJlTE 15] 


A description is given of the unusual X-ray difiiwition effects shown by the alloy Cu4FeNi, 
while it is in the process of splitting up from one face-centred cubic structure into two. 
Before the formation of the tetragonal structures described by Bradley a state is formed in 
which each line of a powder photograph is aocompmiied by quite strong side-bands. An 
ex|)lanatioit of this is given and is shown to be in reasonable agreement with most of the 
quantitative data from the X-ray photographs. 

This explanation is that the original cubic lattice is regularly deformed by the segregation 
of the different atoms. From the positions of the side -bands the directions of the deformations 
€md their average wave-length can be estimated. The intensities, however^ do not fft in with 
the theory; they do not vary exactly in tlie way predicted. It is shown, however, that the 
variation is in closer agreement with this sort of modulation of the structure than with any 
other, but it has not, so far, been found possible to find any factor that wUl modify the inten- 
sities of the side-bonds in the way required. 
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(6) Periodic — (a)-j-l hour at 650 "" C. 

(c) Tetragonal — (a)+ 12 days at 650^ C 
{d) Two phase — (a)+ll weeks at 650 ’ 





iNTRODtTCTION 

In the course of an X-ray study of oopper-iron-niokel alloys in this laboratory 
Dr A, J. Bradley discovered an interesting, and, it is believed, new diffraction effect. 
The alloy Cu^PeNig which is single phase (face-centred cubic) above about B00°C, 
and of which the equilibrium state at lower temperatures consists of two phases of 
similar structure (Koster & DannShl 1935; Bradley, Cox & Goldschmidt 1941) was 
heat-treated at 650 “ C for 1 hr. This treatment was not sufficient to destroy the 
coherence of the crystal lattice; the diffraction lines remained quite sharp; but each 
one was flanked by two slightly diffuse, but quite strong, side-bands. A photograph 
is shown in figure 1 5 ; this may be compared with the photograph of the single-phase 
state shown in figure la (Plate 15 ). 

The alloy is the same as that for which Bradley (1940) has found another mota- 
stable state. In this state, each diffraction line is split into a group of lines as shown 
in figure Ic, and Bradley has shown that these groups can be explained by the 
presence of two tetragonal structures whose axial ratios are nearly unity. The a axes 
were found to be equal and so the natural conclusion to draw was that the two phases 
fit together on the (100) planes. Comparison of figures 15 and Ic, however, shows 
that the new phenomenon is not directly related to the formation of the tetragonal 
structures, and the fact that each lino lias a similar structure would suggest that 
the explanation is fundamentally simpler. 

The most obvious suggestion is that the structure is modulated in some way by a 
periodic variation whose wave-length is much larger than the natural one — the 
length of the unit cell. The result should then be the formation of side-bands as in 
wireless theory, and it is necessary to see if such an explanation can fit in with the 
experimental data. 


Theory 

Two sorts of periodic variations can be easily imagined — variations in atomic 
scattering factor and variations in lattice parameter. We shall consider these in one 
dimension, as this brings out all the essential points and the mathematics is simpler. 

For the first case we may imagine a diffraction grating whose spacing is a but of 
which the scattering power varies sinusoidally with a wave-length Qa. We may 
put the scattering of the gth line as 

l-\-A8in27rq/Q, (1) 

where A is a constant less than unity. This may be treated as a grating of spacing Qa 
with a fine structure. Applying the ordinary crystal-structure formulae (Internat. 
Tab. 1935), the relative amplitudes of the orders of diffraction for such a grating are 

=« S [I + A mn 2 nqlQ]exp ( 2 niHgujQa), 


( 2 ) 
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where H is the order of diffiraotion. Thus 


= sj^l + ™exi){2mf//$)-^.exp(-27rt^/Q)Jexp(2m:H<jf/(2) 

= S exp {2m Hq/Q) + exp [2ni{H + l)q/Q] - £ exp \2ni{H - 1 ) q/Q], (3) 

Each of the summations is a geometrical series and so the sum is 

_ 1— exp27r/// A 1 -^exp27rt(//-f 1) A I —ex]}2niiH — 1) 

^ 1 “ exp 2ni H/Q ^2ii— exp 2m(H -f- 1 )jQ 2n — exp 2ni{H — 1 ‘)IQ * 

The expression for the intensities is obviously rather complicated, but if Q 

is large it is not necessary to evaluate it. For it can easily be seen that is large 
only if if -h 1, or Zf — 1 is a multiple of Q\ the relative amplitudes for these three 
cases are 1 , \A and \A , 

These orders may then be written as hQ^ hQ -f 1, and hQ — 1, where h is an integer. 
Since the y)eriod of the grating is Q times as long as the spacing of the undeformed 
grating, it is easily seen that the number h is the index of an order from the undeformed 
grating. Thus the effect of the distortion we have postulated may be regarded as 
the production of subsidiary orders 1/Q, of amplitude ^^4 relative to the main 
orders. That is, each diffraction line will be flanked by two weak satellites as shown 
diagrammatically in figure 2a. 
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Fkutrk 2. Diagrammatic representation of diffracticui pattern given by a grating with (a) a 
periodic variation of the scattering factor ; (6) a periodic variation of the spacing, first approxi- 
mation; (c) a periodic variation of the spacing, rigorous theory. 

The second grating to be considered is one in which the positions of the lines vary 
periodically. This may be expressed by putting the lines at points 

qa^B sin 2nqjQ, (5) 

where B is the maximum displacement of any one line from its ideal position. The 
maximum and minimum distances between the lines obviously occur at the values 
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of q for which expression (5) is varying most rapidly; at ^ 0 for instance. Putting 

^ = 0 and q ^ I in (5) we find that the maximum distance between the lines is 


a-f jBsin 27t/Qj 

which, if Q is large, reduces to 

a + 2nBIQ. ( 0 ) 

Similarly the minimum distance is 

a-^2rrBIQ. (7) 

Since these distances have simpler physical significance than the disjdacement of 
any one line from its ideal position, we shall put 

b - 27rBIQ, ( 8 ) 

and h is then the amplitude of variation of the lattice parameter. Thus expression 
(5) becomes 

qa -f sin 2nglQ. (9) 


This again may be taken as representing a grating of 8])a(5ing Qa with a fine structure 
and the relative amplitudes of the orders of diffraction are 


n^Q-l . 
Fff - V exp 


\^2niH^ 


Qh . 

qa + ^ sin 2 nqlQ 
27T 


)/ 


Qa], 


(10) 


If h/a is small enough for Hb/a always to be small compared with unity, second and 

Mb 


higher order terms may be neglected in the expansion of exj) sin 
becomes 


Hb 

= S exp ( 2 niHqlQ) 1 + i - — sin 

a 


2 nq 


and (10) 


(H) 


This is similar to expression (2) and may be evaluated similarly. Again the F’a are 
large only for orders hQ, hQ+ I and hQ— I, and in these cases their relative ampli- 
tudes are 1, hQbj 2 a, hQbl 2 a. 

A representation of the diffraction pattern is shown in figure 2 b. It will be seen 
that this differs in an important way from the pattern due to a grating of the first 
kind: for this each spectrum line had a similar fine structure; for the second grating 
the fine structure depends on h and the intensities of the satellites are proportional 
to h^. Thus, as a special case, the zero order Bjiectrum would have no satellites. 

These results are in agreement with those of Dehlinger (1927) and Kochendorfer 
(1939) who have worked out the rigorous theory of diffraction by a crystal with a 
sinusoidally distorted lattice. They find that each ordinary diffraction line is 
replaced by a group of equidistant lines, whose amplitudes are given by JJfiQbja) 
where is the nth order Bessel function. Jg gives the main line, 7 , the first satellite, 
etc. Thus the details of the spectra would be as shown by figure 2c. For A » 0, 
Jg = 1 and all the other J'a are zero; thus the zero order has no satellites. If hQbja 
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is small, Jq = 1, « ^hQbja, and the other orders are negligibly small. This is our 

approximate case; the justification for introducing it separately is that, as will be 
shown later, it provides a more convenient basis for comparison with our experi- 
mental data. 

Other types of grating may exist in which the two types of distortion are combined; 
Preston (1938) has shown that one result of this may be an asymmetry in the dis- 
tribution of satellites about the main lines. This may easily be verified by the 
methods described above. 
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Figukk 3. Reciprocal points with I = 2 for a crystal with three one-diinensional distortions. 

It is necessary to adapt our results to the three-dimensional case. Bragg (1941) 
has pointed out that the satellites produced by a periodic disturbance in a crystal 
may be simply interpreted in reciprocal space; each reciprocal point will be accom- 
panied by a pair of satellite i>oint8, the three lying in a line in the direction of the 
disturbance and the separation being inversely proportional to its wave-length. In 
a cubic crystal, however, it is improbable that, without external influence, a dis- 
turbance should occur in only one direction; any disturbance in the [100] direction, 
for instance, is equally likely to occur in the [010] and [001] directions in other parts 
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of the same crystaL Thus we would have to consider three pairs of spots round each 
reciprocal point. This, of course, is the simplest possible case ; if the disturbance were 
in any other crystallographic direction the number of satellites would be greater. 

The simple case is illustrated in figure 3. The main reciprocal points are repre- 
sented by circles and the satellites by small black spots. The areas of these spots have 
been made proportional to the amplitudes that would result from a periodic variation 
of lattice parameter, accwding to the results derived from equation (11). Thus in 
the general case a main point will be accompanied by three pairs of satellites of 
dilFerent intensities, as will be seen, for example, for the point 132 in figure 3, If one 
index is zero, the corresponding spots will be of zero intensity, and so one would 
expect only two pairs of satellites. If, however, the periodicity is one of scattering 
factor each reciprocal point will have the same number of satellite points round it, 
irrespective of its indices. 


Experimental work 

The above considerations provide a basis for examining the experimental data , 
which may conveniently be divided into tliree categories. 

(1) Numbers of satellite spots 

In order to count these and find their orientations, single crystal photographs are 
really needed. Attempts were made to obtain such crystals, but they were not 
successful. Some fragments of alloy with relatively few' crystals were obtained, 
however, and although the orientations of the separate crystals could not be deduced 
it was verified that there were discrete spots near the main reflexions. Oscillation 
photographs wore taken with CrK, FeK and CuK radiations. None of the reflexions 
200, 311 and 400 showed more than two side spots, and none of the reflexions 220 
and 331 showed more than four, 222 usually showed four, but in one or two cases 
there was a suspicion of a greater number; the small scale of the effect, however, made 
it difficult to observe more than four satellites. Now these numbers of satellite spots 
are approximately those that would be expected from the reciprocal lattice shown 
in figiure 3; they are right for 200, 220 and 400, and for 311 and 331 a spot corre- 
sponding to index unity mighf be too close in and too weak to be observed. 420 did 
not show clear satellite spots but this might be explained by the merging together 
of spots due to indices 2 and 4. 

This evidence therefore strongly suggests that the periodicity is of the second type 
— variation of lattice parameter — and is in the direction of the cube edges. For a 
complete proof of the second point, however, the orientations of the separate crystals 
would be required. 

(2) Positions of the side-bands 

Definite confirmatory evidence of the direction of the periodicity can be obtained 
from powder photographs. Bearing in mind that distances from the origin in 
reciprocal apace are proportional to sin 6? we can see from figure 3 that the distances 
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of the side-bands from the main lines will not be simply a function of 6, The separa- 
tion is a maximum for reflexions that lie in the directions of the distortions and is a 
minimum for those that are farthest from these directions. In the case considered 
these are the 100 and 111 reflexions respectively. 

Powder photographs wore taken with FeK and CuK radiations in a camera of 
19 cm, diameter (Bradley, Lipson & Fetch 1941); these were microphotometered 
in order to derive the separation of the side-bands and their intensities. A typical 
inicrophotometer curve is shown in figure 4. 



Fiouhk 4. Typical rnicrophotometer curve. 


It was obvious from the photographs that the separations were roughly correct; 
the side-bands on line 111 were so close to the main line that they were barely 
recognizable, while those on 200 were much further out; the separation for line 311 
was greater than for line 222 although the latter has a higher value of The measure- 
ments supported the visual estimates very well. 

To test the theory an expression must be found for the separations of the side-bands 
in terms of the indices. If 6 is the Bragg angle for the reflexion hkl, 

+ + 4a*Bin»6?, (12) 

where A is the wave-length of the radiation. Therefore, if the index h changes by a 
small amount Sh while the other two are kept constant, the change in 0, SO, is given by 

ihShX^ = 4a2 2sin^ oo80<S0. (13) 

In our case, Sh = IjQ, and so, dividing (12) by (13) 

Q^ht^ndjNW, (14) 

where N == A* -h A:* 4- 

This means that a diffraction line with three different indices would have three 
pairs of side-bands in different positions, corresponding with the substitution of 
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the values of h, k, and for A in (14). For most of the low order lines, however, the 
side-bands are single since the indices are either zero, when the side-band would fall 
on the main line, or equal. For 311 and 331, for which this is not true, we have 
assumed that we have measured the separation corresponding to the index 3; for 
420 the difference in separation of the two sots of side-bands is less, and this is in 
agreement with the lack of clarity which made measurement of peak positions for 
this reflexion quite impossible. 

That the separations of the side-bands agree with equation ( 1 4) is shown in table 1 
by the fact that the values of Q calculated from them are constant within the limits 
of experimental error. 

Table 1 




0 

0 


indices 

radiation 

(dogreti^s) 

(radians) 

Q 

1 1 1 

Fo 

27-9 

00037 

47*8 

2 00 

(^u 

25*5 

0*00475 

50*2 

200 

Fe 

32*7 

0*0063 

51*0 

2 20 

Fo 

49*8 

(>•0058 

5 JO 

3 1 1 

(\i 

45*8 

OOO 6 O 5 

46*1 

3 1 1 

Fe 

63-6 

0-0 100 

52*1 

222 

Fo 

69-4 

0*(M)79 

56-0 

3 3 1 

Cu 

09-8 

000975 

45*5 
Mean 50*0 


(3) Intensities of the side-bands 

The intensities of the side-bands provide less satisfactory evidence. A periodicity 
in scattering factor would give a constant value for the ratio of the intensity of the 
side-spots to the main reflexion; a periodicity in lattice parameter would make it 
increase rapidly with index. Measurements show that neither of these rules is 
obeyed. 1 jl^y the ratio of the intensities of the side-bands to the main lines on a 
powder photograph, has an erratic increase with angle; the details are given in 
table 2. It might be thought that a combination of the two ty f)e8 of periodicity might 
explain the data, but the asymmetry found by Preston (1938) has not been noticed 
by us. Moreover, there is definite evidence against this theory. 


Table 2 


indioas 

iih 

iim. 

Qb/a 

1 1 1 

0-28 

0093 

0 * 6 J 

200 

(>•36 

0-088 

0*59 

220 

0-50 

0-062 

0*50 

3 1 1 

046 

0-041 

0*40 

222 

0-60 

0-050 

0*45 

331 

0'60 

0-026 

0*32 

420 

0-47 

0-023. 

0*31 


First, the photographs of the coarse-grained specimens show no satellite spots 
lying on the Debye lines of the main reflexions. Whatever the orientations of the 
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orystak, refle;s:ionB with the same value of 6 should lie on these lines. This is direct 
evidence that the satellites corresponding to zero index have zero intensity, in 
accordance with the results from equation (il). Indirect evidence in support of this 
is given by the powder photographs, as there is no trace of higher background beneath 
the main lines. It is true that this would not be clearly visible, but if there were an 
increase of the same order as the observed satellites, it could not be missed. 

Also, the intensities of the side-bands, although they do not agree with either 
theory, do show a reasonably smooth variation if each satellite spot is assumed to 
have an intensity proportionaFto the square of the corresponding index. If the 
intensities were independent of index, quite a different variation should arise. In 
fact, it may easily be shown that the reflexion 200, for instance, is quite incompatible 
with this possibility; having two zero indices, it should have four satellite spots 
coincident with the main line, and this is not strong enough to admit of this possi- 
bility if they were equal in intensity to the observed side-bands. This may be seen 
from the data given in table 2. We have also considered other sorts of possibilities, 
but none gives as smooth a variation as the assum]>tion that the intensities of 
the satellite spots are proportional to 

In this case, the intensity of the side-bands should be proportional to the sum of 
the squares of the indices, that is, N. Again, there is some doubt in lines of mixed 
indices concerning the distribution of the satellites between the main line and the 
side-bands; line 311, for instance, agrees better if N is taken as 9 instead of 11, 
suggesting that the satellites corresponding to index 1 are included in the main line. 

In column 3 of table 2 values of I/I^N are given. These are not constant as they 
should be if the periodic variation were entirely one of lattice parameter. Thus the 
values of Qb/a derived from them, and given in the next column, are also not con- 
stant; but as we have pointed out above, the variation with angle is reasonably 
regular. 

Discussion of the results 

It is useful at this stage to summarize the conclusions that have been reached. 

It has been shown definitely that (a) there is a modulation in the structure which 
is parallel to the cube planes, and (b) the period of the modulation is about 60 unit 
cells (180 A). The breadth of the side-bands would suggest that the period varies 
from about 30 to 70 unit cells, * 

The type of modulation has not be decided definitely; modulation of scattering 
factor fails completely to explain the experimental data, and modulation of lattice 
parameter, while it accounts for most of the data, does not explain completely the 
variation of the intensities of the side-bands with angle. Variations in scattering 
factor are, of course, not to be expected in an alloy of elements whose atomic numbers 
are so close together, but it was thought unwise to neglect completely their possi- 
bility. 

It also cannot be decided whether the modulation is one, two, or three dimen- 
sional; that is, whether the maxima and minima of the modulation lie on planes 
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parallel to the cube faces, on lines formed by the intersection of two such sets of 
planes, or on points formed by the intersection of three. The former, of course, fits 
in well with the usual ideas of lamellar precipitation in alloys and is the easiest 
arrangement to envisage. It is hoped to get direct evidence by means of the electron 
microscope. 

Since the main defect of the theory lies in the intensities it gives, and since the 
calculations assume that hQbja should be small compared with unity, it is necessary 
to see if the defect is removed by the application of the rigorous theory. In table 2 
it is seen that Qbfa is of the order of 0*5; thus hQbja is by no means small. Neverthe- 
less this cannot explain the discrepancy; in fact it increases it. For wo have seen 
that the intensities of the main lines and the satellites are proportional to the squares 
of the different orders of the Bessel functions of hQbja. If Qbja is 0-5, jQ(hQbja) is 
nearly zero when A = 4, and also the number of satellites should be quite large. It 
is seen from figure 1 b that this is not so; the main lines are aU quite strong, and the 
satellites show only traces of higher orders. 

We are thus placed in the puzzling position that the approximate theory fits the 
numerical results better than the rigorous one. This is probably bound up with the 
lack of perfection of the modulations. We have seen that according to the breadths 
of the side-bands Q may vary from 30 to 70 unit cells; the lower limit may be even 
smaller since the intensity decreases as Q decreases. Thus although the average 
value of Q is 50 there may still bo a large volume of the crystal for which Q is much 
smaller. This would contribute little to the side-bands and would leave the main 
lines quite strong, as they are observed to be. On the other hand, it is impossible to 
explain the relative intensities of the side-bands in this way since they should still 
increase rapidly with angle. No ty})e of distortion that we have been able to treat 
mathematically will produce any change in the intensities of the side-bands; they 
merely change their shapes. It is possible, of course, that with increase of order i)art 
of the side-bands merges into the background, but it is not easy to acjcount for the 
strength of the main fines in this way. 


Conclusions 

In view of the lack of certainty about the nature of the periodicity it is probably 
unwise to make any precise deductions from the numerical results we have given. 
Nevertheless, it may be pointed out that these results do fit in weU with the data 
given by Bradley for the tetragonal structures. 

The lattice parameter of thosingle-phase alloy is 3*5758 A; those of the two phase 
alloy are 3*5620 and 3*5884 A, which thus show changes of 0*01 3 A. In the tetragonal 
state the c axes differ from the single-phase spacing by about ± 0*030 A, while the 
a axes are unchanged; this is about the right value if the two phases are to have the 
same atomic volumes as in the final state. From the results given in this pa})er the 
average spacing variation in the periodic structure is about 0*032 A; this is about 
equal to the variation found for the tetragonal structures. Also Bradley has estimated 
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that the tetragonal lamellae are about 100 A thick; this is in good agreement with 
our results since the thickness should correspond to half the wave-length of the 
periodicity, that is, 90 A. 

It would thus seem that the periodic structure is a first step in the process of 
dissociation into two phases. A complete analysis of the problem and of the changes 
that the alloy undergoes should throw much light on the mechanism of dissociation 
in this alloy and, perhaps, in alloys in general. 
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Bradley, F.R.S., for their encouraging interest in this work. Dr A. J. C. Wilson has 
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Molecular wave functions for lithium 

Bv C. A. CouLsoN, University College, Dundee and 
W. E. Duncanson, University College, Ijondon 

{Communicated by E. N. du C. Andrade, F.R.S. — Received 30 July 1942) 

The method of molecular orbitals has been applied to a discussion of the ground state of 
Li,. Both the simple product -type functions and the determinantal functions have been used. 
The final energy value has an error of about 1*3 %. The changes in screening constants in 
passing from atomic to molecular states is discussed, and empirical rules deduced from this 
and other work. Provided that all the molecular orbitals used are mutually orthogonal, there 
is not as much electron exchange between inner and valence electrons as has often been 
supposed. The importance of this orthogonality in discussion of exchange is emphasized. 


1, Introduction 

The most fundamental and valuable step in the discussion of wave functions for 
atoms was the introduction by Hartree of the self-consistent field approximation. 
Each electron is supposed to move in a certain field due to the other electrons whose 
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motioxiB we may imagine to have been ‘ smoothed out br ‘ averaged in the process 
of determining their appropriate contributions to the self-consistent i)otential. In 
a first approximation the complete wave function was merely a product of the 
individual atomic orbitals (Hartree approximation), but subsequently Fook showed 
how by taking proper account of the true determinantal symmetry, it was possible 
to extend the analysis so that allowance was made for electron exchange (Fock 
approximation). We have only to list some of the applications that have been made, 
using either the Hartree or Fock methods, to realize how valuable such wave 
functions have been — for example, electric and magnetic susceptibilities, electron 
velocities and shape of Com})ton profile, electron scattering, hyperfine structure and 
oscillator strengths. 

The corresponding application to molecules lias been developed largely through 
the labours of Mulliken under the title of molecmlar orbital approximation. But 
practically no numerical calculations of these wave functions have hitherto been 
made. The explanation is quite simjde— when there are two or more centres of force 
we lose the central symmetry so typical of atomic structure, and the separation of 
variables no longer takes place. On the one hand, this introduces more variables, 
and on the other it requires us to evaluate some extremely formidable integrals. As 
a result the only calculations of this kind have been for Hg by Coulson {1937/j, 1938), 
Li^ by James (1935), by Coulson & Duncanson (1938), and methane CH4 by 
Coulson (1937a) and by Buckingham, Massey & Tibbs (1941). In this latter case 
the four protons were averaged over the surface of a suitable sphere so that central 
symmetry was artificially created; such an apfiroximation is only practicable for 
relatively few molecules. 

It is desirable that the method of molecular orbitals should be applied to other 
more complicated molecules; in this present i)aper we give the results of such a study 
with Lig. In one sense this represents a survey of the possibilities of the molecular 
orbital method. We have therefore tried to make our work as useful as possible as 
a guide to the degree of accuracy likely to be obtained in other more comj)lex mole- 
cules. For that reason we have used both the Hartree & Fock types of wave function 
so that an estimate of the loss of accuracy when using Hartree wave functions may 
be obtained. It became quite clear, when we tried to extend our work to Ng, that in 
any but the simpler molecules the Fock wave functions were quite impracticable. 
We have also tried to get molecular orbitals that were readily usable for other sub- 
sequent calculations. We have therefore not concerned ourselves with the detailed 
working of James (1934), who has also studied this molecule, even though he 
obtained a more accurate result for the energy. For this latter method is not pictorial 
since we do not assign electrons to definite orbits; also the wave fimctiona which 
eould not easily be extended to more complicated molecules, cannot even in this 
case conveniently be used for any of the subsequent calculations of other properties 
of the molecule such as those listed earlier. It is quite clear that in molecular pro- 
blems a compromise is necessary between extreme accuraciy and simplification. 
For that reason a qualitative understanding of the changes undergone by atomic 
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orbitals in the process of molecule formation is valuable. We present such a discussion 
in this paper. 

There is also another point to consider, especially if our concern is with -other 
properties than the energy of binding. In the calculation of such quantities as the 
dipole moment, or magnetic susceptibility, it is the absolute accuracy of the wave 
function that matters; whereas in calculating the binding energy (which is usually 
taken, somewhat unhappily, as the criterion of success in molecular calculations) 
it is the small difference in energy between the molecule and the constituent atoms 
that matters. This latter difference may be quite inaccurate even though the 
individual energies are relatively much more accurate. Thus in the case of Lij the 
total energy of the molecule relative to infinite separation of nuclei and electrons is 
approximately -15 atomic units (la.u. of enefgy ==== 27-08 oV), but the binding 
energy is only 0*04 a.u. It follows that the calculated binding energy may be in 
error by 100 % even though the total energy is in error by only J %. Even if we 
neglect the inner shells, which certainly contribute the greater part of the total 
energy, an error of 100 % in the binding energy represents an error of only 10 % in 
the energy of the two l)inding electrons. 


2. Choice of wave FUNimoNs 

As part of the compromise between accuracy and simplicity we have used linear 
combinations of atomic orbitals to represent each molecular orbital. This is Mulli- 
ken’s LCAO approximation, and it certainly lends itself best to further calculations. 
The individual atomic orbitals were of Slater tyj>e (1930). Since the binding is 
regarded as primarily duo to the two 2« electrons of the Li atoms, we define the 
normalized atomic orbitals: 

= V(C'W'" \ 

- a) ^(2Sh) - N(r^ - a) 

and are the distances of an electron from the nuclei, Nib a normalizing constant, 
a, c and d are constants to be determined later. There are reasons for supposing that 
c and d (especially d) may differ from the Slater values (Ojulson & Duncanson 1942; 
Coulson 1942 a), Indeed the elucidation of this uncertainty was one of the main 
reasons for the present research. 

According to the molecular orbital approximation the electrons in Li2 are regarded 
as being: two in state ^(1^«), two in state ^(l«e>)j and two in a valence orbital 
^(2/?fr) defined by 

^(2sit) = N„{i/r{2s„) + ^(28^)}. (2) 

is a normalizing factor. If we use the Hartrec approximation the full wave 
function 'Pjj is 
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in which we have used a bar over a ^ to denote negative spin; its absence denotes 
positive spin. If we use the Fock approximation it is 

Wjp. == 2) 3) f{l8f/A) ilr{2a(r: 5) ]^(2s(r: 6)}, (4) 


where, as usual, P denotes any permutation of the electrons. For the sake of brevity 
we shall write A, B, a for l^o), 1^^), ^jr(2s(r) respectively. Then (3) and (4) become 


!F^ = ^(l)i[(2)B{3)^(4)(r(5)a^(0), (5) 


W,. - £(^\y^P{A{l)I{2)B{^^)B(4)(T(d)Wi6)}. ( 6 ) 


The energy is calculated from the usual formula = J j j W*Wdr^y 


where the Hamiltonian H is 


i-i 1 >) 


and 




3 3 

1 ^ 

^ai hi 


H(i) is an operator of position of electron i only. As is usual in such calculations we 
are to choose values of the unknown parameters c, d, a to minimize E, 

An important point arises here. If the simple Hartree calculation is to mean any- 
thing the individual orbitals must he orthogonal. For the Haitree wave function 
makes no allowance for the PauU exclusion principle, and each electron will therefore 
try to get to the lowest state of the same symmetry, without consideration of how 
many electrons there may already be in that state. If, however, we coin|)el all tlie 
orbitals to be orthogonal, this cannot occur and there will be an absence of what 
Van Vleck & Sherman (1935) have called ‘sagging’. If we do not compel this ortho- 
gonality our calculations are meaningless. Such omissions have often been made 
(in ghghtly different form) in earlier molecular computations. For example, we make 
this mistake every time that we replace the inner electrons of an atom by an effective 
negative charge at the nucleus, and thus assume complete (or partial) screening. 
There is an exception to this rule of orthogonality for the atomic and 1«^ states. 
The overlapping of these orbits is so small (S,^^ ^ O-OOOl and always occurs 

with another factor of the same order of magnitude) that this condition may be 
relaxed for these two orbits. Similar arguments concerning orthogonality do not 
occur with the Fock treatment, though on grounds of simplicity in formulation and 
interpretation it is convenient to preserve this orthogonahty among the component 
molecular orbitals. We shall return to this point in a later section. 

In our case we have to make the tfr{2sa‘) orbital of (2) orthogonal to **^*^^^ 

This is done if 


* “h d, p) 

87r(c-fdj““ + Ji(d,c,pj ' 
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where and are two integrals defined in a recent table of such integrals (Coulson 
19426), and p is the internuclear distance, here taken to be the experimental one, 
viz* 5*0 a.u. (Herzberg 1939). A word of explanation is needed for our choice of 
internuclear distance p = 5*0 a.u. It is unlikely that our form of wave function 
would actually yield this for the position of minimum energy. In fact, Bartlett & 
Furry (1931) obtain p — 4*3 a.u., and James {1934) using the full Heitler-London 
approximation gets p = 6-02 a.u. The labour involved in computing wave functions 
for various values of p would have been prohibitive with our wave functions; and 
in any case we shall be concerned later with applications of these wave functions to 
calculations of other properties of the molecxile. For this purpose it is probably 
better to sacrifice a small gain in energy in order to obtain a more appropriate 
wave function. 


3 . Thk energy 

If we use the Hamiltonian of the last section with the two molecular wave func- 
tions ( 5 ) and (6) we obtain closed forms for the energies and Ijet us write 

^A(\)H(\)A{\)dT^, H^ = ^A(\)H(\)B(\)dr^, 

^<T<r ==J<^( 1)^(1 )0‘(l)dT„ 

80 that and are the energies of the atomic 1 « and valence 2 « electrons under 
the Hamiltonian H( 1 ) . We also need the rj, integrals. Our notation may be seen from 
an example. Thus let 

\A<t:cB} denote ( A(l)(r{2) — a’(l)B(2)dTjdTj^. 

J 

Then it may be shown by straightforward analysis that 

+ 2H„ + [ora : aa] + ^[AB ■.AB] + 8[^a : A<r] + 2[AA : A A]. (7) 

Similarly 

Eg> ■» ~ ^ab^au) [aa :aa] 

+ 2{{AB •.AB]-[AB-.BA] + 4[^a : ^a] - : Ha] - 2[A<t : vA] 

+ 28^g[A(T : aH]} ( 1 - + 2{[AA .AA]-\-{AB:AB] 

- 4S^g[AA ■AB] + S»^g([AA : BB] + [AB : BA])) (1 - ( 8 ) 

It appears from numerical calculations with likely values of the exponents that 
all the terms involving S^g and even [AB: BA] may be neglected. Thus 

- ^J^AA + + l(nr:(rtr] + i[AB :AB] + S[A(r :A(r] 

+ 2[AA:AA]-i[A<r:<rA] (9) 

( 10 ) 


Ej{ — 4[i4a : trA], 
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We do not need to reproduce the details of these calculations, for they follow familiar 
lineS) except that several quite formidable integrals were required. 

4. Results akd discussion 

The minimum energy, using the Hartree wave function (5) and making allowanee 
for the Coulomb repulsion between the nuclei, is given in table 1 below, together 
with the corresponding values for the exponents c and d. The unit of energy is the 
atomic unit 27'08 eV. This table also shows the corresponding values of the exponents 
and energy for the Li atom, calculated in the same way. The effect of the electron 
exchange can be found by calculating the extra term \Acr:(rA\ in equation (10). 
The appropriate values of the exponents and the energy are shown in the table. 

Table 1. Values of exponents at minimum energy 



c 

d 

a 


Hartreo wave funotionn : 

molecule 

2-7O0 

0-766 

1042 

~ 14*8072 

atom 

2-697 

0-720 

0*878 

- 7-4075 

Fock wave functions : 

molecule 

2' 70 

0*81 

1-006 

-14-8177 

atom 

2*694 

0-767 

0-867 

- 7-4138 


It is seen from this table that the advantage gained by using the Fock wave 
functions is approximately 0*0105 a.u, = 0*28eV. This is, however, only a small 
proportion, about 1 in 1500, of the total energy. The reason why this gain is so small 
is that exchange between a 28(x electron and an inner shell 1.9 electron is very small. 
We must expect that the difference would be larger in the case of a molecule where 
there were more than two electrons in the outer shells. 

The small extent of electron exchange between the inner and valence shells seems 
to be in'direct contradiction to the work of James (1934), who performs a Heitler- 
London calculation and lists the contributions to the energy which arise from all 
such possible transitions. The explanation of the divergence is soon found. For the 
diflFerent orbitals that James uses are not mutually orthogonal; consequently the 
orbitals of his valence electrons contain part of the orbitals of the inner shell. If 
we use determinantal wave functions for the whole molecule, this redundancy does 
not matter, since by subtracting rows or columns suitably we can obtain an entirely 
equivalent determinant in which all the functions are orthogonal. Indeed, the 
precise meaning to be given to James's figures for the contribution of these triple 
and higher exchanges is hard to define, for we could change these contributions to 
almost any desired extent without altering the total energy at all by simply taking 
new linear combinations of the same atomic orbitals. In our own cose using molecular 
orbitals we too shall find significant contributions apparently arising from exchanges 
with inner and outer shell electrons unless we insist on our orbitals being orthogonal. 
Then equations (9) and (10) show that the interaction between inner and outer 
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electrons is represented by a Coulomb term 8[Acr: Jicr] and an exchange term 
“■ 4[A(r : (rA]. As we have shown, this latter is relatively unimportant. We conclude 
that this type of exchange between different shells is not very serious and may often 
be neglected if we take the precaution of making the various molecular orbitals 
orthogonal. In such a condition there are no triples and higher exchanges at all. 

We may illustrate this requirement of orthogonality in a slightly different way as 
follows. Instead of making the molecular orbital }/r{2s(r) defined by equation (2) 
as being N^{\Jr(2s^)~\-}Jr{28f^)}, orthogonal to the inner electrons ^(Is^) and 
we could make the component aliomic orbitals ^{28^ and orthogonal, thus 

using the same orbitals for the molecule as for the isolated atom (though perhaps 
with a different exponent in the exponential parts). Using the Hartreo wave function 
(6) wo find that the total energy drops from — 14*8T)7 to — 14'850a,u. The difference 
of 0*043 a.u., which is about 1 eV, represents the ‘sagging' due to inclusion of some 
part of the inner shell orbital in the valence orbital, and shows how absolutely 
necessary it is in a Hartree treatment, and how desirable in a Fock treatment, to 
use orthogonal orbitals. Exactly the same situation obtains for the isolated atoms. 
Thus with Li, the non-orthogonal orbitals give an energy —7*7151 a.u., whereas 
the orthogonal ones give only — 7'4075a.u. The sagging is over 8 V, and the value 
— 7*7161 a.u. is quite meaningless. 

We may make two further comments. First, that the exponent in the U wave 
function is not appreciably changed from its value for the separated atoms. If the 
exchange between these electrons and the outer ones had been as important as has 
sometimes been stated, we might have expected a more significant difference than 
we actually find. Our result, incidentally, is in agreement with the work of Bucking- 
ham et aL (1941), who found a similar conclusion for the 1*9 electrons of CH^, 

Our second comment concerns the ratio of the exponents for the valence electrons 
in the molecular and atomic states. It is seen from table 1 that the exponent d is 
larger for the molecule than for the atom, both in the Hartree and the Fock wave 
functions. The present writers (1942) have suggested a ratio between 1*1 and 1*2 for 
these exponents. A value greater than unity has been discussed by MuUiken (1932, 
1 940) os a condition of firm binding. A value just less than 1*2 fits the case of molecular 
hydrogen (Coulson 19376). Taking the case of Lig, if we use determinantal wave 
functions the ratio is 0*81/0*77, i.e. 1*06; the same value is found for the Hartree 
wave functions also. Now these ratios compare the exponents in the wave function 
of the binding electron of the atom and the molecule when using the same type of 
wave function. Probably a more useful comparison would be between the molecular 
orbital exponent and the Slater (1930) atomic orbital exponent, since considerably 
more information is available concerning the latter. In the case of atomio Li the 
Slater exponent of the valence electron is 0*66. Using the Fock type molecular wave 
function as in table 1, the ratio of exponents is 0*81/0*66, i.e. 1*26. This value is 
somewhat larger than might previously have been expected, though of the predicted 
order of magnitude. A reasonable assumption, therefore, to make when dealing with 
more complex molecules for which accurate computations are impracticable, would 
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appear to be to use Slater’s rules for atomic wave functions, and to multiply binding 
electron exponents of type ct* by a factor 1*2, and binding electrons of type tt by 1*1, 
and to leave unchanged the exponents of all inner and non-bonding orbits, in passing 
from atomic to molecular states. This rule still leaves uncertain the case of anti- 
bonding orbits such as the cr* 2 e of Here the available evidence from similar 
orbitals of and Hg suggests that a small reduction in exponent may be necessary. 
This problem requires further elucidation. 

5. AcVimACY OF THK ENERGY VATATR AND WAVE FUNCTION 

In the previous section we have been (joncerned with the relative accuracy of the 
Fock and Hartree types of wave function. If we are interested in the absolute 
accuracy of our wave functions we shall compare our values of the energy with the 
more laborious calculations of James (1934) and with the experimental value. Such 
a comparison is shown in table 2. The experimental value is found by taking twice 
the experimental energy of a Li atom (James & Coolidge 1936), viz. — 14*9578a.u., 
and adding the observed dissociation energy which is l*14eV (Herzborg 1939) 
and correcting for tlie zero-point energy 0*02 eV. The [)ercentage error with our 
functions is about 1*3, and even the much more complicated function of James has 

Table 2 . Comparison of energies of Lig 

oxj)orimmital — 15*001 

JamoK (1934) - 14*861 

presorit paper: 

Harfcroe-type wave function — 14*807 

Fock -type wave function — 14*818 

an error of about 1 %. Indeed, it seems hardly feasible to obtain a closer energy than 
this for molecules other than the very simplest, and the method that we have used 
in this paper does seem to represent about as good a compromise between accuracy 
and simplicity as any hitherto proposed. It does also show that even without any 
great refinements the method of molecular orbitals is able to give a good account of 
the wave functions even of homopolar molecules. 

We may next inquire whether any improvements could easily be made in our 
wave function. There are two ways in which we could improve our result, but both 
of them destroy to some extent the pictorial representation of the electron orbits. 
In the first place we ought to make specific allowancxi for the electron ref)ulsion 
terms by introducing these co-ordinates into the wave function. In the second 
place, as James (1935) showed for Lijf*, the true wave function has a greater con- 
centration of charge between the nuclei than our present type of wave function 
prescribes. This could be allowed for by combining a certain amount of the atomic 
2p orbital with the atomic 2« orbital in the formation of the molecular orbital of 
equation (2). This is equivalent to stating that the binding is not pure s binding, but 
a hybridized compound of s and p. Unfortunately both of these two improvements 
would involve considerably more calculations. 
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The continuous absorption of light in potassium vapour 


By R. W. DircHBTTRN, Ph.D., Professor of ExperimerUal Philosophy 
Trinity College, Dublin, 

J. Tunsteai), FitzGerald Scholar, Trinity College, Dublin 
AND J. G. Yates, B.A. 


{Commmdcatsd by Lord Rayleigh, F.R.S. — Received 18 August 1942) 

A new type of absorption tube for the study of metal vapours is described. It is shown 
how tiie effective length of the absorbing column may be calculated. Measurements of the 
continuous absorption in potassium vapour, extending into the vacuum ultra-violet, are 
described. A separation of the atomic and molecular absorption is effected. At short wave- 
leugtliB the atonuo absorption appears to increase rapidly, and varies linearly with the 
frequency. The value of the absorption ooeillcient at the series limit is 1*2 ( i 0*8) x 10”*® cm.*. 

The results for the atomic absorption are in conflict with theory. It is suggested that 
exchange effects are operative in the absorption process and may account for the discrepancy. 


1. Intbopuction 

The study of the abBor|)tion of light in metal vapours is teclmioally difficult 
because of the rapidity with which the vapours attack the windows of the aborp- 
tion vessel. By using a very long tube it was found possible, in the case of caesium, 
to obtain a measurable amount of absorption at temperatures so low that the change 
in the transparency of the windows during one experiment was negligible (Braddick 
& Ditcbbum 1934 ). This method cannot be applied to the othw alkali metals 
because higher tenij>eratureB are required to produce a suitable vapour pressure. 
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In order to avoid the difficulty, it has been usual to place tixe active metal at the 
centre of a long steel tube whose ends are kept cool, and the metal is prevented from 
distilling rapidly to the ends by means of an inert filling gas. This method has the 
disadvantage that the concentration of the vapour at any point in the tube is not 
definitely known, and cannot be varied in a controllable way. Also it is nec^essary to 
use a considerable pressure of the filling gas, and it is impossible to be sure that this 
gas is not exerting an appreciable effect upon the absorption. The continuous absorp- 
tion of potassium was measured by this method by one of us about 1 6 years ago 
(Ditchburn 1928), but owing to the difficulties we have mentioned it was not possible 
to make a certain and satisfactory separation of the molecular and atomic absorp- 
tion. This paper describee a now technique for overcoming the difficulties, and gives 
the results obtained by applying it to the measurement of the absorption of potas- 
sium vapour in the region 2lK)(b-1600 A. The experiments have been interrupted 
owing to war conditions, but the results so far obtained appear to cover the most 
important points connected with the atomic absorption. They give the essential 
features of the variation of absorption with wave-length together with a moderately 
accurate determination of the absolute value of the atomic absorption coefficient 
at the series limit. 



(Right-hand halves shown; dimensions in mm.; ftirnaoo omitted.) 

2. Theory of the method 

The principle of the method may be understood by reference to figure 1 which 
shows two d^erent forms of absorption tube, and the temperature distribution 
which is luaintained in each. Figure 1 (a) shows the form first used, and figure 1 (6) 
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that used for the final experiments. It is more difficult to arrange the heating coils 
and lagging to give the temperature distribution required for the second type of 
tube, but the accuracy of the results obtained and the sirn|>licity of the theoretical 
calculations justify the extra trouble. It is intended to use this form in any future 
experiments. The general principle applying to both absorption tubes is that the 
metal is allowed to diflFuse from the source ^ (or ^ 1 and A 2) to the cooler ends of 
the tube, but the geometry of the tubes is arranged so that the concentration of the 
vapour at any point can be calculated. It is found that with this type of tube a very 
low pressure of filling gas is sufficient to restrain the diffusion. 

In order to obtain the atomic absorption coefficient it is necessary to derive an 
expression for the amount of light absorbed, taking account of the variation of the 
concentration of the vapour in different parts of the tube. We shall first make the 
calculation assuming that the vapour is monatomic so that the absorption coefficient 
is propoitional to the pressure. In these circumstances the amount of light ab- 
sorbed in ])assing through the thickness dx of the vapour at pressure j) is given by 

dl =^^fip]dx, (1) 

where is the absorption coefficient for unit pressure and is related to the atomic 
absorption coefficient er by the expression 

I 273 

( 2 ) 

where T is the temperature, and N is the number of molecules per c.c. at s.t.p. 
If the temperature is the same at all parts of the absorbing column and p is a known 
function of x, the expression (1) may be integrated in the form 

( 3 ) 

It is convenient to calculatci the equivalent length of the absorbing column, which 
we define to be a column of vapour at constant pressure which produces the same 
ab8orf)tion as the actual column. This length will be 

L’=^pdxlP„,. (4) 

To obtain the equations required for this calculation it is desirable to consider 
qualitatively the process by which equilibrium is established. We start with the tube 
cold and the inert gas present at a certain pressure (say P). Let us assume that the 
system is connected to a reservoir of large volume so that subsequent changes in 
the temperature of the absorption tube do not alter the pressure in the reservoir. 
Then the total pressure at any point in the absorption tube will always be P, As the 
potassium is heated the partial pressure of the vapour at any point in the absorption 
tube will increase and that of the inert gas will decrease so as to keep their sum equal 
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to P, Thus the vapour drives out part of the inert gas, and when a steady temperature 
is reached the vapour-gas mixture is in a state of dynamic equilibrium. There is 
then no net movement of the inert gas in any direction, but there is a slow transfer 
of the metal by diffusion of the vapour through the inert gas. This type of equilibrium 
obtains only so long as the vapour pressure is less than P. If .the vapour pressure 
exceeds P a bodily flow of the vapour (as opposed to a diffusion) takes place and 
the metal is very rapidly transferred to the ends of the tube. If a vapour pressure 
of the order of 0*8P be used, the rate of diffusion of the vapour is still slow and the 
partial pressure of the inert gas in the main portion of the absorption tube is con- 
siderably less than that of the vapour. The effect on the absorption of collisions 
between inert-gas atoms and the vapour molecules is then negligible in comparison 
with that of collisions of vapour molecules amongst themselves. The usual theory 
for the one-dimensional problem of inter-diffusion of two gases in a tube of uniform 
bore leads to the relation 


^ ax ^ dx ‘ 


where arc tlie concentrations of the vapour and gas respectively at the point x, 
/ j and Pg are the numbers crossing unit area from left to right, at the point x, per 
second, and D is the diffusion coefficient. In the usual problem to which equations 
(5) apply both gases move along their own concentration gradients, and n, and are 
functions of the time. In our problem the vapour diffuses through the inert gas and 
there is no net motion of the latt^er. To take a<;count of this effect we assume that at 
any point there is a movement of the whole system considered above, sufficient to 
transfer molecules of the inert gas from right to left. This will transfer also 

TV TV 

- molecules of the vapour from right to left or — ~ 1\ from left to right, so the 
total movement of the vapour component is 



In a uniform tube P* must be independent of x. In U^rms of partial pressures this 
becomes 


B pi+pt dpi 

kT p^ dx ’ 


(7) 


Py being the pressure of the vapour, and p, that of the inert gas. Substituting 
P-Pt for Py in (7) and integrating we obtain 


py = P-J), = P-Pnff^, 

where is the value of p, at a: = 0 and 

kTP* 

« DP ' 


( 8 ) 

(») 
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The form of the result is shown in figure 2» This result can be extended to the case 
where the tube consists of a number of different cross-sections. Neglecting end- 
effbcts, it is clear that since the total flow across any cross-section of the tube is 
constant, P* is inversely proportional to the area of cross-section. Hence for each 
uniform section a solution of the form (8) is obtained with different values of a. 
These may be fitted together using suitable boundary conditions to secure con- 
tinuity at the junctions. It is possible, however, to use the same value of a through- 
out if the scale of length be ad justed in each part of the tube in inverse proportion 
to the cross-section of that part. 



Kkutrjc 2. PresHuro distribution in a uniform tubo for tho 
forced di/Tiisioa of a vapour through a gas. 

In tube 1 a the flow is from the side tul>e to each end of the main tube. Considering 
each half separately, tho flow can be taken as through a. tube of four different cross- 
sections, namely, the side tube, the central main tube, the narrow section and the 
condensation section. It must be noted that only half the cross-section of the side 
tube is available for feeding one end. The value of L can now be calculated either 
directly from (8) using the boundary condition = P at tho condensation point 
or by a graphical method. The latter is more convenient. A suitable method is to 
plot the curve of the equation 

y = P-PjoC", 

where y repreuents />,. The areas corresponding to Jp,da: for different sections of 

the tube are obtained by a planimeter, allowance being made for the change in the 
scale of X, In the experiments the cross-section of the narrow portion is about one- 
twelfth that of the main tube. This leads to a value of a twelve times as large as that 
of the main tube, consequently the main fall in pressure occurs in this narrow 
section. With tube 1 b we have to deal with seven sections, the central section between 
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the two potaftfliuxn reservoirs, each reservoir to the corre'feiponding narrow tube, the 
two narrow tubes and the two condensation sections. In the practical case, nearly 
the whole fall of pressure is in the narrow tube and the condensation section. It is 
sufficient to assume that the pressure in the section between the two reserv^oirs is 
the vapour pressure corresponding to the temperature of the reservoirs, and to use 
the above theory to give the pressure in the remainder of the tube. 

The simple theory given above involves several approximations whose effect may 
now be considered. 

(a) End-effect. The one -dimensional diffusion equation does not apply in the 
region where an abrupt change of cross-section occurs. The correct equations are 
very similar to the equations for the electrical resistance at the junctions of con- 
ductors of different diameters. Appl 3 dng the solution of this latter j>roblem, it is 
found that the correction to the effective length of the absorption tube is negli- 
gible. 

(b) Variation of temperature along tube. The diffusion coefficient is approximately 
proportional to T* and therefore a is aj^proximately inversely proportional to T. 
The variation of temperature in the main part of the absorption tube is so small that 
it is sufficient to use the average value throughout. The variation in the conden- 
sation section will produce a small correction tending to increase a and hence to 
decrease the effective length of the tube a little. 

(c) Variation of composition along tube. The value of T) and hence of a is a function 
of the partial pressures, but the variation is very slow (Kennard 1938 ) and the effect 
may be neglected. 

(d) Eddy effect. The theory would become inapplicable if large convection cur- 
rents were to take place. Such convection currents are not very probable in the 
narrow sections of the tube. In the wide section their effect would tend to equalize 
the concentration of the vapour at different parts of the section. This would increase 
the concentration at the ends of the wide section and hence increase the rate of flow 
a little. Since the variation of concentration in this section given by the above theory 
is already small a further reduction in the variation is probably unimportant. 

(e) Molecular absorption. In the simple theory it was assumed that the vapom* is 
monatomic and that absorption is directly proportional to the vapour pressure. It 
is known that about 3 % of the vapour is in the form of diatomic molecules and that 
in certain regions of the spectrum these are responsible for an appreciable fraction 
of the whole absorption. The fraction of molecules is so small that it is not necessary 
to take account of effects on the diffusion equilibrium due to differences between the 
molecular and atomic diffusion coefficients, etc. It is, however, necessary to take 
account of the fact that the effective length of the tube for molecular absorption 

{Ljif) is proportional to j p^dx, whereas that for atomic absorption (L^) is given by 

J pdx. An investigation of this problem shows that for the higher vapour pressures 
used in our experiinents is about 5 % less than and for the lower pressures 
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about 20 % leaa than The effect is thus sufficiently important to be taken into 
account, but it need not be accurately calculated. 


3. EXFiSRIMENTS IN REGION 3000- 2000 A 

The general technique used is very similar to that previously employed (Braddiok 
& Ditchburn 1934). Changes in technique will be described under the headings: 

(a) Oeneral arrangement. The tube 1 a differs from the absorption tubes previously 
used in that the ends project from the furnace. It is thus possible to make the main 
support independent of the furnace. The tube is hold in stands which permit lateral 
extension and is also supporied by a single V in the middle of the furnace. 

{b) Temperature control. The temperature is measured at points marked T in 
the diagram, by means of chromel-alumel couples, and tlie temperature of the side 
tube is measured by a Pt/Pt-Rh thermocouple, one junction of which is immersed 
in a sulphur boiling-point apparatus. The calibration is checked by determining 
the zinc freezing-point. 

(c) Preparation of potassium. For most experiments potassium was prepared by 
redistilling ordinary potassium; for some experiments a special pure potassium 
obtained from Messrs Schuchardt was used. A small trace of sodium could not be 
removed. 

(d) Light source. The hydrogen discharge tube previously described (Braddiok 
1934) is used. 

(e) Photographic. Ilford Process plates are used for the range 3(K)0-“2200 A, and 
Ilford Q plates for a few exi>eriment8 in which the range was extended to 1900 A. 
A Hilger monochromator (D 33) is used, with camera, os a spectrograph. The prism 
was 8|>ecially selected for transparency to the region 2000-1850 A. 


4. AfFAEUTUS FOR THE VAOtJUM ITETEA-VIOLET ABSORFTION MEASUREMENTS 

(a) Construction. For these experiments the absorption tube must be connected 
to the lamp on one side, and to the vacuum spectrograph on the other, by gas-tight 
joints. As the absorption tube has to be heated up through approximately 400*^ C, 
the joints must he flexible enough to take up the thermal expansion, without dis- 
tortion of the optical system. The absorption tube is a complete unit being closed 
at the ends by waxing on 1 cm. diameter fluorite lenses. 

The spectrograph is of the type described by Cario & Sohmidt-Ott (1931). The end 
of the absorption tube fits into and is waxed to a rigid steel stand which is joined to 
the 8|)ectrograph through a 6 in. length of ‘tombac’ tubing. The spectrograph is 
placed on a mounting designed on geometrical principles. The latter enables the 
necessary adjustments to l>e made while preventing any relative motion between the 
lens on the absorption tube and the slit of the spectrograph. With this arrangement 
the total thermal expansion has to be taken up at the end of the absorption tube next 
the lamp. The latter is connected to the tube through a small length of rubber 
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tubing. The light from the capillary passes through thisf rubber tube, and is ooUi- 
mated by the lens on the end of the absorption tube. 

(6) Furnace and temperature measurements. The furnace is designed so that the 
mean temperature has to be raised by as little as possible throughout an experiment. 
This reduces errors due to possible distortion of the optical system. The furnace is 
a single steef tube wound with nichrome ribbon over a mica insulation. The two 
sharp minima in the temperature curve (one shown in figure 1 b) are obtained by 
encircling the tube with 1 in. copper bands, from which radiator fins project. The 
rest of the tube has a jacket of asbestos cement whose thickness varies from point 
to point so as to produce the desired temperature distribution. The expansion of 
the steel tube controls the mean temperature automatically. This is achieved by 
means of the dilferential expansion between the furnace tube and a tube of the same 
length kept at room temperature by passing water through it. A system of levers 
magnifies the expansion and operates a relay. The temperature of the two potassium 
^servoirs is controlled inde])endently of the main furnace. Auxiliary heaters are 
required for these points. A steel jacket is made to fit exactly over the potassium 
reservoir and the neighbouring portion of the absorption tube (see figure 1 b). It is 
wound at the ends with nichrome wire over a mica layer. The whole fits inside the 
main furnace. About 20 W is required to raise the temperature of the reservoirs to 
lO'^C below the mean temperature. Temperatures are measured by six chromel- 
alumel thermocouples; one at each of the potassium reservoirs, one at each end — 
near the middle of the narrow tubes — ^and two at the central portion of the tube. 
The thermocouples on the reservoirs are pushed in between the steel jacket and the 
glass. The other thermocouples are wired to the outside. It has been verified pre- 
viously that the thermocouples at the reservoirs read the lowest temperature in 
that region. 

Before inserting the tube in the furnace the potassium is distilled in through a 
side tube which is sealed oflF. Hehum is admitted to a pressure of 1 cm. The tube may 
then be warmed to run the potassium into the reservoirs. Oil-diffusion pumps with 
liquid-air traps are used to avoid possible contamination with mercury. The helium 
is admitted over charcoal cooled in liquid air, 

(c) Photometric technique. Ilford Q plates are used. The size of plate for this 
spectrograph is 12 x 1*9 cm. On this not more than seven spectra can be taken. 
Exposures are started and stopped by means of a magnetically controlled shutter. 
In experiment two comparison spectra are taken with the furnace at a low 
temi)erature. Two absorption spectra are taken with the furnace at a higher tem- 
perature. On cooling two more oom|>arison spectra are photographed. The small 
ske and enclosed sliape of the spectrograph prevents the use of grids for comparison 
praposes. The comparison spectra are obtained by reducing the exposure time and 
assuming that the reciprocity law holds. This assumption is checked in the range 
2300-1900 A by a series of experiments using a Hilger E3l spectrograph, and 
comparing the reductions of density due to reduction of exposure time with those 
due to reduction of light intensity, by means of the calibrated grids. The results of 
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these subsidiary experiments are applied to determine the constant in a forr^ula 
of the Schwarzschild type (D « log It^), The constant was independent of wave- 
length and lay between 0-96 and unity for the range of densities used. It is therefore 
reasonable to assume that this value of p remains unchanged in the region of the 
spectrum 1900-1600 A. 

{d) ExperimenUil. Before absorption measurements can be made the apparatus 
must be tested for sources of error. Such errors are: 

(1) Variations in the output of the light source in the region 2000-1600 A due to 
‘clean-up’ in the discharge. 

(2) Absorption due to gases emitted from the spectrograph and the photographic 
plate under vacuum. 

(3) Spurious ‘absorption’ eflFe<5t8 drie to changes In the optical alignment caused 
by the thermal expansion of the absorption tube. 

To test for the latter error an experiment, similar to the real experiment, is done 
in which the temperatures are lower so that the pressure of potassium vapour is 
negligible. The error can be reduced by the use of a rather wide slit, 

5. Results 

(а) Variation of absorption coefficient with wave-length and pressure. The absorption, 
log(///o), as a function of wave-length is shown for several different pressures in 
figure 3. Curves (1), (11) and (IV) were obtained with the vacuum spectrograph; 
curves (V) and (VI) with the quartz spectrograph; and curve (III) is a composite 
curve made up of results obtained by both methods. From the curve it may be seen 
that in the region of overlap the agreement between the two sets of experiments is 
satisfactory. The shape of the curve is also in good agreement with that previously 
obtained by one of us for potassium in the presence of small amounts of nitrogen 
(Ditchburn 1928; see figure 8). The most striking feature of these curves is the very 
large increase of absorption towards the short wave-length end of the spectrum. 
The absorption shown in these curves is partly atomic and partly molecular, and 
before attempting any theoretical interpretation it is necessary to separate the 
two parts. 

(б) Separation of atomic and molecular absorption. Under the conditions of our 
experiments, it may be assumed that the atomic absorption is directly proportional 
to the concentration and the molecular absorption to the square of the concentration* 
The total absorption is then given by an expression of the form 

p^crc^rc^ or pjc 

where p is the measured absorption coefficient, <r is the part due to atoms, and r 
that due to molecules. The concentration c is proportional to the vapour pressure 
divided by the mean tem|)erature of the absorption tube. The vapour presstire is 
obtained, from the temperature, from the equation given by Ditchburn & Gilmour 
{1941 ). If we plot pjc against c we should obtain a straight-line graph, and <r and r 
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can be determined from the intercept on the axis and the slope, re8j>ectively. The 
observations were plotted in this way, for different wave-lengths, due allowance 
being made for variations in the effective length of the absorbing column, and for 
differences in temperature. In this way the graphs of atomic and molecular absorp- 
tion shown in figures 4 and 5 were obtained. The analysis shows that for most wave- 
lengths and pressures the greater }>art. of the absoq:>tion is due to the atoms. It is 



wHve-loi igt-h ( 1 00 A ) 

Ficuue 3. Absorption onrvos in the vapour -press lu’o rH.ngo l-fi-S r* mm. 

Quartz s])ootrograph, y va<iuuin spectrograph. 

therefore possible to determine the atomic absorption fairly accurately, and the 
absorption shown in the graph is probably correct to within 20 % over most of the 
range. The absoq>tion coefficient at 2300 A is more accurate than this and may be 
stated as 4-4 ( ± 0-6) x 10^^ cm.®; the absorption coefficient at the series limit may 
be given as 1*2 ( ± 0-3) x 10 cm.®. 

The molecular absorption curve is less accurately known, since small errors in 
the accuracy of the results and in the method of separating will have a proportionately 
larger effect. It is, however, fairly certain that the molecular absorption is great, 
in the region 3500 A and decreases to a very low value which may be Kero in the 
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region 2500-2000 A, and increases again in the far ultra-violet region. Accepting 
the usual estimates for the proportion of molecules present it appears that the 
molecular absorption in the region 3100 A is very high, being of the order 3 x 10*^® 
cm.®. 

(c) Shajpe of absorption^ curve near series limit mid pressure effect. In the experi- 
ments on caesium it was found that the absorption appeared to increase very sharply 
on the long-wave side of the series limit (Braddick & Ditchbum 1 934 ). Close examina- 



wa VO -length (100 A) 

FiauuK 4. Atomic absorption curves. Dotted line theoretical. 
In I, Hoale of y multiplied by 10. 


tion of the photometer traces suggests that this effect probably exists in potassium, 
but is much weaker than in caesium. The shajie of the curve near to the potassium 
series limit is very similar to that found for caesium in the presence of a considerable 
pressure of gas, and is possibly due to some interaction between the potassium atoms. 
The presence of the sodium absorption line 2853*9 A prevented us from determining 
whether the position of the maximum absorption coincides exactly with the 
theoretical series limit 2866*6 A. 
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Nearly all the experiments were done with helium as the filling gas and the pres- 
sure of helium in the tube was of the order 5 mm. According to results previously 
obtained on caesium (Ditchburn & Harding 1936) this amoxmt of filling gas should 
exert quite negligible effects on the absorption. A very few experiments done with 
neon and argon as filling gas at pressures of the order of 3 cm. indicated that these 
did not produce any large effect; although there was probably a small reduction in 
the amount of absorption. 



wave-length (100 A) 

B'iguke 5. Moleoulai* absorption curvo* 

0. Discussion 

The atomic absorption curve is in agreement with the (jurve obtained by the 
direct method (Lawrence 1925) as far as the wave-length 2300 A. The later photo- 
electric measurements of Lawrence & Edlefsen (1929), using the space-charge ioniza- 
tion spectrum, indicated the existence of a definite maximum in the curve in the 
region 2300 A; whereas our curves do not indicate such a maximum. Other evidence 
has shown that the theory of the space-charge detector is more complicated than was 
originally thought, and a very small variation in the efficiency of the space-charge 
detector would be sufficient to explain the discrepancy (McFadden 1942). It apj:)ear8 
fairly certain that our curves give the absorption correctly and that this absorption 
is all due to the photoelectric process. The theoretical calculation of Phillips (1932) 
led to the result that the absorption should be 2-2 x cm.’* at the series limit and 

should decrease monotonioally, as shown in the dotted line in figure 4. It is obvious 
that the experimental results are in direct conflict with the theoretical calculations 
on this point. Early in 1 939 calculations of the continuous spectrum of potassium 
were being carried out under the direction of Professor D. R. Hartree using the 
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differential analyser and taking into account exchange forces. It weu 3 hoped that 
these might have cleared up the discrepancy, but unfortunately it was not possible 
to complete the work. Recent calculations of continuous absor|)tion coefficients 
(Bates 1939) have shown that for atoms like oxygen, fluorine and neon the absorption 
does not decrease monotonically from the series limit. Calculations on exchange 
effects in Ca and Ca+ (Bates & Massey 1941) show that exchange effects materially 
alter the shape of the absorption curve. 



3-2 3-6 40 4-4 4-8 5 2 5*6 60 


wave number x 

FicaiKK 6. Ab8or|:)tiori ooeffloiont plotted against wave number. I Potassium. II Caesium. 
(Or<linnte-Heale applies to potassium. br<linates for caesium have been reduced by a 
factor of thrm.) 

In the case of caesium it was similarly found experimentally that the absorption 
did not decrease monotonically from the series limit, but over the portion of the 
spectrum measured the increase was not so rapid as in the case of potassium. For 
caesium it was possible that the total integral to the absolution curve (which is 
proportional to the / value for the continuum) could be equal to that calculated 
theoretically; though this would only be so if the absorption decreased very rapidly 
just beyond the wave-length at which the observations finished. The present results 
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for potassium indicate that the / value obtained for the continuum from the experi- 
mental results is many times greater than that predicted theoretically. This suggests 
very strongly that some process involving an electron other than the valence electron 
is operative. In this connexion it is probably significant that the absorption measure- 
ments for sodium and lithium (which have no incomplete inner shells) are in agree- 
ment with the theoretical calculations. For caesium and potassium in the region of 
short wave-lengths the absorption coefficient appears to be proportional to the 
frequency. In figure 6 it may be seen to what ext/Cnt this empirical law holds. 

Acknowledgement is due to the Department of Industry and Commerce of Eire 
for the award of a grant to one of us (J. T.). 
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Penetrating non-ionizing cosmic rays 

By L. JAnossy and G. D. Rochbstkr 

{Communicated by P. M. 8. Blackett^ F.R.S. — Received 9 September 1942) 

An account is given of experiments proving the existence of a penetrating non-ionizing 
component of cosmic radiation at sea-level. It is shown that the radiation has a mean range 
of approximately 10 cm. in lead, and is probably the same as the penetrating non-ionizing 
radiation discovered by Rossi and Regener in ©xporimonts at 4300 m. above sea-level. An 
argument is brought forward indicating that the radiation might consist of neutrons. 


I. Inteodxtotion 

The main part of the non-ionizing component of cosmic radiation is known to 
consist of photons. The photon component was investigated by an anticoincidence 
method by J&nossy & Rossi ( 1940 ) and Regener ( 1940 ). The present paper deals 
with experiments which are an extension of the photon experiment. They give 
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evidence for the existence at sea-level of a non-ionizing component far more pene- 
trating than photons. The intensity of this non-ionizing component at sea-level is 
so small that it could not have been detected by J 4 nossy & Rossi. 

A short account of some of our results was given elsewhere ( J^nossy & Rochester 
1941). Experiments with similar results were carried out at 4300 m. above sea-level 
by Rossi & Regener (1940). 


II. The experimental method 

Consider the counter arrangement shown in figure 1 . An anticoincidence (BC^A) 
is defined as a coincidence of the counters B and ( 7 jriot accompanied by a discharge 
of any of the anticoincidence counters A. An antiooinoidenoe can be due to one of 
the following processes: (1) a non-ionizing ray produces in 8 an ionizing secondary 
which discharges the counters B and ( 7 . As this is the only kind of anticoincidence 
we wish to observe, such an anticoincidence is called a genuine anticoincidence. 




FiauKB 1. Scheme of anticoin- Figure 2. The experimental outlay, crose-aeotion. 
cidenoe arrangement. 


(2) An ionizing particle enters a without crossing any of the counters A and is scat- 
tered in such a direction as to produce a coincidence BC, or it produces a secondary 
in a which discharges the counters JB and C, ( 3 ) A shower from the side which dis- 
charges B and C but not A. ( 4 ) An ionizing particle which passes through A, B and 
C but happens not to discharge A due to the inefficiency of the counters. ( 5 ) A casual 
coincidence between the counters B and C which is not accompanied by a discharge 
of A. (6) A particle which comes from below and is absorbed in s. Types of anti- 
coincidences 2-6 will be called spurious anticoincidences. 
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The experiment was oarried out with the counter ' arrangmnent reproduoed 
schematically in figures 2 and 3. The arrangement oonsists of a threefold coincidence 
set of counters {BCD), and an anticoincidence set of counters (^4), containing 76 
counters in parallel. The anticoincidence counters shield the coincidence system 
from all directions except from below. An account of the construction and the 
efl&ciency of the counters will be published elsewhere (Rochester & J&nossy 1943). 



Fiovbb 3. The oxperimontckl outlay, seen from below. 


The threefold set BCl) was surrounded by 6 cm. of lead on five sides to cut out 
photons and that this was accomplished may be shown as follows. The rate of anti- 
coinoidences observed with the top part of the absorber removed (i.e. X = 0) was 
2-4 anticoincidences j>er hour and therefore the rate due to photons alone must have 
been smaller. The probability of a photon penetrating 5 cm. of lead without encounter 
is less than ^ %, hence the rate of anticoincidences due to photons must have been 
0*01 0. per hr. or less. This rate is negligible compared with those observed (see 
table 2). 

Since the rate of penetrating non-ionizing agents proved to be very small, great 
care had to be taken to reduce the rate of spurious anticoincidences to a minimum. 
Eventually the rate of spurious anticoincidences was reduced to less than 0-04 % 
of the rate of threefold coincidences. 

This high efficiency was obtained in two ways: 

( 1 ) By reducing the duration of the anticoincidence counter pulses to prevent the 
overlapping of pulses. This was obtained by using small counter coupling units; a 
counter leak of 20,00013 and a coupling condenser of 100 P.F. In order not to miss 
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discharges giving rise to very small pulses the input pulses were amplified by a 
three-stage, lesistanoe-capacity amplifier. The amplified pulses and the coin- 
cidence pulses were mixed by an anticoincidence amplifier of the type described by 
Rossi and his ooworkers (1940). The efficiency of the anticoincidence amplifier was 
100 %. 

(2) By arranging the anticoincidence counters in such a way tliat a particle 
reaching the coincidence counters or the absorber s had, in general, to pass through 
two or more anticoincidence counters, though small regions could only be covered 
singly because of the finite thickness of the counter walls ( -0*5 mm.). The rate of 
spurious anticoincidences due to this tyf)e of leakage is estimated as follows: 

liack of efficiency of a single counter (observed) ^ 0*7 % - 100a 

Fraction of the solid angle subtended by BCD covered 

only singly by anticoincidence counters (observed) ... 2v3 % = 1006 

Total leakage 100(a‘^ + a6) ^ 0-016% 

= 0*1) (c. per hr.) 

Thus the estimated rate of direct leakage is of the order of the smallest rates observed 
(see tables 1 and 2). 

The rate of anticoincidence pulses was of the order of 700 c. per see. The anti- 
coiiKiidence amf)lifier was designed to block the recording of coincidence counts 
for about 200//sec. after each anticoincidence pulse. Thus the coincidence amplifier 
was blocked for about 0*14 sec. per sec. due to discharges of the anticoincidence 
counters. This blocking resulted in a loss of about 14 % of the anticoincidences. The 
numerical value of this blocking ratio was determined by applying artificial pulses 
to the coincidence input of the amplifier and by recording the fraction of these 
pulses not getting through the amplifier. 

Tests carried out daily showed that the blocking ratio remained remarkably 
constant. 

The space below the coincidence counters was not covered by anticoincidence 
counters because secondaries produced in a by non-ionizing radiation would have 
discharged the anticoincidence system after having passed through the coincidence 
counters and no genuine anticoincidences would have been recorded. 

Since the bottom was not covered, spurious anticoincidences due to ionizing 
particles moving upwards and being stop|)ed in a might be expected. We note that 
the rate of these spurious anticoincidences would be strongly reduced when a is 
shifted from its original position to the lower position a* (figure 1). An observed 
decrease in the anticoincidence rate when a was moved to s' would therefore not 
necessarily have been an indication of the presence of non-ionizing radiation, For 
this reason we ])referred not to change the position of any of the absorbers inside 
the anticoincidence system throughout the main part of the experiment. We took, 
however, a series of readings with the lead a in the two positions a and s' and the 
results are given in table 1. The change of the anticoincidence rate shown in table 1 
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is no evidence for the existence of non-ionizing radiation but the lower rate can be 
regarded as an upper limit for the rate of direct leakage through A. 

Table 1. Anticoinoidenoes as a fttnction of the position of the lead s 

Z' = 5 cm. Pb; « = rr .^'5 cm, Pb 

antieoincidciice^rt ( BCD- A ) 

(corrected for random 
coincidoncos BCD^ A ) 
rate (c./hr.) 

0‘61 ± 0 07 
0-26 ±0*04 


position 

8 


III. The experimental results and their interpretation 

(1) The rate of anticoincidences observed with s = 5em.Pb and U == 5cm.‘Pb 
was 0*533 ±0*039 anticoincidences fier hour. The most direct way to show that a 
large fraction of these anticoincideiiC/es was due to non -ionizing radiation appeared 
to be to absorb the radiation by placing absorbers on top of the arrangement. By 
placing absorbers in the }) 08 iti()n a strong reduction of the rate of anticoincidences 
was in fact observed (see table 2, and figure 4). 


Table 2. Anttooincidences and (xhncidences as a fttnctton 
OF the thickness of the absorber Z 


anticoincidences 


£ 

(BCD- A ) 

load 

total 

cm. 

count 

0-0 

27 

50 

103 

125 

165 

254) 

89 

6-0 + 

30*0 cm. A1 

119 


(BCD- A) 

(corroctod for random 
coincideijoos BCD, A) 


time 

rate 

hr. 

c./hr. 

16-3 

2*4 ± 0*4 

409-2 

0*633 ±0*039 

445*8 

0*461 ±0*036 

407*7 

0*283 ± 0*030 

427*3 

0*362 ± 0*034 


coincidences 

(BCD) 


time 

rate 

hr. min. 

c./lir. 

4.18 

711-6± 1-3 

4.17 

661*8 ± 1*3 

6.22 

616-2± M 

6.38 

643*2 ± 1*1 


Though the absolute value of the effect given in table 2 is very small, we are 
confident that it is real for two reasons: (1) the relative effect is large, being of the 
order of 100 % ; (2) the results given in table 2 represent the average values of about 
100 individual readings spread out over a period of three months. The internal con- 
sistency of the individual readings is very good, as can be seen from table 3 where the 
individual readings for Z' = 5 cm. Pb are collected. The number of each reading is 
given in column ( 1 ), from which it is seen that the eighteen readings for 2' « 5 cm, Pb 
are uniformly distributed among the seventy -two readings taken for all thicknesses 
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of the absorber Z. In column (5) are given the values of (diV')®, the squares of the 
deviations from the mean value. Since the expectation value of (AN)^ is N, £{AN)^ 
is expected to be of the order of ZN, It is seen from table 3 that Z{AN)^ = 125*2 
while ZN = 193, showing that the fluctuations are normal. The fluctuations for the 
other sets of readings for different values of Z are also normal. 



tliickness of absorber Z g./om.* 
Fioukb 4. Graph of the experimental results. 


(2) We interpret the difference of the rates of anticoincidences observed with 
Z = 5 cm. and Z — 26cm.Pb as follows: for Z — 5cm. some non-ionizing rays 
penetrate the absorber Z without giving rise to ionizing secondaries and thus reach 
the absorber s without setting off* A . Some of these rays produce ionizing secondaries 
in 8 which give rise to genuine anticoincidences (BCD-A). For Z « 25 cm., how- 
ever, most of the non-ionizing rays do not give rise to anticoincidences because 
they are either absorbed or give rise to ionizing secondaries which discharge A^ 
Thus we assume that the excess of the rate of anticoincidences with « 5 cm. Pb 
over the rate with Z 25 cm. Pb is due mainly to secondaries to non-ionizing agents 
with ranges between 5 and 25om. Pb. To justify this interpretation we have to 
show that the spurious anticoincidences cannot be much affected by the variation 
of the thickness of the absorber Z. We will discuss the various processes giving rise 
to spurious anticoincidences separately. 

(i) IHrect leakage. The rate of spurious anticoincidences due to leakage is a 
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constant fraction of the total rate of threefold coincidences. This ratio must be 
equal to or smaller than 

rate of antiooinoidenoes E = 25 cm. 0*28 

Y — — . — . — „ — — - sts 0-0005 

rate oi threefold comoidenoes i. = 25 616 

(see table 2). Since the decrease of threefold coincidences, BCDy while E is increased 
from 6 to 26 cm. Pb is 96 c. per hr. (see table 2, last column), the corresponding 
change of the rate of anticoincidences by leakage must be 96 x 0-0005 =: 0-048 c. 
per hr., which is small compared with the total effect. The actual decrease due to 
leakage is probably even smaller, since it is unlikely that all anticoincidences with 
E — 25 cm. Pb are due to leakage. 


Table 3. Inoividttal readings for 2* = 5 cm. Pb and 
5 = 5 CM. Pb and their fluctuations 





deviation 

square of 


time 

count 

from mean 

deviation 

reading 

hr. min. 

N 

AN 

(/liV)» 

(1) 

(2) 

(3) 

(4) 

(5) 

1 

74.60 

26 

-5 1 

32*2 

4 

23.00 

10 

+ 0-6 

0-3 

7 

22.20 

8 

-1-2 

1-4 

10 

22.00 

14 

+ 6-0 

26-0 

12 

23.00 

8 

-1-4 

2-0 

14 

18.46 

7 

-0-7 

0-5 

16 

21.30 

4 

-4-8 

23.0 

20 

23.60 

13 

+ 3-2 

10-2 

24 

23.06 

9 

-0-6 

0-3 

28 

23.30 

9 

-0-6 

0-4 

39 

23.10 

9 

-0-6 

0-3 

47 

21.36 

8 

-0-9 

0-8 

61 

19,26 

8 

00 

0-0 

68 

22.06 

10 

+ 0-9 

0-8 

62 

22.00 

13 

+ 4-0 

160 

66 

23,63 

12 

+ 2-2 

4-8 

69 

44.45 

17 

~l-4 

2-0 

70 

16.26 

9 

+ 2-3 

6-3 

totals 

469.08 

193 


126-3 


= 125-3 (calculated from 18 indop^ndent readings). 

Average = £N = 193 (theory). 

(ii) Particha travelling upvxirds which are stopped in a. The rate of these anti- 
coincidences should not be affected at all by the thickness of the absorber E. 

(iii) Caatuilcoincidencea. Only a small fraction of the casual threefold coincidences 
are recorded as antiooinoidenoes. The largest number of casual anticoincidences are 
due to the overlapping of an anticoincidence pulse CD- A with an anti-pulse B-A, 
The rate of these is estimated to be 0-006 c. per hr. which is negligible. Therefore 
any change of the rate due to a change of E must also be negligible. 
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Thus we conclude that the change of the rate of anticoincidences with £ cannot 
be accounted for except by assuming a non-ionizing radiation. 

(3) The difference between the rates of the antiooinoidenoes with 27 =* 12-5 cm, Pb 
and 27 = 25 cm. Pb is 0-17 + 0*05 c. per hr. This difference exceeds more than three 
times the standard error and can be regarded as real. We conclude therefore that 
an appreciable fraction of the non-ionizing radiation })©netrating Scm.Pb also 
penetrates 12*5 cm. Pb. Thus the radiation observed is much more penetratir^ than 
photons. 

It is difficult, however, to make a reliable estimate of the average range of the 
radiation since it is not clear if the anticoincidences observed with S = 25 cm. Pb 
are all spurious. (Due to a breakdown we were unfortunately prevented from 
extending the absorption curve up to 50 cm. Pb.) In any case it appears reasonable 
to assume a range of the order of 10 cm. Pb. 

To obtain information on the dependence of the absorption process on the atomic 
number of the absorber we carried out observations with 27 = 5 cm. Pb -f 30 cm. Al. 
30 cm. Al is about equivalent to 7*5 cm. Pb. The results of this experiment are also 
given in table 2. The rate of anticoincidences with the aluminium absorber is dis- 
tinctly lower than the rate with 27 = 5 cm. Pb only. Thus the aluminium gives rise 
to some absorption. It is, however, not clear if the difference between the rate for 
aluminium and the rate for 25cm. Pb is significant or not. All we can conclude is 
that the observations are not incompatible with the assumption that the absorption 
is mass proportional although there is a slight indication that aluminium absorbs 
more strongly than lead. 

(4) A further experiment was made to find out if the non-ionizing radiation is 
accompanied by showers falling on the absorber 27. A sensitive shower detecting 
arrangement was placed above the absorber 27 and readings of (BCDEiE^E^-A) 
were taken. No coincidence of this type was recorded in 473 hr. (see table 4). Thus 
the non-ionizing particles are not accompanied by showers. 


Table 4. Readings of ( BCDE ^ E ^ E ^- A ) 


27 

time 


cm. Pb 

hr. min. 

count 

5-0 

86.16 

0 

12*5 

167.13 

0 

260 

82.26 

0 

6-0-f 

30-0 cm, Al 

137.00 

0 

total 

472.63 

0 


(5) The decrease of the rate of anticoincidences as given in table 2 is 0*25 anti- 
coincidences per hour, 0*036 % of the coincidences rate BCD. This figure does not 
represent, however, the actual ratio between the intensities of ionizing and pene- 
trating non-ionizing components for two reasons. In the first place, the secondaries 
of a non-ionizing ray must penetrate between 2*2 and 7*2 cm. Pb in order to produce 
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a threefold coincidence BCD and to be recorded. Assuming the secondaries are 
mesons, a minimum energy of approximately 10®eV will be required, and only 
non-ionizing agents exceeding the minimum energy will be recorded. In the second 
filace, a non -ionizing particle can only be recorded if it is not absorbed in 5 cm. Pb 
above the anticoincidence counters A but is absorbed in the 5 cm. thick absorber s. 
Writing // for the absorption coefficient and x for the thickness of Z or a, the pro- 
bability of one })article being absorbed in s after passing througli Z is 

The value of P is always small as can be seen from table 5. Thus it is safe to assume 
that not more tl)an one out of four non-ionizing rays gives rise to an anticoincidence. 
The penetrating non -ionizing component is thus expecjted to exceed 4 x 0*035 
0*14 % of the total (cosmic-ray intensity near sea-level. It seems reasonable to as- 
sume that the non-ionizing componoiit does not greatly exceed this value, and 
that therefore 0*14 % ref)rcsentH the correct order of magnitude of the intensity of 
the non-ionizing cjomfjonent. 

Tabi.e 5 


l/g 

P% 

(cm. Pb) 

{x ^ ^ cm. Pb) 

5 

23*2 

10 

23-9 

15 

20*3 

20 

17*3 


IV. DrsciTssioN 

(1) An experiment similar to the one described here was carried out by Rossi & 
Regener on Mount Evans 4300m. above sea-level. They reported a decrease in the 
rate of anticoincidence of 0*31 ±0*00% of the vertical intensity, while Z was 
increased from 2*5 to 10 cm. Pb. 

It seems reasonable to compare the Mount Evans value with half of the dc^crease 
of the anticoincidence rate we obtained by increasing Z from 5 to 25 cm. Pb. As- 
suming the ratio of the absolute cosmic-ray intensities between sea-level and Mount 
Evans to be 1 :2*3, the ratio of the intensities of the non-ionizing radiations is 
estimated as 

0*5 X 0*035 1 

2-'3'x 0-31 40’ 

This value represents a very rough estimate only, especially as our arrangement 
of the absorbers differs considerably from that of Rossi & Regener. 

The mass-equivalent of the atmosphere between Mount Evans and sea-level is 
H = 400 g. per cm.®. The absoq^tion coefficient of the radiation (jan be expressed 
as/t — (log^40)/i? and the average range (B) is 

B = 1///P5tfl00g. |)ercra.®. 
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This value is in as good agreement as one could expect with the range observed at 
seadevel for lead. The agreement between these two values favours the assumption 
that the absorption of the non-ionizing radiation is mass proportional. 

(2) The question of the nature of the radiation arises. The most obvious suggestion 
is that it consists of neutrons or of neutrettos ; but as little is known of the behaviour 
of energetic neutral particles from the theoretical point of view, little can be stated 
definitely. 

In order to give a possible interpretation of the observations we consider the 
following processes. A fast neutron suffering a head-on collision with a proton inside 
a nucleus can transfer its whole momentum to the proton. According to Heisenberg 
{1937) the mean free path of a neutron which is stopped according to such a process 
is 12-5 cm. Pb. This process alone does not account for our observations, since the 
reverse process of protons producing neutrons should make the neutrons reappear. 
It has been suggested by Jdnoasy (1942), however, from observations on penetrating 
showers, that fast protons traversing matter are quickly stopped by interaction 
with nuclear Coulomb fields, giving rise to penetrating showers. These two processes 
together would give for the mean free path of the neutral radiation a value of about 
10 cm. lead in agreement with the present observations. 

The above hypothesis was put forward by us a short time ago ( Jdnossy & Rochester 
1941). Since then we have carried out experiments supporting the view that the 
non-ionizing penetrating component is at least partly responsible for the production 
of penetrating showers. These experiments have been reported briefly ( J&nossy & 
Rochester 1942). 
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Some remarks on the statistics of binary systems 

By Greooby H. Wankibr 
State University of Iowa 

{Comnmnicated by M. Born, F.R.8, — Received 5 November 1942) 

Thin pap6r dwoussoa the roaults obtained by K. Fucha concerning a binary body-centred 
cubic ayatem. It points out that the method used should and does partly cover both the two- 
phaae ayatem and the cose of auperatriioture. It cautions also against acceptance of the 
quantitative conclusions obtained. When tested with the l^olp of exact results available 
the method is found to contain important errors both of type and magnitude. 

In an article on the same subject, K. Fuchs (1942, quoted in the following as F) 
has applied the cluster method of statistics to the problem of two intermingling 
elements sharing the same lattice. The calculation indicates that the cluster method 
has a wider range of application than other rigorous procedures, but just for this 
reason it is important to dispel some erroneous ideas which the paper tends to give 
to the reader. 

The author remarks that ‘ the critical temperature corresponding to the appear- 
ance of superstructure is not given by these equations ’ . This statement is not correct 
for the temperature as calculated in (7-5). This temperature is the critical tem- 
perature for 60 % mixture; one can verify, by a simple statistical argument, that if 
the lattice can be divided into a- and y?-sitos with no two a- (or /?-) sites as direct 
neighbours, a 60-60 mixture will have the same thermal proj^erties if the interaction 
V is replaced by an interaction of equal magnitude, but opposite sign. This applies 
to the body-centred lattice treated in F. It is possible to trace this symmetry 
partially through the calculations. It means that for the concentration the 

free energy^, as defined through (3-14), must be even in V, provided the energy 
zero is fixed so that 

Ka + Kb + ^Kb = 

A short calculation shows that this means 

is even in V and hence in g = V/kT, This can be verified directly for the lower powers 
of S if the form (A. 7) is used rather than (A. 6) and the expressions (A. 10) are substi- 
tuted into it. Below the critical temperature this tracing seems to be somewhat 
more difficult to carry through. 

It follows that the asymmetry apparent in (A. 14) has been accidentally introduced 
by theequationspickedforthe determination ofjg. These equations are (4*3) and (7*1) 
both of which have (A. 13) as a consequence. Equation (4*3) may break down in the 
case of superstructure either because there is no phase separation at all and T/k 
an isolated singular point, or else because there are more than two phases present 

f 40» ] 
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involving porhapa the 25 % Biiperstructure; in this case the identification of (3*15) 
and (3* 1 7) is no longer possible. Equation ( 7* 1 ), on the other hand, is only one of two 
possibilities as was pointed out by Born and Fuchs {1938, p. 408), The second 
possibility, namely that is singular, is unfortunately not as convenient for 

numerical calculations. 

The positive evidence of the paper as to the nature and location of the temperature 
singularities is also open to serious doubt until further corroborative evidence can 
be obtained. The method used is rigorous in j^rinciple, but before numerical results 
<!an be obtained the functions involved have to be replaced by their power series, 
Fort;unately there are now some rigorous results available with w^hich the results 
in F can be brought in comparison. 

These*, results were obtained for the so-called Ising model of ferromagnetism 
(Kramers and Wannier 1941 ; quoted in the following as KW). The binary system is 
identical with it for all compositions below the temperature singularity and for the 
50 % composition above it. In facjt figure 1 in F, if cut in two and turned by 
90^, just gives the spontaneous magnetization against temperature in the Ising 
model. No exact results are available yet for a three-dimensional case as the one 
treated in F, but they exist for a number of two-dimensional problems (Onsager, 
private communication), particularly the square net. With tlie notation used in F 
we get from K W, eq. (31 ) 


sinli Ag %m\\{V jtkT^) = ± I. 

In addition closed form expressions of the free energy and the specific heat as 
functions of temperature are now available (Onsager, private communi(5ation). 
ITie specific heat has as its dominant feature that it is infinite at TJ., tending to infinity 
in a rather symmetric manner both from higher and from lower temperatures. No 
results are available yet that could compare with figure 1 in F, as the spontaneous 
magnetization has not yet been calculated. 

The calculations in F c^an easily be duplicated for this case. One finds instead 
of (A. 2) 

and hence instead of (A. 10) 

ra= 

7s = + -. 

74= +•••• 


♦ Tliere in a misprint in F at this point in the sign given. 
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Substituting in (A. 13) one can obtain a sequenoe of values for £ wbiob. should oon^ 
verge toward the exact value mentioned above. Listing these values side by side 
with the corresponding ones in the case of the body-centred cubic lattice we get 

aqiiare net 

^3 =.- 1-3666 
^4 1-3019 

gs = - 1-3623 

while in reality S — — 1-7628 ^ ? 

This shows that signs of convergence in the sequence are not trustworthy and that 
the ^ obtained by F may be as much as 26 % in error. In the case of the specific heat, 
the situation is even more serious. Curves of the type plotted in F, figure 2, are very 
commonly obtained by the use of approximate procedures (as shown in KW 
figure 8) without being indicative of the actual facts. Whether the singularity is of 
the type postulated in F is thus still an open question. The only conclusion which is 
certain is that for other than 60 % composition the specific heat must remain finite 
because the low temperature curve is independent of composition. 


body-oentrod cubic 

gi = -0-6 
gj = - 0-6868 

= -0-6747 
^ = -0-6104 
= -0-6979 
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On the statistics of binary systems 

By Klaus Fuchs 
University of Birmingham 

(Communicated by M. Bom, F.B.8. — Received 6 November 1942) 

1. In my paper (Fuchs 194a, in the following quoted as F), criticized in the 
preceding remarks of Wannier, I was mainly concerned with the statistical properties 
for varying concentrations. For this reason I omitted to consider some special types 
of critical points, which are obtained in exceptional cases. I hope I shall be pardoned 
for omitting to mention these exceptional cases, since they went rather beyond the 
scope of my paper, and at the time I had no reason to suppose that they were of 
special interest. However, in order to reconcile the results of Kramers A Wannier 
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(1941, in the following quoted bs KW) with my own* it is necessary to assume ifcit 
one of these special oases represents the correct description of the critical region, 

2, In comparing the results of the two theories a clear distinction must be made 
between facts which have been rigorously proved by the one theory or the other, 
and those which have only been obtained by approximate evaluation. I shall con^ 
fine myself first to the former, since this is the only way of settling the points in 
question. 

Rigorous results are given by both theories on the question of a discontinuity in 
the heat content and the specific heat at the critical temperature, which I shall 
briefly summarize. For brevity I shall refer to a continuous specific heat, if 

€->0 

vanishes. This does not necessarily imply that is finite. 

3, The results of KW for two dimensions are: 

(а) If there is only one critical temperature, then there exist two possibilities; 
the heat content and the specific heat are either both continuous or both dis- 
continuous. 

(б) If there are two critical temperatures, then there exist three possibilities; 
either the heat contents and the specific heats at both critical points are continuous, 
or the heat contents are both continuous and the specific heats both discontinuous, 
or the heat contents are both discontinuous and at least one of the specific heats is 
discontinuous. 

4, The results of my theory are; 

(а) The heat content is continuous. 

(б) The specific heat is discontinuous, unless either the 8i)eoific heat is infinite, 
or the curvature of the heat content (as a function of the concentration) vanishes; 
in the latter case also the fourth derivative of the free energy vanishes, in addition 
to the curvature, which vanishes in any case. (If the fourth derivative did not 
vanish, the two-phase region would end at the critical point in an infinitely narrow 
peak, a possibility which can probably be excluded.) 

If there are two critical temperatures, the same results hold for the higher critical 
temperature and similar results for the lower one. 

6. Combining the results of the two theories one finds: 

(i) The heat content is continuous under all circumstances. 

(ii) If there is only one critical temperature, the specific heat is also continuous; 
either it is infinite, or the curvature of the heat content and the fourth derivative 
of the free energy vanish. 

(iii) If there are two critical temperatures, the specific heat is either discontinuous 
at both temperatures, or continuous at both tempei^tures; in the latter case either 

is again infinite, or the curvature of the heat content and the fourth derivative 
of the free energy vanish. 
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It ahould be noted that the theory of KW applies only to two dimensions. In the 
case of three dimensions the results may be different and only those listed under 
4 can be stated with certainty. 


6 , I wish to indicate now how in my theory the special oases arise in which the 
specific heat is continuous. It will be convenient to employ the free energy A and 
the heat content JS?, rather than the 6 ?“functions, or better a = AjNkT ^ EjNV 
The free energy and the heat content are symmetric in c and (1 — c) apart from a 
linear term which arises from the difference in the energy of the pure substances. 
The latter is immaterial for this discussion and may be omitted. The equation 
F (4*3), which determines the limit of solubility c may then be written in the form 


A r 

= 0 for c 


c. 


( 1 ) 


The temperature dependence of c is given by F (9*8); i.e. 



( 2 ) 


Similarly the specific heat inside the two-phase region 
and (9' 13) 


C,, = c„(c) + iVig* 



is obtained from F(9*12) 

( 3 ) 


In these equations the value of a function for c - c should always be taken by 
approaching the phase boundary in the region of solubihty. 

The equations can of course be obtained simply by application of the two phase 
rule. But the derivation given in my paper is independent of the assumptions 
necessary for the application of that rule. The only assumptions made are that the 
change in volume with the concentration can be neglected, and that the ‘ cluster 
sums ' do not depend on the concentration. 

At the critical point one has 


0*a ^ 0% 




( 4 ) 


With (4) it now follows immediately from (3) that c, is discontinuous at the 
critical point, unless c„(c) is infinite or 3*e/0c* vanishes. In the latter case it follows 
from ( 2 ) that d*aldc* vanishes, unless also dcjd^ vanishes. 

7. An exhaustive discussion of these special cases is beyond the scope of these 
remarks. An infinite specific heat gives rise to an interesting singularity; however, 
little can be said about it without further study. On the other hand, if the fourth 
derivative of the free energy vanishes, there arises the possibility of a second critical 
temperature, similar to that studied by Mayer & Harrison ( 1938 ) for the critical 
region between the gaseous and liquid phase. 


28-2 



414 


K. Fuchs 


According to the general theory the phase boundary is either given by a singularity 
in the functions 0{c, or by the condition (?i(c, , which we may write in the 

form 



Let us assume that the ^-functions (and hence a) is regxilar below the critical 
temperature, so that c is given by (6). On the other hand, it is also given by (1); 
it follows that c is a double root o^ the equation ( 1 ) ; at the critical point the two double 
roots for the two phase boundaries coincide, so that (1) has a fourfold root at the 
critical point. This implies that the fourth derivative of the free energy vanishes. 

Conversely, if the fourth derivative of the free energy vanishes, it is possible that 
the phase boundary is given by (5). In that case there must exist a second critical 
temperature, since it can be shown that (5) does not hold for low temperatures. 

8. I agree with Wannier’s warning against accepting the results of numerical 
approximation at their face value, as far as values near the critical point are con- 
cerned. If a function is evaluated near, or at a singularity by means of an expansion, 
there exists always the danger that the higher terms will eventually give a con- 
tribution; the numerical results of my pa|>er are certainly not sufficient to decide 
between the alternative possibilities which follow from the exact results. 

The position is somewhat different at low temperatures. There we have a splitting 
into two phases with a large potential barrier. It is likely that in this case a partition 
function of the homogeneous mixture can be defined, which can be expected to be 
analytical throughout. It will coincide with the total partition function in the 
regions of solubility. The ‘singularity' in the free energy and the G-funotions, is 
then given by the joint between the two branches of the total partition function; 
but each branch separately has no singularity. 

The discrepancy in the values for the critical temperature may be due to in- 
sufficient accuracy of my numerical results. Alternatively, if there are two critical 
temperatures, the figure of KW must be intermediate between the two. Since my 
figure corresponds to the higher of the two temperatures (or the lower value of ^), 
the discrepancy is in the right direction. 

9. The question whether the critical temi)erature in the case of superstructure 
should be given by the same equations as in the case of a two-phase region, cannot 
yet be answered. The equations are derived by approaching the critical point along 
a phase boundary; this procedure destroys the equivalence of the two oases of equal 
but opposite interaction energies. The asymmetry in the equations for the critical 
temperature is therefore no accident. 

In the cose of a two-phase region, the first equation (4) for the critical temperature 
follows from ( 1 ) and the second from symmetry. These two equations are equivalent 
with the equations Gi(c,fi) » l, »= 0, 

In the case of superstructure the equation (1) does not apply and for the deter- 
mination of the critical temperature we have to fall back on the general theory. 
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The latter, however, gives the two equations just quoted only as one alternative; 
the second alternative is a singularity in the (^-functions. If the first alternative is 
correct, it means that in the case of superstructure the (?-functions converge so 
badly that I failed to find the positive root ^ of the equations (4). 

10. In the foregoing discussion I have not included the unpublished results of 
Onsager to which Wannier refers. Judging from Wannier’s remarks they do not 
appear to contain any statements in contradiction to the above conclusions, though 
they may conceivably settle some points which have been left open. 
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Structure and thermal properties of crystals 
V. Thermal expansion of phthalocyanines and porphins 

By a. R. Ubbelohdb and (Miss) I. Woodward 

{Communicated by Sir Henry Dale, P.R.S. — Received 13 November 1942) 

Measuremonts have been made on the changes in lattice spacing of various phthalo- 
oyanines, over a range of temperatures from 90 to 600® K. Rough visual estimates have also 
been obtained of changes in the intensities of reflexions with rise in temperature. The mole- 
cular movements in the crystals have been calculated from the experimental data. Attention 
is drawn to the difference in behaviour of hydrogen and platimun phthalocyanines, which is 
probably diie to the increased space required by the platinum atoms as the temperature 
rises, compared with the hydrogen in hydrogen phthalocyanine. 

Apparatus described includes a new design of furnace, suitable for use with various X-ray 
cameras for single crystal work, and a moving film oscillation camera, which uses the multiple 
exposure principle to determine small changes in lattice spacing with high relative accuracy. 


iNTRODUtmON 

Measurements of thermal expansion by X-ray powder photographs have in some 
cases attained a high degree of accuracy. Although there is still considerable scope 
for extension of the work on simple crystal lattices (Annual Reports 1939), powder 
technique is unsuitable for complex crystals, where the richness of the diffraction 
pattern frequently makes the interpretation of powder photographs ambiguous. 
Furthermore, sufficient intensity of reflexion from small spacing planes cannot be 
obtained from complex crystals in powder form, without very special technique. 

In connexion with work on the hydrogen bond in oxalic acid dihydrate (Robertson 
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& Ubbelohde 1939), attention had been drawn to the intereating information pro- 
yided by data on the thermal expansions of single crystals of known structure, when 
this structure is complex. By comparing the thermal expansion in different direc- 
tions in a crystal, important conclusions can be drawn in certain cases about the 
molecular movements and forces in the crystal lattice. 

The object of the present paper is to describe apparatus, by the use of which all 
the special photographic methods elaborated for single crystal work can be applied 
to accurate measurements of the thermal properties of crystals. In order to extend 
the range of temperatures as much as possible, measurements have been made in 
the first instance on a number of phthalocyanines and porphins, whose structure 
had been previously investigated in this laboratory. The conclusions from these 
measurements are discussed below. 


Description op the apparatus 

In order to achieve the flexibility of photographic work which is desirable for 
measurements on single crystals, it was decided to avoid the construction of 
instruments in which the high temperature furnace and the precision camera 
are incorporated in one apparatus. (A number of such instruments are referred 
to in Annual Reports 1939.) 

The constant temperature chamber 

A small constant temperatme chamber was therefore constructed, of total volume 
about 2-5 C.C., which could be lowered over the crystal after all the necessary setting 
adjustments had been made, and which could be used with the precision cameras 
previously described (Robertson 1934, Ubbelohde 1939). The small size of the 
chamber made it possible to bring the slit system of the collimator within 10 mm. of 
the crystal, and its low heat capacity enabled the required temperature to be reached 
within a conveniently short time. Starting from room temperature, the furnace 
attained a steady state at 400° C within 10-15 min. 

Figure 1 gives a diagram of the construction of the chamber and figure 2 shows its 
general appearance in conjimction with the oscillating moving film camera referred 
to below. The shell of the chamber consists of a steel cylinder turned down to a 
thickness of about 0-5 mm. A central segment 5 mm. high is cut away, except for 
two supporting ribs, to permit free passage of X-rays over approximately 320° of 
the circle. The top of the cylinder is closed, and is held by a thin metal tube (to 
minimize heat losses) in a stand with an adjustable arm. The chamber could thus be 
placed in position over the crystal, and lowered vertically into position by means of 
a fine screw adjustment. A small plumb line was used to test the vertical alignment. 

To improve the uniformity of temperature within this chamber, the segment from 
which the steel had been out away was closed by a series of thin plates of metaJho 
beryllium, each 6-7 mm. square, and overlapping slightly on the neighbouring plates. 
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(These plates were selected from beryllium in the form of ‘ flitter chen \ as supplied 
by Th. Sohuchardt.) A trace of sodium silicate was used to cement the plates to the 
edges of the steel, above and below the segment cut out. The steel parts of the 
chamber were next covered with mica, and wound with nichrome wire set in alundum 
+ sodium silicate. Aluminium foil was stuck on the outside of this (cement to lessen 
radiation losses. 



FifuJRE ] Ftguhe 2 

A. Tubulai* Hiispension. B, Lemis. C’. Aluminium foil. D. Collimator, 
E, X-ray beam. F, Silicate and alundum coment. 


This furnace dissipated about 28 watts at 600"' C, and could be used for precise 
single crystal work even at a distance of about 4 cm. from the X-ray film, without 
requiring special precautions against film fogging by the radiation. In order to 
calibrate the chamber, it was heated by the steady current from a set of accumu- 
lators, measured on a sub-standard ammeter. The temperature reached with 
various heating currents was determined, using a calibrated copper constantan 
thermocouple. The use of a thermocouple was preferred to observations on the 
melting of known crystals, as it permitted exploration of the temperature gradients 
within the chamber. The maximum gradient observed near the centre of the furnace, 
when this was around 4W C, was 0-6'' C/mm. On removing the furnace, and then 
replacing it, the temperature was reproduced to ± 1 " C. In fact, this small all metal 
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chamber behaved like a black body enclosure. Provision was originally made for 
closing the orifice at the bottom with a loose lid, after inserting the crystal, but this 
was found to be unnecessary within the limits of temperature indicated. 

In measuring the temperature of the air space within the chamber, the hot junction 
of the thermocouple could be placed at the position subsequently occupied by the 
crystal; some uncertainty might however arise owing to conduction of heat by the 
leads. This was investigated by placing various lengths of the coiled leads within 
the chamber before bringing them outside, and verifying that the temperature 
recorded by the hot junction was not appreciably affected by the length of the coil. 
Further tests were made by heating the thermocouple leads outside the chamber 
with an auxiliary ‘guard ring' furnace, and observing that various guard ring 
temperatures had little effect on the temperature recorded by the hot junction. 
Thus the true temperature of the air space inside the chamber was being measured. 
The temperature in this air space was found to be approximately proportional to 
the wattage dissipated. 

Acknowledgement is due to the late Mr C. H. Jenkinson for his help in achieving 
the compactness of this constant temperature chamber. By using it, thermal ex- 
pansions of single crystals have been measured over the range from room tem- 
perature up to 400'^ C. Higher temperatures could have been used, but above 400^" C 
the phthalooyanine crystals sublimed too rapidly to permit accurate photography 
with the X-ray intensities available. 

For thermal expansions below room temperature, a design to give corresponding 
precision has not yet been put into execution, owing to current conditions. The low 
temperature measurements recorded below were made, using the dropping liquid 
oxygen technique previously described (Robertson & Ubbelohde 1939 ). To protect 
the crystals, these were sealed in cellophane tubes (Lonsdale & Smith 1941 ). In 
some eases, these tubes were observed to fill with liquid oxygen; this verified that 
the temperature of the crystals must have been around -180°C, though the 
accuracy of this temperature cannot be closely assessed. 

An oacillation moving film camera 

In addition to the moving film and multiple exposure cameras referred to above, 
a modification of the moving film camera was constructed, in which the crystal and 
film could be oscillated in phase through a range of angles from five to fifteen degrees, 
instead of rotating through the whole 360°. This had the advantage of shortening 
the exposure, since only selected reflexions in the zero layer line were recorded. Apart 
from changes in the gearing, no new mechanical feature was involved in the design 
of this camera. A general view is given in figure 2 . 

The general principles in applying this camera to measurement of thermal expan- 
sions correspond with those previously described for the multiple exposure camera 
(Ubbelohde 1939 ). A series of exposures could be taken on the same film, alternately 
at high temperatures and at room temperatures. Small relative movements <rf 
reflexions on this film, due to thermal expansion, could be measured with an 
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acourftcy of 0*06 mm. As previously described, possible errors in the mechanical 
adjustments of the camera were tested by direct photographic means, and were 
found not to give any spurious displacements of reflexions, greater than the experi- 
mental errors of film measurement. The reflexions were calibrated as previously 
described, and variations in film shrinkage, as determined with a platinum sub- 
standard, were found to be negligible. 

With this type of camera, the definition of the reflexion on the film is a function 
of the Bragg angle. The accuracy of measurement depends on the shape, as well as 
on the actual displacement of a reflexion due to thermal expansion. This was taken 
into consideration in selecting a suitable inclination of the film to the primary X-ray 
beam. In addition to the tables giving the positions of the reflexions in terms of 
this inclination, it was found convenient to draw up tables giving Sdjd in terms of 
sin 6?, for various inclinations of the film holder. 

Mounting and setting of the crystals 

Some care was required to make mountings sufficiently robust to withstand 
temperature changes without an accompanying change in setting of the crystals. For 
work at low temperatures a solution of medium viscosity of cellulose acetate in amyl 
acetate, or alternatively of bakelite varnish in acetone, could be used to cement 
the crystal to the supporting fibre. Above room temperature, bakelite solution could 
be used up to about 300° C; above this temperature, it was necessary to use a silicate 
dental cement, which was less easy to manipulate. Supporting fibres with negli- 
gible absorption for X-rays were made by drawing down one end of thin pyrex 
tubing to a diameter of about 0*02 mm., and cementing a copper wire into the other 
end, for fixing on the arcs. 


Experimektal results 

To investigate the scope of the single crystal measurements, the thermal expan- 
sion of a number of phthalocyanines and related crystals was selected for in- 
vestigation: (1) in view of the large temperature range over which measurements 
could be made; (2) in view of the comparative information to be obtained from 
a number of closely related structures, in which the mass of the molecule could be 
varied considerably by changing the central atom, without affecting the general 
character of the crystal forces. Measurements were made on hydrogen and copper 
phthalocyanines, whose structures closely resemble that of the nickel compound 
(Robertson 1936, Robertson & Woodward 1937), and also on the related crystals 
of different cell dimensions, platinum phthalocyanine and tetrabenzmona^opo^phin 
(Robertson & Woodward 1940, Woodward 1940), 

Intensities of X-rdy reflexions 

A practical difficulty with these crystals was the ‘fading* of reflexions with 
Bind > 0*5, even at temperatures as low as 200° C. In consequence, the largest dis- 
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placement of reflexions which could be recorded on the films did not exceed 2 mm. 
Detailed analysis of the temperature factors for various reflexions is of considerable 
interest, on account of the information such an analysis might give about the 
amplitudes of atomic vibrations in various directions in a complex crystal structure 
{Annwil Reports 1939* P- account of the additional labour involved, exact 

intensity measurements have not been attempted in connexion with the experi- 
ments on thermal expansion described, in the present paper. Using 4 “ 
where M * the ratio bas been calculated from rough visual 

estimates of the fading, for the temperature ranges indicated below. From ten to 
twenty observations were made on different reflexions for each of the compounds 
studied. The random errors obliterate any directional effects which may be esta- 
blished when more accurate intensity measurements are available. 

In cal(!ulating the following amplitudes, no distinction has been made between the 
different contributions from different atoms to the reflexions. In the case of the 
platinum phthalocyanine, the amplitude can be regarded as substantially that of 
of the platinum atom, in view of its dominant contribution to the reflexions. With 
the other compounds, the amplitude represents an average for the various atoms 
in the molecule. 

Table 1. AmPIJTTTDE of atomic vibrations CALCtTLATEX) from FABING 


compound 




HPh 

290 

476 

0()9±002 


290 

600 

0*12 ±0-02 

CuPh 

290 

600 

0-08±0‘02 

PtPh 

290 

476 

0-11 ±0-02 

tetrabcnzmonazoporphin 

290 

600 

013±0*02 


Linmr tx^nnions of the cryatah on heating 

On heating, the crystals of the phthalocyanines became brittle, and thinned by 
sublimation, particularly normal to the (001) plane. Owing to the fact that the 
crystals form long thin laths, and owing to the fact that strong reflexions of small 
spacing occur only for low values of fc, measurements were most accurate in the case 
of oscillations about the b axis. Measurements in directions lying outside the oc 
plane were made only in the case of hydrogen and platinum phtlialocyanine. 

The crystals of tetrabenzmonazoporphin did not appear to become brittle on 
heating. 

The large number of measurements made on the linear expansions of the crystals 
con be compactly presented in the form of table 2, giving the increments of the 
principal axes of the expansion ellipsoid. 

Data were insufficient for computation of the probable errors in according to 
standard theory. A rough estimate is « M4± 0*1 for Pt phthalocyanine. 

The following comments may be made on the results given in table 1 and table 2, 

(1) Relation between the ex^panaiona of various crystal planes. In a monoolinio 
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crystal, one of the principal axes of the expansion ellipsoid coincides with the 6 
axis, and the positions of the remaining axes in the (010) plane have to be 

determined experimentally. If ^ is the angle between the crystallographic c axis 
and the direction of the principal expansion axis a^, the expansion a' in any direction 
making on angle ^ with the c axis is given by 

ol' ^ B cos 2^ 4“ C sin 2^, 

where tan 2^ = C/B] A -h -B/eos 2^; ^33 — A^ Bjcos 2^. 

The values of A^ B and C in the above were calculated from experimental values 
of a'. Each separate reflexion was measured on one or more independent films; the 
number of independent observations used to establish the line of closest lit is given 
in the first column of table 2. Standard probability theory gave the errors in B 
and C. The probable errors in ajj, and cannot be related to the probable 
errors in B and C by simple theory. Limiting values greater than the actual 
probable errors are therefore inserted in table 2. 

Table 2. Mean expansion/*^ C along the principal 

AXES OF THE EXPANSION ELLIPSOID 


number temp, 

of obser- ran|?e 


substance 

series 

vatioiLs 



CK) 

oci^x 10^ 

aggX 1(9 


agg X 10* 

hydrogen 

phthalocyanine 

1 

51 

90-290 

0-65 

±0-03 

0*24 
± 0*03 

116*0“ 

±3*0 

— 


2 

33 

290-476 

0-78 

±0-04 

0-40 
± 0*04 

109*1“ 

±71 

±0*18 


3 

21 

290-600 

0-76 

±0-02 

0*40 

±002 

109*2“ 

±2*2 

— 

copper 

phthalocyanine 

4 

19 

90-290 

0-65 
± 04)7 

0*28 
± 0*07 

95*4“ 

±6*5 

— 


6 

18 

290-600 

0*73 

±0*04 

0*31 

±0*04 

101*1“ 

±4*7 

— 

platimirn 

phthalocyanine 

6 

23 

290-476 

0*60 

±0*06 

-0*14 

±0*05 

73*8“ 

± 3*5 

M4 

tetrabenz- 

monajsoporphin 

7 

27 

290-670 

0*93 

±0*03 

0*14 

±0*03 

99*4° 

± 1*2 

— 


(2) Effect of temperature on thermal expansion. Comparison of the expansion for 
any one crystal over various temperature ranges shows that some falling off in 
and flCag takes place between 290 and 90 ° K. If the Debye Waller theory is applied 
to this fading in intensities with rise of temperature, the 6 temperature of all the 
crystals can be calculated to be of the order of 180 ° K. With such complex crystals, 
the theory is probably only a rough approximation. It does, however, indicate that 
some falling off in expansion coefficients should occur below 180 ° K, in agreement 
with the experimental observations. 
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(3) Correl^Uion of overall expansion of the crystals mth changes in the space occupied 
by the molecules. It was shown by Robertson {1936, p, 1203) that the orientation of 
the phthalocyanine molecule, the position of whose centre is determined by the 
crystal symmetry, can be conveniently described by the position of three mutually 
perpendicular lines £, Jf, N in the molecule, the 'molecular axe8\ L and M lie in 
the plane of the molecule, and the coordinates of the atoms referred to these axes 
show approximately a fourfold symmetry. 

A general picture of the relationship between the individual molecules and the 
crystal expansion can be obtained from inspection of the scale drawings, figures 
3, 4, 5 and 6, which give the expansions in the directions shown, as calculated from 
the known maxima a^, ajg, and the known value of xjr. There is a marked 
change in the behaviour on heating of the phthalocyanine molecules, when the 
central hydrogen atoms are replaced by platinum. (Compare figure 3 with figure 4, 
and figure 5 with figure 6.) 

Detailed analysis of the difference would have to be based on a complete correla- 
tion of the changes in cell dimensions on heating, with the expansions SL, SM, 8 N 
per unit length of the molecular axes, and changes in the orientation of the molecules 
by rotations about Ly M and N. Since one of the parameters of the 

expansion ellipsoid in the case of a monoclinic crystal is determined by crystal 
symmetry, only five equations are available to determine these six quantities* 
From the details of a typical calculation (Appendix 1) it will be seen that although 
no unique solution is possible, some of these quantities can be determined directly, 
and others by making reasonable assumptions. Those results which can only be 
calculated after making the assumptions described in Appendix 1 are placed in 
brackets in table 3, 


Table 3. 

MOLECtrLAR movements/® K ( X 10+*) 


hydrogen 

platinum 


phtlialocyanine 

phthalocyanine 

SL 

0*61 

O-SS 

SM 

mi) 

(0-66) 

SN 

(0-34) 

(0'62) 

S0i 

(0-15) 

(-1-34) 


0-33 

0-75 

Sdtr 

-010 

-0-16 


Attention may be drawn to two points of interest for the relation between struc- 
ture and thermal properties: 

(1) The increase in space required by the molecules at higher temperatures, as 
calculated from the linear expansions in table 3, agrees with the increase in amplitude 
of atomic vibrations, as calculated from intensities (table 1). For example, in the 
cose of PtPh, SL ^ 0-66 x 10“^/° K, or over the temperature range 290 to 475® K 
SL w P02 X 10“*. L is approximately 12*6 A, so that the increased 'size* of the 
molecule in this direction is 1*02 x 10*“® x 12*5 A * 0*13 A. This may be compared 
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Fiotjrk 3. Hydrogen phthalooyanhio. 
Projection on (010) plane, showing 
average thermal expansion per °K 
from 200 to 600° K. 



Ftouhk 4. Platinum phthalocyanine. 
Projection on (010) plane, showing 
average thermal expansion per °K 
from 290 to 476° K, 



FiatTUK 6. Hydrogen phthalocyanine. 
Average expansion per °K in plane 
containing 6 orystal axis and M mole* 
culor axis, showing effect on slope and 
separation of the molecules. 



Fio 0 be 6* Platinum phthalocyanine. 
Avereige expansion per °K in plane 
containing & orystal axis and M mole- 
cular axis, showing effect on slope and 
separation of the molecules. 
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with an average amplitude of 0*11 A (table 1) derived from intensity measure- 
ments. 

(2) The differences between platinum and hydrogen phthalooyanine can be 
ascribed to the space requirements of the platinum atoms. 

Replacement of the hydrogen by cop})er makes some difference in ^33, but this, 
is only just outside experimental error (cf. table 2). Restricting the comparison to 
hydrogen and platinum phthalocyanines, the main difference in the structures 
arises from the fact that the molecules, which are practically identical in size 
and shape, are differently inclined to the (010) plane. For PtPh, the angle of in- 
clination is 26-5°, as compared with 44-2'^ for HPh. This difference in inclination 
is probably due to the larger spatial requirements of the Pt atom perpendicular 
to the plane of the molecule. 

The differences in the molecular movements on heating correspond with this 
difference in structure. Whereas the values of SL, dM and SN are of the same order, 
the changes in orientation of the molecules are such as to diminish the inclination to 
the (010) plane for HPh, and increase it for PtPh. The effect is to increase the distance 
of closest approach between nitrogen and carbon atoms in parallel molecules, in 
HPh (approx. 1*4 x lO"”* A/°K). In PtPh there is a greater increase in the distance 
of closest approach between C and N atoms in parallel molecules, and also in the 
distance between the platinum atoms (ajiprox. 4*3 x 10~^/^'K) and between the 
platinum and N atoms (approx. 2*8 x 10”*/°K), This increased space requirement 
imposed by the platinum atoms appears to be an important thermal effect in the 
crystal. 

Acknowledgements are due to the Managers of the Royal Institution for the 
facilities given for carrying out this investigation, and to Professor R. P. Linstead 
for supplying specimens of the crystals used. We should like also to express our 
grateful appreciation of the interest shown by the late Sir William Bragg in the 
progress of the work. 


Appendix 1 

CalmlcUion of the molecular movements from the expansian of the. crystals. 
The method adopted is to equate changes in the magnitude and directions of the 
projections of the molecular axes, L, M, with the crystal expansions projected on 
the oc plane. The centre of the standard molecule may be taken as origin, 0, As 
axes in the ac plane it is convenient to take the projection of X, and a line per- 
pendicular to it, which lies 2*2® from the projection of M (figure 7). 

Points at unit distance from the origin along the L and M axes ore considered. 
Their projections before thermal expansion may be denoted by P and Q, and after 
expansion by P' and Q\ The coordinates of these points in the ac plane may be 
written 
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Taking the expaiution of HPh from 90 to 290° K for a specimen calculation, 

10*aii == 0-65/°K; 10*a33 = 0-24/°K; = 116° = yff-7-2°. 

From the known structure of HPh (Robertson 1936, p. 1203) the projections of 
OP on the aaxis and on the perpendicular to it in the oc plane are 0*3532 and 0*9347. 
It follows that OP = 0*9992 at 69*3° to the a axis, i.e. at 62*1° to (figure 7). 



Fiourk 7. Diagram illustrating Appendix 1. 

Hence projection of OP on = 0*9992 cos 62*1° = 0*4676, 

and projection of OP on ajj = 0*9992 sin 62*1° = 0*8831. 

Multiplying by and ajj respectively, 

10* X projection of PP' on = 0*66 x 0*4676 = 0*3039/° K, 

10* X projection of PP' on aj, = 0*24 x 0*8831 = 0*21 19/° K. 

Thus PP' =“ 0*3706 at an angle of 34*9° with a^, i.e. 27*2° with OP. Therefore 

Sxp » Xpi — Xp = 0*33 X 10”*/° K, 

Szp => Zp‘ — Zp =s 0*17 X 10“*/°K. 

A similar calculation for Q shows that 


tfaiQ = 0*11 X 10-*/°K, 

Szq « 0*44 X 10-*/° K. 

Thus from the observed crystal expansions, the following table may be drawn up: 


temperature range 

lO^Sx^rK 

10*(J«^/"K 


10*^eg/"K 

90/290" K 

033 

017 

on 

0-40 

290/600" K 

061 

016 

0-10 

0*46 
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The values of dxp, etc. can also be calculated in terms of the molecular movementB: 

The standard and reflected molecules in the HPh structure must be taken to- 
gether, as in some cases their movements give an additive shift, and in other oases 
they cancel. The separate contributions may be listed as follows: 

(а) dL (effects additive). L is inclined to 2*3° to Ox and is perpendicular to Oz, 
Hence the contributions are 

Sxp = l*00SLf Szp ^ Sxq = Szq = 0 , 

(б) SM (effects additive). M is inclined at 44*1® to the ac plane and its projection 
makes an angle of “ 2*2° with the z axis. Hence the contributions are 

Sxp = Szp = 0, Sxq == Szg = 0'12SM. 

(c) SN (effects cancel). 

(d) (effects additive). For this calculation a small change e was made in cos 
(Robertson 1936, p. 1203), ooqXm go&ojj^ being changed by k^e and so that 
M remained perpendicular to L, Neglecting e®, it was found that Q underwent a 
displacement making an angle of — 18*4° with the a axis. After correlating e with 

and so with the contributions are found to be 

Sxp Szp =s= 0, Sxq = O*O3<y0|^, 8zq = 

{e) S6j^ (effects additive). Using a similar procedure to (d), the contributions 
are found to be 

dxp = — 0*03^^3^, Szp 0*69<y^ji^, Sxq = Szg 5 = 0. 

(/) (effects additive). Here PP' is parallel to the projection of M and equal to 
and QQ' is parallel to the projection of L and equal to — Hence the 

contributions are 

dzp^- O*O350;vr, = 0*725<9jv» ^ Szg « 0. 

Summing these independent displacements to obtain the resultant values, 

Sxp ^ 0-33 X 10-^ « l-00dJ[/-0-03<5<9j,^-0-035^;v» 

Szp =x 0-17 X 10-^ « 0^72<y<9^, 

Sxg = 0-11 X 10-* := 4- hOOdO^, 

Szg =- 0*40 X 10"-* = 0-12SM + O'7O#0jr,. 

In addition to these four equations, giving the molecular movements in terms of 
the expansion of the crystal, a fifth equation is obtained from the expansion in the 
direction of the b axis. Owing to the relation between the standard and reflected 
molecules, SL, SM and S6^ make no contribution to this expansion, and for the 
mean expansion/® K 

« 5JV - 0^91 Sdj^ O^om^, 

From the first four equations, solutions are obtained for SL, Sdj^f and S6^ for the 
temperature range 90 to 290® K,ymilar to those given for the range 290 to 600® K 
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^ tftble 3 above. In addition, a numerical value m obtained for dM + Now the 
arrangement of the molecules in PtPh is such as to suggest SL = Adopting this 
hypothesis, it is possible to solve for and hence it is also possible to obtain a 
vaMe for SN from the fifth equation. Values dependent on this hypothesis are given 
in brackets in table 3. Values obtained for HPh on the same hypothesis are also 
given in table 3. Actually the structure of HPh is somewhat different from that of 
PtPh, and an alternative hypothesis would be to put intermediate between $N 
and dL, e.g. SM « -{-SL), This does not make much difference to the figures 

in brackets in table 3, and thus verifies that these are likely to be near the truth. 
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